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Supervisor’s Foreword

We learn in college physics courses that the entropy of an isolated system can only
increase in time. This is one of the formulations of the Second Law of Thermo-
dynamics. The immediate corollary is that a process where the entropy increases
cannot be reversed in time, and it is accordingly called irreversible.

In the search for a microscopic rationale of the Second Law, Maxwell and
Boltzmann found that the above statements have a probabilistic nature. In other
words, there is a nonzero probability that entropy decreases and, consequently, the
time reversal of a process where entropy increases can occur spontaneously with
nonzero probability. For macroscopic systems this ‘‘non-zero probability’’ is
overwhelmingly small. On the other hand, in the fluctuating microscopic world,
one can easily observe those ephemeral violations of the Second Law. The uphill
motion of a Brownian particle, where the energy from a thermal bath is converted
into potential energy, is a well-known example. As early as 1904, Poincaré wrote
that, in the Brownian motion, ‘‘we see under our eyes now motion transformed into
heat by friction, now heat changed inversely into motion, and that without loss
since the movement lasts forever. This is contrary to the principle of Carnot.’’

In the last two decades there has been a systematic exploration of the fluctu-
ations in the energetics of small systems, both from experimental and theoretical
perspectives. Several techniques to manipulate Brownian particles and to measure
minute energy transfers have been developed, boosted by an increasing interest in
the transduction of energy carried out by proteins within living cells. On the
theoretical side, the formulation of a stochastic thermodynamics for random tra-
jectories and the so-called fluctuation theorems have yielded a better under-
standing of the statistical properties of the work and the dissipated heat in
processes in small systems.

The present thesis by Édgar Roldán describes several significant and novel
contributions to the field of stochastic thermodynamics. The main one is a tech-
nique that relates dissipation and irreversibility. If irreversibility is probabilistic,
then we could try to quantify it by comparing the probability of observing a
process with the probability of observing the reverse. This is in fact possible using
a powerful concept from information theory, the Kullback–Leibler divergence,
which measures how different two probability distributions are. More interestingly,
it turns out that this measure of irreversibility is proportional to the increase of
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entropy during the process. We then recover the well-known fact that a macro-
scopic increase of entropy during a process (much larger than the Boltzmann
constant) implies that it is practically impossible to observe its time reversal.

In the first part of the book, the quantitative relationship between entropy
production and irreversibility, as measured by the Kullback–Leibler divergence, is
explored in full detail and applied to different situations. The results are relevant
not only from a fundamental point of view. Quantifying irreversibility turns out to
be useful in biology to discern whether the behavior of a biological system, for
example the filaments in the ear cells, are spontaneous thermal fluctuations or, on
the contrary, induced by some active, ATP consuming, mechanism.

The second part of the book is devoted to experiments with Brownian particles
manipulated by optical tweezers. One of these experiments reproduces a symmetry
breaking, i.e., a process where a system ‘‘makes a choice’’ among different
mutually exclusive options. The choice is random and induced by thermal fluc-
tuations. Consequently, the effect of the symmetry breaking on the energetics can
be explored using fluctuation theorems. There is indeed an important signature of
the symmetry breaking which is universal, that is, does not depend on the physical
nature of the system or the process inducing the symmetry breaking. That effect is
an apparent decrease of the entropy of isolated systems and it prompts us to
reconsider some basic aspects of the Second Law of Thermodynamics.

In summary, the work of Édgar Roldán reported here is a major contribution to
statistical physics: it provides us with new techniques for analyzing the energetics
of small systems and tackles fundamental and subtle aspects of the Second Law.
More than a century after the explanation of Brownian motion given by Einstein,
fluctuations seem to remain crucial for understanding how the macroscopic world
arises from microscopic dynamics.

Madrid, April 2014 Prof. Juan M. R. Parrondo
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Abstract

The relationship between dissipation and irreversibility is at the core of statistical
mechanics and thermodynamics [1]. The first studies on this relationship were
done in the context of linear irreversible thermodynamics, where the entropy
produced by macroscopic systems weakly perturbed away from equilibrium was
considered. Near equilibrium, the entropy production is proportional to the
macroscopic currents or flows of the system such as the particle current or the heat
flow [2]. In this regime, time irreversibility is revealed as a presence of currents in
the system. The connection between dissipation (or entropy production) and
irreversibility (currents or flows) is merely qualitative in linear irreversible
thermodynamics, and cannot be trivially generalized to microscopic systems
driven arbitrarily far from equilibrium. In addition, entropy production and other
thermodynamic quantities such as heat or work done by a microscopic system in
nonequilibrium processes were not understood until the introduction of stochastic
thermodynamics.

Recent works in the framework of nonequilibrium statistical mechanics have
extended the laws of thermodynamics to small-scale (microscopic or smaller)
systems, where thermal fluctuations play an important role in the dynamics. These
new results are part of a new emerging field within statistical mechanics called
stochastic thermodynamics. Some of its most relevant results are the generalization
of the first law to microscopic systems by defining the work and heat associated to
a single stochastic trajectory or realization of a nonequilibrium process [3]. The
entropy of a microscopic system along a stochastic trajectory and the general-
ization of the second law to overdamped Brownian particles was done in [4]. Both
first and second law of thermodynamics are valid in the microscopic scale when
ensemble averages of stochastic work, heat, and entropy are considered.

Fluctuations in small systems give rise to rare events that do not happen in the
macroscopic world, such as an entropy decrease in the universe or negative
dissipation in a single realization. Fluctuation theorems are exact relationships that
express universal properties of the probability distribution of thermodynamic
functionals of the stochastic trajectories of the system, such as work, heat, or
entropy [5]. Crooks [6] fluctuation theorem, Jarzynski’s equality [7] or the steady-
state fluctuation theorem [8] are some of the most celebrated examples. Unlike
linear irreversible thermodynamics, fluctuation theorems are valid for processes
where the system is driven arbitrarily away from equilibrium.
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In a recent work by Kawai et al. [9], the dissipation along a nonequilibrium
processes for isolated microscopic systems that are initially connected to a thermal
bath is investigated. For such processes, the average work dissipation can be
expressed in terms of a relationship between the phase space densities of the
forward and the time-reversed (backward) process. Their formula, which along
this thesis will be referred to as the KPB theorem, expresses the entropy production
in terms of the microscopic properties of the system. The result also implies a
connection between dissipation and the distinguishability between the forward and
the backward process via a metric, the Kullback–Leibler divergence (KLD), that
measures such distinguishability [9, 10]. The KLD between the forward and
backward phase space densities is a measure of the arrow of time. The latter result
is the first quantitative relationship between dissipation (or entropy production)
and irreversibility (KLD between forward and backward phase space densities)
derived for microscopic systems driven out of equilibrium.

The KPB theorem is found to be applicable to many different scenarios [10],
and can be used to reproduce relevant results in the context of information
thermodynamics. For example, Landauer’s principle, which establishes the
minimum amount of work needed to erase one bit of information, is a particular
case of the KPB theorem. The energetics of the Szilard engine, which is a
simplified one-particle Maxwell demon, can also be reproduced using the KPB
theorem. An application of the result to microscopic systems that reach a
nonequilibrium stationary state (NESS) was also suggested in [10]. A first
experimental test of the relationship between dissipation and the KLD in the NESS
was done by dragging Brownian particles with an optical tweezer in [11].

