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We show that the steady-state entropy production rate of a stochastic process is inversely proportional to
the minimal time needed to decide on the direction of the arrow of time. Here we apply Wald’s sequential
probability ratio test to optimally decide on the direction of time’s arrow in stationary Markov processes.
Furthermore, the steady-state entropy production rate can be estimated using mean first-passage times
of suitable physical variables. We derive a first-passage time fluctuation theorem which implies that the
decision time distributions for correct and wrong decisions are equal. Our results are illustrated by
numerical simulations of two simple examples of nonequilibrium processes.
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maximally allowed probabilities to make a wrong decision,
α1 ¼ Pðd ¼ 1jH0 Þ and α0 ¼ Pðd ¼ 0jH1 Þ. Here, α1 (α0 ) is
the probability to incorrectly make the decision d ¼ 1
(d ¼ 0) when the hypothesis H 0 (H1 ) is true.
In this Letter, we derive a general relation between the
average entropy production rate in a nonequilibrium steady
state and the mean time to decide whether a stationary
stochastic process runs forward (H 1 ) or backward in time
(H0 ) using the SPRT. Furthermore, we introduce a fluctuation
5

Log-likelihood ratio

Processes that take place far from thermodynamic
equilibrium are in general irreversible and are associated
with entropy production. Irreversibility implies that a
sequence of events that takes place during a process occurs
with different probability than the same sequence in timereversed order. Irreversibility and the thermodynamic arrow
of time can be illustrated considering a movie displaying
the evolution of a complex dynamic process. Such a movie
can be run either forward in time or in reverse. For an
irreversible process it is possible to decide whether the
movie is run forward or in reverse defining the direction of
the arrow of time by the direction in which entropy
increases on average [1]. For a system at thermodynamic
equilibrium, however, even though all atoms or molecules
move rapidly in all directions, it is impossible when
watching a movie to tell whether it runs forward or in
reverse. This raises the following question: Can the time
τdec needed to decide between two hypotheses (movie run
forward or in reverse) be related quantitatively to the degree
of irreversibility and the rate of entropy production?
Decision theory provides a general theoretical framework
to optimally make decisions based on observations of
stochastic processes [2]. An important question of decision
theory is, what is the earliest time to make a decision d
between two competing hypothesis H 1 and H0 with a given
reliability, while observing a stochastic process? In 1943,
Wald made a pioneering contribution to this problem by
introducing the sequential probability ratio test (SPRT) [3],
which provides the minimal mean decision time for a broad
class of stochastic processes [4]. Wald’s SPRT states that the
decision d ¼ 1 (d ¼ 0) should be made when the cumulated
logarithm of the likelihood ratio LðtÞ for the first time
exceeds (falls below) a prescribed threshold L1 (L0 ) (see
Fig. 1). The thresholds L1 and L0 are determined by the
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FIG. 1 (color online). Log-likelihood ratio of the sequential
probability ratio test in the arrow of time as a function of time in a
drift-diffusion process with diffusion coefficient D ¼ 0.52 μm2 =s
and drift velocity v ¼ 65 μm=s. The simulation time step is
Δt ¼ 0.1 ms. The thresholds of the test are shown as horizontal
lines for symmetric error probabilities equal to 20% (thin and red)
and 1% (thick and blue). The thresholds L0 and L1 correspond to
the choice of one of the two hypotheses: the sequence runs forward
(L1 ) or backward (L0 ) in time. With 20% error probability, the
decision is made faster (red circle and vertical thin red dashed line)
than for 1% error probability (blue circle and vertical thick blue
dashed line).
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theorem for the first-passage time probability distribution
of the total entropy changes and obtain a fluctuation theorem
for the decision time distribution of the SPRT in the arrow
of time. Our work reveals that entropy production can be
estimated measuring first-passage times of stationary stochastic processes.
We consider a physical system in a nonequilibrium
steady state. We denote by Xt ¼ fXðsÞgts¼0 a path describing the evolution of a state as a function of time t. We
denote by X~ t the time-reversed path X~ t ¼ fXðt − sÞgts¼0
[5]. The state of the system is characterized by the path
probability PðX t Þ. The entropy production associated with
the path X t can be defined as [6]
ΔStot ½Xt  ¼ k ln

PðXt Þ
;
PðX~ t Þ

ð1Þ

where k is Boltzmann’s constant. We now perform a SPRT of
two hypotheses. Given a path Xt , we want to decide whether
it corresponds to a forward or time-reversed trajectory of the
nonequilibrium steady state. We therefore consider the
hypothesis H→ ¼ H1 that the path runs forward in time
with the conditional probability PðXt jH → Þ ¼ PðXt Þ, and the
hypothesis H← ¼ H0 that the dynamics is time reversed,
for which PðXt jH← Þ ¼ PðX~ t Þ. Using the SPRT, the decision is made when the log-likelihood ratio or Turing’s weight
of evidence [7]
LðtÞ ¼ ln

PðXt jH→ Þ
PðX t jH← Þ

ð2Þ

reaches for the first time one of the thresholds L1 ¼ L and
L0 ¼ −L, where we have chosen for simplicity a SPRT with
symmetric decision error probabilities α0 ¼ α1 ¼ α. When
LðtÞ is continuous, we have L ¼ ln½ð1 − αÞ=α [3].
The entropy production and the log-likelihood ratio are
related by
LðtÞ ¼

ΔStot ½Xt 
:
k

ð3Þ

This provides a connection between decision theory and
stochastic thermodynamics. Moreover, it allows us to
obtain relations between average decision times in the
SPRT and the average rate of entropy production. Applying
the SPRT to continuous-time Markov processes (see
Supplemental Material [8] and Ref. [11]), we show that
the mean decision time for a stochastic process with
continuous LðtÞ is given by
hτdec i ¼
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Lð1 − 2αÞ þ hLex idec
:
hdL=dti

ð4Þ

Here h  i denotes an ensemble average in steady state. An
average over the ensemble which starts from an initial

distribution of states that equals the distribution of states
at the decision times is denoted by h  idec. The excess
log-likelihood ratio Lex is defined as
Z
Lex ¼

∞

0


 
dL
dL
dt0 :
0 −
dt
dt0

ð5Þ

The mean decision time of the SPRT for independent
identically distributed (i.i.d.) observations is a special case
of Eq. (4) for which hLex idec ¼ 0. This is because for an
i.i.d. process the state distribution is identical to the
stationary distribution.
We now apply the theory of decision times to the SPRT
on the arrow of time of a nonequilibrium process. The
relation (3) together with our Eq. (4) describing the average
decision time can be used to express the average entropy
production rate in steady state as


1 dStot
Lð1 − 2αÞ þ hΔSex idec =k
¼
;
k dt
hτdec i

ð6Þ

where
Z
ΔSex ¼

0

∞




dStot
dStot
dt0
−
dt0
dt0

ð7Þ

denotes the excess total entropy change.
In the limit of small α, the mean decision time becomes
large, hΔSex idec =hτdec i becomes small, and, thus, Eq. (6)
simplifies to


1 dStot
Lð1 − 2αÞ
≃
:
k dt
hτdec i

ð8Þ

Equations (6) and (8) show that the minimal average time
needed to decide whether a process runs forward or backward in time is inversely proportional to the average entropy
production rate. Approaching thermodynamic equilibrium,
the mean decision time diverges because LðtÞ ¼ 0 in this
limit. If the reliability of the decision is increased, decision
times increase correspondingly. Because the average entropy
production rate is a property of the process only and not of
the SPRT, the ratio given in the right-hand side of Eq. (8) is
thus independent of the error probability α.
Making decisions in the arrow of time provides a novel
way to estimate the entropy production rate of nonequilibrium Markovian processes. Estimators for the steady-state
entropy production rate can be obtained from the firstpassage times τ of a suitable physical observable ΓðXt Þ. If
we use the first passage of a physical observable through a
threshold value to decide on the arrow of time and if this
decision has an error probability α, then it follows from the
optimality of the SPRT that hτi ≥ hτdec i; i.e., the mean firstpassage time hτi is larger or equal to the mean decision time
of the SPRT given in Eq. (8). The resulting estimator of the
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entropy production provides a lower bound to the exact
value:


1 dStot
D½→ ∥←
;
ð9Þ
≥
k dt
hτi

1.00
0.95
0.90

where
D½→ ∥← ¼ D½PðdjH→ Þ∥PðdjH ← Þ ¼ ln½ð1 −
αÞ=αð1 − 2αÞ is the Kullback-Leibler divergence between
the conditional probabilities of the decision variable.
When decisions in the direction of time are made based
on the log-likelihood ratio, i.e., when Γ ¼ ΔStot =k, Eq. (9)
becomes an equality.
The stochastic nature of decision making in the arrow of
time can be characterized by the probability density Pðτdec Þ
of making a decision at time τdec . The connection between
decision theory and thermodynamics implies a relation
between the decision time distribution and the distribution
of entropy production ΔStot . For Markovian processes, the
probability density PðΔStot ; tÞ of entropy production ΔStot
during the time interval t is related by a fluctuation theorem
to the probability density to reduce entropy by the same
amount: PðΔStot ; tÞ=Pð−ΔStot ; tÞ ¼ expðΔStot =kÞ [12–16].
In addition, we find that the probability distribution of
the first-passage time τ of entropy production also obeys
the following detailed fluctuation theorem if the transition probabilities are translationally invariant [17] (see
Supplemental Material [8]):
Pðτ; ΔStot Þ
¼ expðΔStot =kÞ:
Pðτ; −ΔStot Þ

ð10Þ

ð11Þ

Here, Pðτdec ; LÞ is the probability distribution of the
decision time of the SPRT for a given error rate
α: Pðτdec ; LÞ is also the distribution of first-passage times
to reach the threshold L for the first time without reaching
the threshold −L before, given H→ is true. The probability
distributions in Eq. (11) are equal to the joint probability
densities to make a decision d ∈ f→; ←g at time τdec ,
Pðτdec ; →Þ ¼ Pðτdec ; LÞ, and Pðτdec ; ←Þ ¼ Pðτdec ; −LÞ.
Equation (11) thus implies
Pðτdec ; →Þ
¼ expðLÞ:
Pðτdec ; ←Þ
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FIG. 2 (color online). Estimation of the steady-state entropy
production rate of a drift-diffusion process with periodic boundary conditions (e.g., particle in a ring, see inset) by a sequential
probability ratio test in the arrow of time. The estimator
Lð1 − 2αÞ=hτdec i is shown as a function of the error probability
α for different simulation time steps Δt=τc and normalized by
τc ¼ 1=½hdStot =dti=k ¼ D=v2 . For the vertical axis we use the
empirical mean of τdec , and L is the threshold for the decision.
The data are obtained from 1000 numerical simulations with drift
velocity v ¼ 65 μm=s and diffusion coefficient D ¼ 0.52 μm2 =s.
The horizontal line corresponds to the steady-state entropy
production rate.