In this thesis, we study the relationship between dissipation and irreversibility
for microscopic systems that reach a NESS within the framework of stochastic
thermodynamics. We are first interested in expressing this relationship in the
NESS and secondly, we aim to apply this result to practical situations. The main
goal of this work is to find a technique that allows one to estimate the average
dissipation of a microscopic system in a NESS from the statistics of a single
stationary trajectory produced by the system during the process. We want our
technique to be able to estimate the average dissipation by using any data (one or
several discrete or continuous degrees of freedom) sampled from the system and
even ignoring any physical detail of the process. Our method uses the KLD to
measure the distinguishability between a stationary trajectory and its time-reversal,
providing a quantitative tool to measure the arrow of time in the NESS, i.e., the
time irreversibility.

Our work is a continuation of the theoretical result first proved in [9] and of the
experimental test done in [11]. We are interested in going one step further, by
designing a tool to estimate the dissipation of any physical microscopic system
that reaches a NESS, focusing on biological systems, where nonequilibrium
processes play a fundamental role. We want our technique to be able to capture the
irreversibility of a process even when having access only to partial information of
the system (i.e., when only a subset of the phase space can be sampled), which is
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the most common situation in data obtained from experiments. In addition, we aim
to explore the relationship between irreversibility and dissipation in the NESS
experimentally by designing new thermodynamic protocols using micromanipu-
lation techniques.

We first clarify in Chap. 2 the relationship between dissipation and irrevers-
ibility for microscopic systems that reach a NESS, by expressing the average
entropy production in a NESS in terms of the KLD rate between the probability to
observe a trajectory and the probability to observe the time-reversed trajectory.
In order to apply our technique to a variety of physical situations, we develop in
Chap. 3 estimators of the KLD rate for both discrete and continuous data. We find
techniques that allow estimating the KLD using finite data from a single stationary
trajectory. For discrete time series, the best strategy consists on doing counting
statistics of blocks or sequences of m-data as we describe in Sect. 3.1.1. In Sect. 3.
1.2, we introduce a second estimator for discrete data based on zippers or
compression algorithms that outperforms the estimator based on block entropies
when there is not sufficient statistics. Additionally, we introduce two new different
techniques to measure the KLD rate for real-valued or continuous time series.
First, a novel estimator that transforms a time series into a directed graph whose
in-going and out-going degree distributions capture the irreversibility of a time
series (see Sect. 3.3). This method distinguishes between reversible and irrevers-
ible generic stochastic processes as well as between conservative and dissipative
chaotic processes. We also introduce in Sect. 3.2.2 a second estimator of the KLD
rate for continuous correlated time series which uses an asymmetric functional to
produce a new uncorrelated series whose KLD is easier to calculate.

We first apply our technique to a discrete flashing ratchet model (see Chap. 4),
analyzing the bound to the dissipation provided by the KLD rate when one has
access to trajectories sampled with full or partial information of the physical
system. We show that, even when we only measure a single trajectory containing
partial information of the system, our technique can distinguish between equi-
librium and NESS. When an external force stalls the ratchet, no net current of
particles is observed and linear irreversible thermodynamics fails to predict that
the system is dissipating energy. However, our method is able to correctly predict
that the system is producing entropy despite no net current being observed.

Our next step is to apply our technique to real data obtained from a biological
system that produces a real-values stationary time series. We aim to distinguish
between NESS and equilibrium states, which is equivalent to distinguish between
active (ATP consuming) and passive biological processes. In Chap. 5 we consider
experimental data of the spontaneous oscillations of bullfrog’s ear hair bundles.
Our KLD rate estimator based on the use of residuals distinguishes between active
and passive spontaneous oscillations of ear hair bundles from bullfrog’s sacculus.
Our technique only requires the measurement of spontaneous oscillations of the
position of the top of the hair bundles during *100 s, outperforming significantly
the requirements of previous works [12]. In addition, our KLD rate estimator
indicates the minimum irreversibility to sustain spontaneous oscillations in
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bullfrog’s ear hair bundles, which is of the order of the energy consumption rate
from ATP hydrolyzation by a single adaptation motor.

The last part of the thesis is devoted to the theory and experiments of other
interesting phenomena of stochastic thermodynamics. The energetics of a
symmetry breaking and a symmetry restoration can also be calculated using the
relationship between dissipation and irreversibility at the microscopic scale. When
a microscopic system breaks a symmetry, the accessible phase space of the system
is reduced to a subset of the full phase space. We will show in Chap. 6 that, when
the symmetry is broken quasistatically, the total entropy decreases. We have
derived a formula that relates the average entropy production when the system
chooses an instance with the probability of the system to choose that option. Our
formula is valid in the quasistatic limit and it is universal: it does not depend on the
physical nature of the system or on the mechanism that biases the probability to
choose any option. In addition, we have obtained an equivalent formula for the
symmetry restoration process, which, together with the symmetry breaking result,
can be used to derive Landauer’s principle and the energetics of the Szilard engine
as discussed in Chap. 6. For a complete validation of our formula, we have
checked our results experimentally, by trapping a Brownian particle in a dual
optical tweezer and using external electric fields to tune the probability of the bead
to choose between the two traps.

Finally, as another experimental application of stochastic thermodynamics, we
have designed an experiment to tune the amplitude of the Brownian fluctuations of
a microscopic charged sphere. The setup consists of a Brownian particle trapped
with an optical tweezer and an external random electric field of tunable amplitude.
With our setup, we are able to control the kinetic temperature of a microscopic
particle from room temperature to 3,000 K in a fast timescale (*ms). This
technique opens the possibility of implementing a variety of thermodynamic
processes and cycles at the microscale, which need a fine control of the
temperature, like the Carnot engine.

To conclude, in this thesis, we show that the time reversal asymmetry of a
stationary time series provides information about the entropy production of the
physical mechanism generating the series, even if one ignores any detail of that
mechanism. We have performed a complete study on the relationship between
dissipation and irreversibility for microscopic system in a NESS. Our study
includes analytical results, simulations and experimental validations and provide
new insights in different fields such as: stochastic thermodynamics, time series
analysis, information theory, or biophysics.

Our work has potential applications from an experimental point of view. Using
our technique, one can, from the data of a single (discrete or continuous) stationary
trajectory obtained sampling any physical variable of a microscopic system,
estimate the average dissipation rate of the mechanism that generated the data.
This opens the possibility to distinguish between different active and passive
biological processes using the data from only one experimental sampling.