From Eq. (12) it follows that Pðd ¼→Þ=Pðd ¼ ←Þ ¼
expðLÞ, consistent with previous results obtained for
two-boundary first-passage time processes [18,19]. Using
Pðτdec ; dÞ ¼ Pðτdec jdÞPðdÞ, we then find that the conditional probability densities for the decision time obey
Pðτdec j →Þ ¼ Pðτdec j←Þ:

Here, Pðτ; ΔStot Þdτ denotes the probability to reach the
value ΔStot for the first time in the time interval ½τ; τ þ dτ
given that the entropy production has not reached −ΔStot
before.
The relation between entropy production and the loglikelihood ratio [Eq. (3)] together with the first-passage
time fluctuation theorem [Eq. (10)] implies for the SPRT in
the arrow of time
Pðτdec ; LÞ
¼ expðLÞ:
Pðτdec ; −LÞ

0.85

ð13Þ

This implies that even though decisions are made with
different probabilities, the conditional decision time distributions have the same shape for both outcomes. We
therefore call Eq. (13) the fluctuation theorem in the arrow
of time (FTAT). Equations (8) and (13) are the main results
of this Letter.
To illustrate how Eq. (8) provides an estimator for the
steady-state entropy production rate, we discuss two
paradigmatic examples of nonequilibrium stochastic processes. We first consider a drift-diffusion process with
periodic boundary conditions of a particle with position
xðtÞ, average drift velocity v, and diffusion coefficient D. If
Einstein’s relation holds, D ¼ kT=γ, where γ is a friction
coefficient, the steady-state entropy production rate is
hdStot =dti=k ¼ v2 =D ¼ F2 =ðγkTÞ, where F ¼ γv is the
friction force and T is the temperature of the thermal bath
[20]. Figure 2 shows Lð1 − 2αÞ=hτdec i obtained from 1000
numerical simulations of the SPRT in the arrow of time
(markers) as a function of the error probability α for
different values of the simulation time step Δt together
with hdStot =dti=k (blue solid line). For the drift-diffusion
process, the log-likelihood ratio for the SPRT in the arrow
of time is simply given by LðtÞ ¼ ðv=DÞ½xðtÞ − xð0Þ. As
long as the simulation time step obeys Δt ≪ τc , where
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FIG. 3 (color online). Conditional distributions of the decision
time Pðτdec j →Þ and Pðτdec j←Þ obtained from 106 numerical
simulations of a drift-diffusion process with diffusion D ¼
0.52 μm2 =s and drift v ¼ 65 μm=s. The simulation time step
is Δt ¼ 0.1 ms and the error probability α ¼ 0.01.

τc ¼ k=hdStot =dti ¼ D=v2 , the SPRT in the arrow of time
provides an accurate estimator of entropy production independent of the error probability α. For larger Δt, the
estimator is only accurate for small α but provides a lower
bound to the steady-state entropy production rate for larger
α. In our simulations, we also calculated empirical conditional decision time probabilities Pðτdec j →Þ (green) and
Pðτdec j←Þ (purple), which are shown in Fig. 3 for α ¼ 0.01.
Figure 3 demonstrates the validity of the FTAT given in
Eq. (13) for the drift-diffusion process.
The drift-diffusion process is a simple example and serves
as an illustration of our results. We now test whether our
results also hold in more complex nonequilibrium stochastic
processes that involve discontinuous jumps of the state
variables. We therefore discuss the SPRT in the arrow of
time for the case of a flashing ratchet with periodic boundary
conditions. We consider a Brownian particle with diffusion
coefficient D, subject to a piecewise linear periodic potential
that is switched on and off stochastically at a constant rate ω
[21]. The log-likelihood ratio of the SPRT in the arrow of
time in steady state can be approximated by the cumulated
work W exerted on the particle
during switches,
P
LðtÞ ¼ WðtÞ=kT. Here WðtÞ ¼ i ΔV i , where ΔV i is the
potential energy change during the switching event i and the
sum is done over all switches that occur before time t [22].
Figure 4 shows the estimate of Lð1 − 2αÞ=hτdec i as a function
of the reliability 1 − α. The plot shows that the SPRT in the
arrow of time provides a lower bound for the steady-state
entropy production rate (blue open circles) and converges
for high reliability to the correct value. In addition, Fig. 5
shows the conditional distributions of the decision times
revealing that the FTAT holds to good approximation for
high error probabilities despite the fact that the propagator
is not translationally invariant.
When using the estimator given by Eq. (6), which includes
the excess entropy production, the entropy production rate is
estimated more accurately at low reliabilities (Fig. 4, blue
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FIG. 4 (color online). Estimation of the entropy production rate
using the SPRT in the arrow of time in a flashing ratchet model
using the right-hand side in Eq. (8) (blue open circles) and the
right-hand side in Eq. (6) (blue open diamonds) as a function of
the reliability of the test. Red open squares are given by the ratio
between D½→ ∥← and the mean first-passage time hτi of the
position of the particle in Eq. (9). The results were obtained from
1000 numerical simulations with time step Δt ¼ 1 μs, diffusion
coefficient D ¼ 1 μm2 =ms, V 0 ¼ 10 kT, a ¼ 1=3 μm, and
ω ¼ 10 kHz. The characteristic time τc ¼ 0.07 ms is the numerical estimate of k=hdStot =dti obtained from a single stationary
trajectory of 107 data points. Inset: Correction term in Eq. (6)
given by ½hΔSex idec =khτdec iτc as a function of 1 − α (blue
triangles). The solid line is a linear fit of the data.