Our experimental results using optical tweezers provide a new insight into the
thermodynamics of choice, finding exact relationships between entropy production
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and the probability to choose an option in a symmetry breaking. This could be used
to estimate the probability of a biomolecule to adopt a specific conformation from
energetic measurements. On the other hand, the implementation of adiabatic
processes in the microscopic scale—and therefore the construction of a Carnot
engine—could also be possible by using active feedback when tuning the kinetic
temperature of a Brownian particle with our experimental setup described in
Chap. 7.
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Part I
Introduction



Chapter 1
Small-Scale Thermodynamics

The laws of thermodynamics apply to macroscopic systems, which are described by
a large number of degrees of freedom (N ∼ 1023). Since the relative deviations from
the mean behavior scale like 1/

√
N , the deviations from the laws of thermodynamics

are extremely unlikely to occur in the macroscopic scale [37]. In the last decade, it
has been possible to manipulate and measure physical systems at the micro and nano
scale, such as colloidal particles [22], DNA [10] or molecular motors [63]. At this
scale, deviations from the mean behavior are more apparent. Moreover, the random
forces exerted by thermal fluctuations are of the same order of magnitude of the forces
that drive microscopic systems out of equilibrium. Notice that the order of magnitude
of forces exerted by microscopic systems are of the order of piconewtons and their
characteristic displacements of the order of nanometers, and the average energy of
thermal fluctuations at room temperature is of the order of pN nm, kT ≃ 4 pN nm
for T = 25 ◦C = 298.15 K.

The need to describe the dynamics of small systems has led to the introduction of
stochastic thermodynamics [57], which aims to extend thermodynamics to the regime
where thermal fluctuations are relevant, that is, systems of small size (characteris-
tic size of ∼µm) which undergo processes that can be sampled at submilisecond
time resolution. By defining the stochastic heat and work associated to a stochastic
trajectory [60] the first law can be extended to microscopic systems driven out of
equilibrium. The second law of thermodynamics presents deviations at this scale: the
total entropy production can decrease in a single realization of the process. However,
the average entropy production over many realizations of the process is positive,
being the second law true only in average [36].

In the last decade, there has been an increasing interest in describing laws that
quantify the probability to observe deviations from the mean of thermodynamic
quantities in nonequilibrium processes of microscopic systems. Fluctuation theorems
provide quantitative relations that measure the probability to observe rare events in
terms of the work done on the system [20, 35] or the entropy production [29]. In
addition to that, fluctuation theorems open new possibilities in the microscopic scale,
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4 1 Small-Scale Thermodynamics

such as providing tools to measure quantify time irreversibility or to design novel
artificial small-scale engines.

This chapter reviews the basic concepts used along the rest of the work. The
chapter is organized as follows: In Sect. 1.1, we review the basic concepts of macro-
scopic thermodynamics, focusing on the first and second law of thermodynamics. In
Sect. 1.2 we study the first thought experiments that explored the limitations of the
second law of thermodynamics, focusing on Maxwell’s demon and Szilard’s engine.
In Sect. 1.3 we present some the main results of statistical mechanics that connect
the thermodynamics of macroscopic systems with the statistics of their microscopic
constituents. In Sect. 1.4, we review the fundamental aspects of stochastic thermo-
dynamics that concern the energetics of microscopic particles, namely, the definition
of stochastic work and heat and the expression of the first and second laws in the
realm of stochastic processes. In Sect. 1.5 we discuss the theoretical framework of
the fluctuation theorems connected to this work, and in Sect. 1.6 we show some of the
most important experiments done in the recent years in stochastic thermodynamics.

1.1 Review of Thermodynamics

During a thermodynamic process, the total energy of a system changes in general.
The internal energy of a system, U , is defined as the total energy of a system or
the sum of the kinetic and the potential energy of all the atoms and electrons that
form the system. During a process, part of the change of the internal energy of the
system is due to the change of the control parameter by the external agent energy
and the rest is exchanged with the thermal reservoir. The part of the energy that is
transferred to the system that is due to the action of the external agent is called work,
W , and the energy transferred from the thermal environment to the system is called
heat, Q. The sum of these two contributions equals to the change in internal energy
!U = Ufin − Uini,

!U = Q + W. (1.1)

The above relation is known as the First Law of Thermodynamics. In Fig. 1.1 we
sketch the first law of thermodynamics. The arrows indicate the direction of the
energy flow that corresponds with a positive sign of the heat and the work. When, for
a closed system, an infinitesimal change of the control parameter is done, the internal
energy of the system changes a small amount dU , and the first law is expressed as
follows:

dU = δQ + δW, (1.2)

δQ and δW being the amount of heat and work that are transferred to the system
when a differential change in the control parameter is done. Notice that δQ and δW
are inexact differentials, which do not satisfy the usual properties of a differential.
For a process in which a system starts in equilibrium state A and ends in another
equilibrium state B, the integral of δQ along the process is the total heat transferred
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Thermal 

System

environment

External
agent

Fig. 1.1 Illustration of the first law of thermodynamics. The heat, Q, is defined positive when it is
transferred from the environment to the system and the work W is defined positive when it is done
from the external agent to the system. The change in internal energy in the system is equal to the
sum of the heat transfer plus the work done along the process, !U = Q + W

to the system Q =
! B

A δQ. If the process is irreversible, this integral cannot be
expressed as the value of a function (primitive) in B minus the value of the same
function in A, since the heat Q depends not only on the initial and final states but
also on the path that the system follows in the coordinate space. Notice that the work
is also path dependent, at odds with the internal energy, which is a state function and! B

A dU = UB −UA. In a cyclic process, the change of internal energy is !Ucycle = 0
since the initial and final states are the same irrespective of how the process is done,
but not the heat and the work, which are trajectory dependent. In this case, by virtue
of the first law Qcycle = −Wcycle.

Not all the processes compatible with the first law of thermodynamics occur in
nature. A glass falling to the ground and smashing into pieces is an example. This
process is likely to be observed in nature, but not its time reversal, where the pieces
retrace their path backwards until reaching their original position. The second law
of thermodynamics expresses a restriction of some processes to occur in terms of
a function called entropy. Let us consider a reversible thermodynamic process. The
following quantity

B"

A

δQ
T

, (1.3)

is the total heat (over T ) transferred from the environment to the system during
the reversible process. There are many possible reversible processes that drive the
system from the initial equilibrium state A to the final equilibrium state B. It can be
shown [28] that this quantity does not depend on the (reversible) process and it can
therefore be expressed as

B"

A

δQ
T

= SB − SA = !S, (1.4)

that is, as a difference between the value of a function in the end of the process minus
the value of the same function in the beginning of the process. That function is called
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entropy of the system, S, which is defined as the heat exchanged in a reversible
process !S = Qrev/T . When the same process starting in equilibrium state A and
ending in equilibrium state B is done irreversibly, the heat exchanged during the
process is smaller than the heat exchanged in the reversible case, or equivalently,

B"

A

δQ
T

≤
B"

A

δQrev

T

B"

A

δQ
T

≤ !S, (1.5)

where equal sign holds only for reversible processes. The above result is known as
the Second Law of Thermodynamics.