diamonds). The inset in Fig. 4 confirms that the correction
term in Eq. (6) tends to zero for α small. Note that the
estimator Lð1 − 2αÞ=hτdec i in Eq. (8) provides a lower
bound at small α because of the discontinuous jumps in
the state variables. Using an heuristic estimator given by the
ratio D½→ ∥←=hτi, where τ is the first-passage time of the
position of the particle, also bounds from below the steadystate entropy production, as follows from Eq. (9) (Fig. 4, red
squares).
The dynamics of a stochastic nonequilibrium process
provides evidence on the arrow of time to an observer.
Reliable decisions on the direction of the arrow of time can be
made measuring first-passage times of physical observables.
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FIG. 5 (color online). Conditional distributions of the decision
time Pðτdec j →Þ and Pðτdec j←Þ obtained from 106 numerical
simulations of the flashing ratchet with the same simulation
parameters as in Fig. 4. The two figures show the distributions for
two different error probabilities α.
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When the physical observable used is the entropy production,
the decision time is minimized. In addition, measuring firstpassage times of physical observables provides estimators
for the steady-state entropy production rate that are lower
bounds to the true value. This follows from the optimality of
the SPRT. Using this method to estimate entropy production,
it is not necessary to sample the whole space of stochastic
trajectories as required in previous approaches [23–25].
Interestingly, our fluctuation theorem for the two-boundary
first-passage time distribution of entropy production
[Eq. (10)] implies that the shape of the distributions of
decision times for correct and wrong decisions are equal even
though the probabilities in both cases are different. The
connection between decision theory and thermodynamics
provided here could be of particular interest in the context of
nonequilibrium processes that involve feedback control,
often found in biology and engineering.
We acknowledge fruitful discussions with Mostafa
Khalili-Marandi. This work is partially supported by the
German Research Foundation (DFG) within the Cluster of
Excellence “Center for Advancing Electronics Dresden” and
within the CRC 912 “Highly Adaptive Energy-Efficient
Computing.” E. R. acknowledges funding from Grupo
Interdisciplinar de Sistemas Complejos (GISC, Madrid,
Spain) and from Spanish Government, Grants ENFASIS
(FIS2011-22644) and TerMic (FIS2014-52486-R).