Let us consider an irreversible isothermal process where a physical system is
in contact with a single thermal environment that is at constant temperature, T . In
this case, the integral in Eq. (1.5) equals to the heat transfer over the temperature,! B

A
δQ
T = Q

T . The entropy change of the system can be expressed is in this case,

!S = Q
T

+ Sprod, (1.6)

where Sprod is called the entropy production of the system. According to the second
law of thermodynamics (1.5), entropy production increases in irreversible processes,

Sprod ≥ 0, (1.7)

where the equal sign holds when the process is done reversibly. Entropy production
can be interpreted as the sum of two terms following its definition in (1.6),

Sprod = !S − Q
T
, (1.8)

where the first term, !S, is the entropy change in the system, and the second term,
− Q

T , is the entropy change in the thermal bath (recall that Q is the heat absorbed by the
system from the bath and therefore −Q is the heat change in the bath). Therefore, for
a system in contact with a single thermal bath at temperature T , entropy production
can be seen as the total entropy production in a super-system or universe that contains
the system and the environment. For this reason, entropy production Sprod is often
called total entropy change, !Stot, and the second law is expressed as !Stot ≥ 0.

If we consider the first law (1.1) and we replace the heat by Q = !U − W in the
definition of entropy production (1.8), the second law (1.6) implies that

W − (!U − T !S) ≥ 0. (1.9)
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The following thermodynamic function

F = U − T S, (1.10)

is called Helmholtz Free Energy of the system or Free Energy of the system [31].
The physical meaning of the free energy as a thermodynamic function can be done
following Eq. (1.9),

W − !F ≥ 0. (1.11)

The equal sign holds for reversible processes, Wrev = !F , whereas for irreversible
processes the work is Wrev ≥ !F . Therefore, for a process in which the system starts
in an equilibrium state A and ends in another equilibrium state B, the free energy
difference between the final and the initial state !F = FB − FA is the minimum
amount of work that the external agent needs to perform to bring the system from
the state A to the state B, !F = Wrev. The work dissipation (or dissipation), Wdiss,
is defined as the excess work needed to perform a physical process,

Wdiss = W − !F. (1.12)

The dissipation is always positive and zero if the process is reversible,

Wdiss ≥ 0. (1.13)

Notice that in an isothermal process where the temperature of the thermal bath is T ,
dissipation equals to the entropy production times the temperature of the environ-
ment,

Wdiss = T Sprod. (1.14)

1.2 Maxwell’s Demon and Szilard Engine

We have seen that the second law of thermodynamics imposes restrictions to some
processes to occur spontaneously. For example, if we put in contact two gases at
different temperatures, one at T1 and the other at T2 < T1, the mixture of the gases
will reach an intermediate temperature Tfin whose value is between the initial temper-
atures of the gases, T1 < Tfin < T2. The second law forbids that, after the mixture,
the temperature of the colder gas decreases and the temperature of the hotter gas
increases.

In 1871, Maxwell designed a thought experiment where this situation, forbidden
by the second law, was possible (see Fig. 1.2a). Imagine that two gases at different
temperatures are put in contact via an adiabatic wall that can be open or closed
at any time. Maxwell suggested that a “demon”, i.e. an intelligent being able to
see the molecules of each gas, could in principle produce a violation of the second
law. Maxwell’s demon controls the opening of the wall in such a way that only the
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Demon

T1 T2>

L R

V/2 V/2

L R L R

(a) (b)

T

Fig. 1.2 Maxwell’s demon and the Szilard engine. a Illustration of Maxwell’s demon. Two gases
are confined in separated containers and put in contact via an adiabatic wall. The gas on the left
container is at a higher temperature T1 than the gas on the right container, T2. A demon can see the
individual molecules of the gas and selectively open or close the wall at any time. If the demon opens
the door allowing only the slow molecules in the left container (in blue) to pass from left to right,
and the fast molecules in the right container (in red) to pass from right to left, the temperature of the
gas in the left container increases and the temperature of the gas in the right container decreases.
b Illustration of the Szilard engine. A single molecule is confined in a container that is immersed in
a thermal bath at temperature T . The particle moves randomly along the two different halves of the
container, L (left) and R (right). A demon introduces a movable piston in the middle of the container
and measures in which half of the container is the particle. Then the demon exerts a pressure on the
piston equal and opposite to the pressure of the gas, making the gas expand reversibly

molecules that move slower than the average in the hotter container, and the ones
that move faster than the average in the colder container, can pass through the wall.
The result of the process is in principle forbidden by the second law: the colder gas
gets colder and the hotter gets hotter.

A simplified version of Maxwell’s demon was introduced by Szilard [61] in
another thought experiment (see Fig. 1.2b). Szilard’s engine is formed by a sin-
gle particle confined in a container of volume V . The container is assumed to be
immersed in a thermal reservoir of temperature T , therefore the particle thermalizes
at temperature T after every collision with the walls of the container. After some
time, a demon inserts a movable piston in the middle of the container and measures
the position of the particle. Then the one particle gas is let to expand reversibly and
the piston is removed [51].

The energetics of the Szilard engine reveals important aspects concerning the
relationship between thermodynamics and information [46]. We can assume that the
energy needed to insert the piston is negligible since the insertion of the piston can
be done reversibly [51]. The only energetic contribution comes from the reversible
expansion of the one particle gas against the piston from an initial volume V/2 to
a final volume V . In a reversible expansion, the gas is described by the law of ideal
gases throughout the process, pV = kT , and the expansion work is negative,

W =
V"

V/2

−pdV = −kT

V"

V/2

dV
V

= −kT ln 2. (1.15)
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Since the process is cyclic, !F = 0, and therefore W − !F = −kT ln 2 ≃
−0.69 kT < 0, the particle is systematically extracting work cyclically from the
thermal reservoir, which is in contradiction with the second law (1.11). Notice that
the extraction of work is possible in the case of heat engines, where a system is put
in contact with two thermal baths at different temperatures.

This apparent contradiction with the second law of thermodynamics was solved by
Bennett [4], who investigated the energetics of the Szilard engine using
Landauer’s principle relating logical irreversibility and energy dissipation of com-
puting processes [44]. Since the information is always stored in physical devices, the
nature of information is physical. Because of this, simple logical operations have an
energetic cost. In particular, the erasure of a bit is a logical irreversible operation,
since a bit that is initially in one of the two possible states (0 or 1) is set to a reference
state irrespective of its initial state. Landauer proved that the erasure of a bit requires
at least kT ln 2 of work dissipated to the thermal environment,

Weras ≥ kT ln 2. (1.16)

Where the bound is met in a quasistatic erasure. This statement is known as
Landauer’s principle. Landauer’s principle was recently tested experimentally in [5]
using optically-trapped Brownian particles as we discuss in Sect. 1.6.