*

[1]

[2]
[3]
[4]

[5]
[6]
[7]

Corresponding author.
julicher@pks.mpg.de
C. Jarzynski, Equalities and inequalities: Irreversibility and
the second law of thermodynamics at the nanoscale, Annu.
Rev. Condens. Matter Phys. 2, 329 (2011).
J. L. Melsa and D. L. Cohn, Decision and Estimation
Theory (McGraw-Hill, New York, 1978).
A. Wald, Sequential tests of statistical hypotheses, Ann.
Math. Stat. 16, 117 (1945).
A. Tartakovsky, I. Nikiforov, and M. Basseville, Sequential
Analysis: Hypothesis Testing and Changepoint Detection
(CRC Press, Boca Raton, FL, 2014).
For simplicity, we only consider variables that are even
under time reversal.
C. Maes and K. Netočný, Time-reversal and entropy, J. Stat.
Phys. 110, 269 (2003).
I. J. Good, Studies in the history of probability and statistics.
XXXVII A. M. Turing’s statistical work in World War II,
Biometrika 66, 393 (1979).

week ending
18 DECEMBER 2015

[8] See Supplemental Material at http://link.aps.org/
supplemental/10.1103/PhysRevLett.115.250602, which includes Refs. [9,10], for details about derivation of the
expression for the mean decision time, Eq. (4) and of the
first-passage fluctuation theorem, Eq. (10).
[9] J. Wilkinson, The Algebraic Eigenvalue Problem (Clarendon,
Oxford, 1965).
[10] S. Redner, A Guide to First-Passage Processes (Cambridge
University Press, Cambridge, England, 2001).
[11] R. Phatarfod, Sequential analysis of dependent observations. I, Biometrika 52, 157 (1965).
[12] D. J. Evans, E. G. D. Cohen, and G. P. Morriss, Probability
of second law violations in shearing steady states, Phys.
Rev. Lett. 71, 2401 (1993).
[13] G. Gallavotti and E. G. D. Cohen, Dynamical ensembles in
nonequilibrium statistical mechanics, Phys. Rev. Lett. 74,
2694 (1995).
[14] J. Kurchan, Fluctuation theorem for stochastic dynamics,
J. Phys. A 31, 3719 (1998).
[15] J. L. Lebowitz and H. Spohn, A Gallavotti–Cohen-type
symmetry in the large deviation functional for stochastic
dynamics, J. Stat. Phys. 95, 333 (1999).
[16] U. Seifert, Entropy production along a stochastic trajectory
and an integral fluctuation theorem, Phys. Rev. Lett. 95,
040602 (2005).
[17] Translational invariance implies that the transition probability Pðxjx0 ; t; t0 Þ from state x0 to state x only depends on
the distance between states Pðxjx0 ; t; t0 Þ ¼ Pðx − x0 ; t; t0 Þ.
[18] I. I. Gichman and A. W. Skorochod, Stochastische Diffferentialgleichungen (Akademie-Verlag, Berlin, 1971).
[19] W. C. Lindsey and H. Meyr, Complete statistical description
of the phase-error process generated by correlative tracking
systems, IEEE Trans. Inf. Theory 23, 194 (1977).
[20] U. Seifert, Stochastic thermodynamics, fluctuation theorems
and molecular machines, Rep. Prog. Phys. 75, 126001
(2012).
[21] J. Prost, J.-F. Chauwin, L. Peliti, and A. Ajdari, Asymmetric
pumping of particles, Phys. Rev. Lett. 72, 2652 (1994).
[22] W. De Roeck and C. Maes, Symmetries of the ratchet
current, Phys. Rev. E 76, 051117 (2007).
[23] D. Andrieux, P. Gaspard, S. Ciliberto, N. Garnier, S.
Joubaud, and A. Petrosyan, Entropy production and time
asymmetry in nonequilibrium fluctuations, Phys. Rev. Lett.
98, 150601 (2007).
[24] É. Roldán, Irreversibility and Dissipation in Microscopic
Systems (Springer, New York, 2014).
[25] S. Tusch, A. Kundu, G. Verley, T. Blondel, V. Miralles, D.
Démoulin, D. Lacoste, and J. Baudry, Energy versus
information based estimations of dissipation using a pair
of magnetic colloidal particles, Phys. Rev. Lett. 112, 180604
(2014).

250602-5