Bennett reanalyzed the energetics of the Szilard engine taking into account
Landauer’s principle [4]. In every cycle, there are two contributions to the total work:
First, the work done in the system is the expansion work of the one-molecule gas.
Second, contrary to what Szilard suggested, the work needed to measure where the
particle cannot be neglected. Since the measurement has only two possible outcomes
(L and R), the measurement in the Szilard engine is equivalent to a measurement
of the state of a bit. In every cycle, the state of the demon has to be restored to a
reference state in order to be able to perform a measurement in the next cycle, which
requires an amount of work that is at least Wdemon = Weras ≥ kT ln 2. The work per
cycle of the Szilard engine is therefore

Wcycle = Wgas + Wdemon ≥ −kT ln 2 + kT ln 2 = 0, (1.17)

which is in accordance with the second law of thermodynamics.
Notice that in the above proof we have assumed that a one particle gas behaves

like a classical ideal gas. An alternative approach would be considering the particle
as a quantum system. The “quantum version of the Szilard engine” was analyzed
in [68], where Szilard’s result Wcycle = kT ln 2 as well as Landauer’s principle are
recovered in the quantum limit.
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1.3 Review of Statistical Mechanics

The connection between the thermodynamic properties of microscopic systems and
the physical properties of their microscopic constituents was done with the introduc-
tion of statistical mechanics. Before that, the first attempts to explain equilibrium
properties of macroscopic systems from the molecular motion, were done in kinetic
theory. Boltzmann’s theory aimed to describe the equilibrium properties of a gas
in terms of the probability to find a molecule with velocity v at a given position x
at time t , ρ(x, v, t). One of the most remarkable results of Boltzmann’s formalism
is the analytic expression of the velocity distribution of the molecules of an ideal
gas in thermal equilibrium at temperature T . By assuming that there are only binary
collisions between the molecules of the gas plus the celebrated Stosszahlansatz or
molecular chaos hypothesis,1 Boltzmann found an expression for the velocity distri-
bution that is independent on the interaction between the molecules. In the simplest
case, let us consider a gas in thermal equilibrium at temperature T formed by mole-
cules of mass m. The gas is assumed to be in a one dimensional container. Under
these assumptions, the probability to find a particle with velocity v at any position x
and any time t is given by the Maxwell-Boltzmann distribution

ρ(v) =
#

m
2πkT

e−mv2/2kT . (1.18)

The probability distribution of the particle velocity is a Gaussian distribution with
zero mean and dispersion

⟨v2⟩ = kT
m

. (1.19)

The above relationship is related to the equipartition theorem: In equilibrium, the
average energy per degree of freedom of a physical system in contact with a thermal
bath at temperature T is equal to kT/2. For an ideal gas in isothermal conditions,
the only energetic contribution is kinetic. The average kinetic energy per molecule
can be derived from (1.19),

⟨E⟩ =
$

mv2

2

%
= kT

2
. (1.20)

Statistical mechanics goes further than kinetic theory and describes not only the
temperature, but also other thermodynamic quantities such as entropy or the free
energy in terms of the statistics of the degrees of freedom of the molecular con-
stituents. Equilibrium properties of not only dilute gases, but also of any macroscopic
system can be studied within the framework of statistical mechanics [34].

1 Molecular chaos hypothesis holds that at any binary collision between two molecules the dis-
tribution of position and momenta of the two particles after the collision are independent each
other.
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N1, V1, E1 N2, V2, E2

Energy

Fig. 1.3 Energy exchange between two isolated systems. Two different subsystems, a gas
(subsystem 1) and a paramagnetic solid (subsystem 2) are isolated from the environment. The
energy exchange is allowed between the two subsystems but the number of particle and the volume
of the two subsystems does not change in time. Despite allowing energy exchange between the two
subsystems, the total energy is constant E = E1 + E2

The first case studies of statistical mechanics are isolated systems. A physical
system and together with the environment can be considered as a single bigger
physical system (often called “universe”) whose total energy remains equal to a
constant value E . The total number of particles N and the volume of the universe
V are also considered as constant. The macrostate of the system is defined by the
values of the thermodynamic parameters that characterize the state of the system,
in this case (N , V, E). The microstate of the system is given by the value of all
the position and momenta of the molecules of the system, which in principle are
three dimensional, {q⃗i , p⃗i }. The number of microstates that are compatible with a
macrostate (N , V, E) is denoted by %(N , V, E). The following two postulates are
the basis of statistical mechanics:

• Equiprobability: All the microstates compatible with a given macrostate
(N , V, E) are equally probable.

• Equilibrium: The equilibrium state is such that the number of compatible
microstates %(N , V, E) is maximum.

Let us consider the situation in which two macroscopic systems that might be
of different nature (gases, paramagnetic solids, etc.) are put in contact via a wall
that allows the exchange of energy between them such as the example depicted in
Fig. 1.3. The first subsystem has N1 particles, volume V1 and its energy is labeled
by E1, whereas the second subsystem is characterized by N2, V2 and E2. Since the
total system is isolated, the total energy of the system does not change irrespective
of the energy exchange, E1 + E2 = E . In this situation, the number of microstates
of the total system compatible with a certain values of N , V and E is equal to

%T (N , V, E) = %1(N1, V1, E1)%2(N2, V2, E2), (1.21)

since for every microstate of subsystem 1 there are %2 microstates of 2 that are com-
patible with N , V, E . Because of the equilibrium postulate of statistical mechanics,
in equilibrium %T is maximum, or equivalently, d%T (N , V, E)/d E = 0. This con-
dition, together with the constraint E1 + E2 = E yields the following condition
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∂ ln %1(N1, V1, E1)

∂ E1
= ∂ ln %2(N2, V2, E2)

∂ E2
. (1.22)

We know from thermodynamics that the physical parameter that is equal in the two
subsystems when they are put in contact via a diathermic wall is the temperature.

Therefore, the quantity ∂ ln %(N ,V,E)
∂ E has to be related with temperature. More pre-

cisely, the definition of temperature in statistical mechanics is

∂ ln %(E)

∂ E
≡ 1

kT
. (1.23)

From macroscopic thermodynamics it is also known [12] that 1
T =

&
∂S
∂ E

'
N ,V where

the subindex means at N and V constant. Equation (1.23) is consistent with the
following definition of entropy,

S(N , V, E) = k ln %(N , V, E), (1.24)

which was introduced by Boltzmann. The above result is one of the first quantita-
tive relationships done between a macroscopic quantity (system entropy, S) with a
microscopic property (the number of microstates, %) in statistical mechanics. Equa-
tion (1.24) shows that the entropy is larger when %(N , V, E) is larger, that is, when
there are more states that are accessible by the system.

We notice that macroscopic quantities such as temperature are in general measured
as a time average over a time window that is much larger than the atomic timescales.
Statistical mechanics postulates that macroscopic parameters can also be obtained
as averages over ensembles of physical systems. From now, we will denote by (q, p)
all the position and momenta of the system, i.e., (q, p) ≡ {q⃗i , p⃗i }N

i=1. We define by
ρ(q, p) the phase space density of the position of momenta of all the particles of the
system, i = 1, . . . , N to be {q⃗i , p⃗i }N

i=1. ρ(q, p)dqdp is the probability of the system
at time t to be in [p, p + dp] and [q, q + dq]. The ergodic hypothesis assumes that
for any thermodynamic function A,

1
!t

t+!t"

t

dt ′ A(t ′) =
"

dqdp ρ(q, p) A(q, p). (1.25)

The internal energy of the system can be obtained as the ensemble average of the
Hamiltonian describing the system H(q, p),

U = ⟨H(q, p)⟩ =
"

dqdp ρ(q, p)H(q, p). (1.26)

Another particular case of thermodynamic function that can be expressed as an
ensemble average is the system entropy. Gibbs proved that system entropy can be
expressed as the average of the quantity −k ln ρ(q, p) [31],
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S = ⟨−k ln ρ(q, p)⟩ = −k
"

dqdp ρ(q, p) ln ρ(q, p). (1.27)

This result is consistent with Boltzmann’s definition of entropy (1.24). Notice that
the r.h.s. of (1.27) is proportional to a quantity that is commonly used in information
theory Shannon entropy H , H(ρ(x)) =

!
dxρ(x) ln ρ(x), which is a measure of the

uncertainty of the variable x distributed by ρ(x) [18].
The time evolution of the phase space density ρ = ρ(q, p; t) is governed by

Liouville’s theorem [53],

dρ

dt
= ∂ρ

∂t
+ {ρ, H} = 0, (1.28)

where {·, ·} denotes the Poisson bracket and

{ρ, H} =
(

i

)
∂ρ

∂qi

∂ H
∂pi

− ∂ρ

∂pi

∂ H
∂qi

*

=
(

i

)
∂ρ

∂qi
q̇i +

∂ρ

∂pi
ṗi

*
. (1.29)

Here i denotes the sum over all the degrees of freedom of the system. Liouville’s
theorem implies that, for an observer that moves in time, the density of representative
points in phase space is conserved. An ensemble of representative points in phase
space move like an incompressible fluid in physical space [53]. An example of phase
space densities that satisfy Liouville’s theorem are those which depend on (q, p)
via a Hamiltonian function H(q, p), that is ρ(q, p) = ρ(H(q, p)). Depending on
the boundary conditions (isothermal, isolated processes) the phase space density
compatible with this constraint takes different forms as we now discuss.

For isolated systems described by a Hamiltonian H(q, p), the phase space density
is described by the microcanonical ensemble. Assuming that all the microstates that
are compatible with a total energy E are equiprobable, the phase space density for
all of them is proportional to

ρ({qi , pi }) ∝ δ(H(q, p) − E). (1.30)

In practical situations, the interactions between the system and the surroundings
cannot be neglected, and isolated systems are only an ideal case that are useful for cal-
culations. We now assume isothermal conditions, where a system exchanges energy
with a thermal bath that does not change its temperature T even when exchang-
ing energy with the system. In thermal equilibrium, the phase space density for the
system is described by the canonical distribution,

ρ(q, p) = e−βH(q,p)

Z
. (1.31)
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where β = 1/kT , and the normalization constant

Z =
"

dqdpe−βH(q,p), (1.32)

is called the partition function of the system. The partition function contains all the
thermodynamic information of the system. For example, the average energy of the
system can be obtained from the partition function,

⟨H⟩ = −∂ ln Z
∂β

. (1.33)

A similar expression for the free energy in terms of the partition function can be
found,

F = −kT ln Z . (1.34)

Statistical mechanics can be used to describe not only physical properties of
macroscopic systems in equilibrium but also processes where the system is driven
out of equilibrium [2, 21, 69]. The driving is in general modeled by the change of a
control parameter λ according to a given protocol {λ(t)}τt=0 produced by the action
of an external agent. In a physical process, the variation of the average energy of a
system can be expressed as the sum of two terms

δ⟨H⟩ =
"

dqdp δH ρ(q, p; t)+
"

dqdp H δρ(q, p; t), (1.35)

where the chain rule was used inside the ensemble average. The first term is the
variation of the average energy due to the variation of the hamiltonian, which equals
to the work done by the external agent. The second term only takes into account
the variations of the phase space density, and it is equal to the heat trasferred to the
system. The work done by the external agent on a system defined by a Hamiltonian
H(q, p; λ)whose trajectory in phase space is (q(t), p(t)) and passes at time t through
(q(t), p(t)) = (q, p), W (q, p; t), is given by

W (q, p; t) =
λ(τ )"

λ(0)

∂ H(q, p; λ)
∂λ

++++
q=q(t),p=p(t),λ=λ(t)

· dλ(t). (1.36)

If the system is in contact with a thermal bath at temperature T , and the process
is isothermal and reversible, the probability distribution of the system is the
canonical equilibrium distribution at any time ρ(q, p; λ) = e−βH(q,p;λ)

Zλ
, where

Zλ =
!

dqdpe−βH(q,p;λ). In this situation, the average work ⟨W ⟩ =
!

dqdp
ρ(q, p; t) W (q, p; t) yields the expected result, ⟨W ⟩ = !F .
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1.4 Stochastic Thermodynamics I: Stochastic Energetics

As we have shown in the previous section, classical thermodynamics applies only to
systems with a large number of degrees of freedom and establishes laws for macro-
scopic observables. When the size of the physical system under consideration is
microscopic (or of smaller size) and the physical properties of the system can be
sampled in a milisecond (or shorter) timescale, the dynamics of the system can be
described with the equations of motion of few degrees of freedom. The paradig-
matic example is the motion of a microscopic object (or Brownian particle) in a
fluid at constant temperature. Because of the small size of the particle, the thermal
fluctuations of the environment make the motion of the particle to be random or sto-
chastic. Langevin equation [43] provides a mesoscopic2 description of the dynamics
of the Brownian particle by describing the thermal fluctuations of the environment
with a stochastic force that takes into account the degrees of freedom of the ther-
mal bath. Recently, it has been possible to extend the notions of heat and work to
systems obeying a Langevin equation, and the first law [60] and the second law of
thermodynamics [56] have been studied in the mesoscopic scale.

1.4.1 Brownian Motion and Langevin Equation

The Brownian particle is the paradigmatic case study of stochastic thermodynamics.
In 1828, Brown observed in the microscope the motion of grains of pollen in water [7].
Brown was able to track the position of the grains, observing that their motion was
apparently random. He checked this effect in different materials and claimed that
this random motion had connection to life. In 1905, Einstein proved that the erratic
motion of such colloidal particles is due to random impacts of water molecules of
the environment, postulating that thermal fluctuations drive the erratic motion of
Brownian particles [23]. He first developed a theory for an ensemble of Brownian
particles moving in one dimension, showing that their average position vanishes at
any time ⟨x(t)⟩ = 0, and that the average mean square displacement depends linearly
on time

⟨x2(t)⟩ = 2Dt, (1.37)

being D the diffusion coefficient. The above formula is the basis of the diffusive
motion, in which, at odds with ballistic motion, the distance travelled by the particles
does not scale with time but with the square root of time. Einstein showed that the
value of the diffusion coefficient in equilibrium is

D = kT
γ

, (1.38)

2 The mesoscopic description lies between micro and macroscopic description and consists on
describing the motion of a microscopic system with few degrees of freedom.
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where k is Boltzmann’s constant, T is the temperature of the surrounding fluid and
γ is the friction coefficient of the particle in the fluid. In the case of an spherical
particle of radius R immersed in a fluid of viscosity η, the value of the friction
coefficient for laminar flow (low Reynolds number) is given by Stokes’ law γ =
6πηR [3].

Eintein’s relation (1.38) is a particular case of the fluctuation-dissipation relation-
ship (FDR) that is introduced in linear response theory [41]. Suppose that a system
described by a single degree of freedom x is weakly perturbed from equilibrium by
a force that depends on time, f (t), which is applied from t = 0 when the system is
in equilibrium. If the system is not perturbed far away from equilibrium, the average
value of x at any time t depends linearly on the applied force via the susceptibility χx ,

⟨x(t)⟩ =
t"

0

dt ′ χx (t − t ′) f (t ′). (1.39)

The fluctuations of the variable x in time can be measured by the autocorrelation
function,

Cx (t) = ⟨x(t)x(0)⟩. (1.40)

Close to equilibrium, the following relationship between the Fourier transform of
the autocorrelation and the imaginary part of the susceptibility holds

C̃x (ω) =
2kT
ω

Im χ̃(ω), (1.41)

which is known as the fluctuation-dissipation relationship [41]. In linear response,
the FDR can be used as a test to check whether or not a system is equilibrium with
the thermal environment. Einstein’s relation (1.38) can be derived from the FDR
for a free Brownian particle described by considering the equation of motion of the
position of the Brownian particle [41].

A theory of the motion of an individual free Brownian particle was first done by
Langevin [43]. Langevin described the dynamics of the free Brownian particle of
mass m starting with usual Newtonian equations of motion for the position x(t) and
momentum p(t) of the particle. He expressed the total force that the Brownian par-
ticle feels as the sum of two terms. The first is the viscous force that the surrounding
fluid exerts on the particle which is assumed to be in accordance with Stokes’ law
F(t) = −γ v(t), being v(t) = p(t)/m the instantaneous velocity of the particle. The
second component of the force is a stochastic term ξ(t) that plays the role of the fluc-
tuating force exerted to the Brownian particle by the molecules of the environment.
By considering these two forces, the equations of motion of the Brownian particle
are

dp
dt

= −γ
p
m

+ ξ(t), (1.42)

dx
dt

= p
m
. (1.43)
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Here ξ(t) is a Gaussian white noise (see Appendix A.1) of zero mean and variance
that depends on the diffusion coefficient, that is, a random force that is Gaussian
distributed, its average vanishes and it is delta correlated with intensity given by
(1.38),

⟨ξ(t)⟩ = 0, (1.44)

⟨ξ(t)ξ(t ′)⟩ = 2Dδ(t − t ′), (1.45)

with D = kT/γ . Notice that Langevin equation is valid when all the degrees of
freedom (position and momentum) that describe the surrounding fluid are rapidly
varying degrees of freedom in comparison with the position and momentum of the
colloidal particle. This assumption is true when the mass of the Brownian particle
is several orders of magnitude larger than the mass of the molecules of the environ-
ment. We notice that Langevin’s description ois mesoscopic since it lies between the
macroscopic approach and a microscopic description containing all the degrees of
freedom of the Brownian particle and the surrounding fluid.

If the time resolution in which one measures the position of the Brownian particle
!t is much larger than the momentum relaxation time !t ≫ τp = m/γ , Eqs. (1.42,
1.43) can be replaced by the following equation

γ ẋ = ξ(t), (1.46)

where ξ(t) is the same as in the underdamped case. The above equation is known as
the overdamped Langevin equation for a free Brownian particle. It can be obtained
as the overdamped limit of Eq. (1.42), that is, when inertia is negligible.

A typical example of a system that obeys Langevin equation is a microscopic
sphere of polystyrene immersed in water. For an spherical polystyrene particle of
radius R ∼ 1µm, the mass of the particle m is of order of picograms and the friction
coefficient in water (η = 0.89 mPas), assuming Stokes’ law, is around γ = 6πηR ∼
10−9 Ns

m . This yields a characteristic time τm ∼ 1µs which is much shorter than the
usual experimental time resolution !t ∼ ms, being the overdamped limit valid in
this case.

If addition external forces are applied to the Brownian particle, an additional term
modeling the external forces has to be taken into account in Langevin’s model. If the
external force is controlled via a control parameter λ(t) and it is caused by a potential
energy V (x, λ), the underdamped Langevin equations for the particle are

dp
dt

= −∂V (x, λ)
∂x

− γ
p
m

+ ξ(t), (1.47)

dx
dt

= p
m
. (1.48)

Notice that in general, the total external force applied on the particle F(x, λ) has two
contributions: Firstly, a term that derives from a conservative potential −∂V (x,λ)

∂x , and
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secondly, a term that models the application of forces directly on the particle f (x, λ).
Therefore, in general, we should take into account both contributions and replace
−∂V (x,λ)

∂x by F(x, λ) = −∂V (x,λ)
∂x + f (x, λ). In the overdamped limit, Eqs. (1.47, 1.48)

yield the overdamped Langevin equation in the presence of external conservative
forces is

γ
dx
dt

= −∂V (x, λ)
∂x

+ ξ(t). (1.49)

This equation describes the random motion of colloidal microscopic particles but it
can also be applied to magnetic or electric systems (see e.g. [16]). Langevin equation
has also been applied to model the dynamics of molecular motors [9, 39].

1.4.2 First Law of Thermodynamics in the Mesoscopic Scale

In a pioneering work, Ken Sekimoto extended the notions of heat and work to ther-
modynamic processes affecting small systems described by Langevin equation, pro-
viding a new framework to measure the energetics of processes that occur at the
mesoscale [59]. Let us consider Langevin equation as a force balance equation in
which the sum of all forces acting on the particle are zero,

0 = −∂V (x, λ)
∂x

− γ
dx
dt

+ ξ(t). (1.50)

In the force balance equation, there are two forces that are exerted by the environ-
ment on the particle, the friction force −γ dx

dt and the force of the environment ξ(t).
Therefore (−γ dx/dt + ξ(t)) ◦ dx(t) is the energy transfer from the environment to
the particle, that is, the heat transferred to the particle. Notice that we have used the
Stratonovich product ◦ (see Appendix A.2) for reasons that we explain below [60].
We therefore define

δQ ≡
)

−γ
dx
dt

+ ξ(t)
*

◦ dx(t), (1.51)

as the heat transferred to an overdamped Brownian particle when it is displaced a dif-
ferential amount dx(t). In the underdamped limit, the above result can be expressed
as

δQ =
,
−γ

p
m

+ ξ(t)
-

◦ dx(t) =
)

dp
dt

+ ∂V (x, λ)
∂x

*
◦ dx(t), (1.52)

where we have used Eq. (1.47) in the second equality. We now focus on the
energy balance of the particle. First, we notice that, since we use the Stratonovich
product the usual rules of calculus apply, and we can express the two terms of
δQ =

,
dp
dt + ∂V (x,λ)

∂x

-
◦ dx(t) in the underdamped limit as follows
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dp
dt

◦ dx(t) = dp
dt

◦ p
m

dt = d
)

p2

2m

*
, (1.53)

∂V (x, λ)
∂x

◦ dx(t) = dV (x, λ) − ∂V (x, λ)
∂λ

. (1.54)

By summing Eqs. (1.53) and (1.53), we obtain

δQ = d
)

p2

2m
+ V (x, λ)

*
− ∂V (x, λ)

∂λ
dλ. (1.55)

The first term in (1.55) is the internal energy of the particle (kinetic and potential)
U (x, λ) = p2

2m + V (x, λ). Therefore, by defining the second term in (1.55) as the
work done by the external agent on the particle when it moves a small amount dx(t),

δW ≡ ∂V (x, λ)
∂λ

dλ, (1.56)

we recover the first law of thermodynamics (1.1) in the microscopic scale dU =
δQ + δW . We notice that in the overdamped limit, the heat (1.51) can be expressed
as

δQ ≡ ∂V (x, λ)
∂x

◦ dx(t). (1.57)

In this case, the first law is equivalent to a chain rule for the internal energy, since
dU = (∂U/∂λ) ◦ dλ+ (∂U/∂x) ◦ dx(t) where the first term can be identified as the
work and the second as the heat.

The path dependence of the work and heat is now revealed in stochastic ther-
modynamics. The total work done by the particle and the total heat transferred to
the particle depend on the specific stochastic trajectory and they are expressed as
functionals of the microscopic trajectory. The total heat and work transferred from
t = 0 to t = τ when the external agent controls the state of the system via λ(t) and
the trajectory of the particle is xτ ≡ {x(t)}τt=0 is obtained by integrating Eqs. (1.51,
1.56) with respect to time,

Q[xτ ] =
x(τ )"

x(0)

∂V (x, λ)
∂x

++++
(x,λ)=(x(t),λ(t))

◦ dx(t), (1.58)

W [xτ ] =
λ(τ )"

λ(0)

∂V (x, λ)
∂λ

++++
(x,λ)=(x(t),λ(t))

◦ dλ(t). (1.59)

Notice that the expression for the work (1.59) is analogous to the general formula of
the work given in statistical mechanics (1.36).

For a Brownian particle described by the overdamped Langevin equation, the free
energy change in an isothermal process is equal to the work done by the external
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agent when the process is done quasistatically, i.e. when the system is at any time
described by the canonical ensemble,

!F =
λ(τ )"

λ(0)

$
∂V (x, λ)

∂λ

%

eq
◦ dλ(t). (1.60)

As it is proved in [60], the stochastic definition of work is consistent with the usual
statement of the second law of thermodynamics when considering the ensemble
average (1.11) ⟨W ⟩ − !F ≥ 0.

1.4.3 Second Law of Thermodynamics in the Mesoscopic Scale

The generalization of the second law of thermodynamics to the mesoscopic scale can
be done by extending the notion of entropy to systems where thermal fluctuations are
relevant. Seifert [56] introduced the “trajectory entropy” for systems obeying an over-
damped Langevin equation. His definition was previously proposed by Crooks [20]
for stochastic Markovian systems [32] obeying the microscopic reversible condi-
tion, and it was extended to colloidal particles in the overdamped limit and discrete
systems described by a master equation in [56]. Let us consider a colloidal particle
that moves in one dimension x from t = 0 to t = τ . We assume that the particle is
subject to a total external force F(x, λ). In the overdamped limit, Langevin equation
describes the motion of the particle,

γ ẋ = F(x, λ)+ ξ, (1.61)

where ⟨ξ(t)ξ(t ′)⟩ = 2γ kT δ(t − t ′). We define the mobility by µ ≡ 1/γ , and the
diffusion coefficient is D = kT/γ . An equivalent description of the dynamics is
given by the Fokker-Planck equation (see Appendix A.3)

∂tρ(x, t) = −∂x j (x, t) = −∂x (µF(x, λ) − D∂x )ρ(x, t), (1.62)

where ρ(x, t) is the probability of the particle to be at x at time t . The Shannon
entropy associated to the position of the particle at time t can be interpreted as a
nonequilibrium entropy:

S(t) = −k
"

dx(t) ρ(x(t), t) ln ρ(x(t), t), (1.63)

which suggests the introduction of the following trajectory dependent entropy

S[x(t)] = −k ln ρ(x(t), t). (1.64)
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With this definition, the Shannon entropy at any time t can be seen as the ensemble
average of the trajectory (nonequilibrium) entropy, S(t) = ⟨S[x(t)]⟩, where the
average is done over all trajectories weighed with ρ(x(t), t).

Using the trajectory dependent entropy, one can recover a second law of ther-
modynamics in the mesoscopic scale. Let us consider the entropy production of the
system, i.e. Ṡ[x(t)]. The time derivative is [8]

Ṡ[x(t)]
k

= − ∂tρ(x, t)
ρ(x, t)

++++
x(t)

− ∂xρ(x, t)
ρ(x, t)

++++
x(t)

ẋ

= − ∂tρ(x, t)
ρ(x, t)

++++
x(t)

+ j (x, t)
Dρ(x, t)

++++
x(t)

ẋ

− F(x, λ)
kT

++++
x(t)

ẋ, (1.65)

where we have used (1.62) in the second equality. The last term in (1.65) can be
identified as an entropy change in the reservoir Ṡres = −Q̇/T , being Q calculated
following (1.51). Since −γ ẋ + ξ = −F(x, λ) the heat transferred to the particle is
Q̇/T = − F(x,λ)

kT

+++
x(t)

ẋ and the entropy change in the reservoir Ṡres = F(x,λ)
kT

+++
x(t)

ẋ .

The entropy production rate is (1.6)

Ṡprod = Ṡ + Ṡres = k
∂tρ(x, t)
ρ(x, t)

++++
x(t)

+ k
j (x, t)

Dρ(x, t)

++++
x(t)

ẋ . (1.66)

When averaging over ρ(x, t), the first term in (1.66) vanishes, yielding [56]

⟨Ṡprod(t)⟩ = k
"

dx
j (x, t)2

Dρ(x, t)
≥ 0. (1.67)

Equation (1.67) is equivalent to the relationship between entropy and currents derived
in linear irreversible thermodynamics [40]. For a physical system obeying the over-
damped Langevin equation, the entropy production is a positively defined quadratic
form of the currents, as that obtained in linear irreversible thermodynamics for non-
equilibrium processes in linear regime (see Sect. 2.2.1). The equality in (1.67) is
obtained in equilibrium, where the current vanishes j (x, t) = 0.

We have seen that thermodynamic laws hold when considering averages of ther-
modynamic functions over many realizations of a process. Because of the importance
of thermal fluctuations at the microscopic scale, fluctuations can produce deviations
from the mean behavior. One can for example observe negative entropy production
in a single experiment of a microscopic system, such as stretching a DNA molecule.
The introduction of the fluctuation theorems has provided a theoretical framework
to measure the probability of the deviations from the mean behavior in microscopic
systems.

http://dx.doi.org/10.1007/978-3-319-07079-7_2
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1.5 Stochastic Thermodynamics II: Fluctuation Theorems

In mesoscopic systems, the importance of fluctuations can lead to rare events such
as a negative entropy production—or negative dissipation—in a single realization.
As it was seen in the previous section, thermodynamic laws only apply to ensem-
ble averages in the mesoscopic scale. It is interesting to know the probability of
thermodynamic functions to take values that are different from the average value.
Fluctuation theorems are exact relationships that express universal properties of the
probability distribution ρ(%) for thermodynamic functionals of the position %[x(t)]
such as work, heat or entropy [58] . Unlike the first results of nonequilibrium statisti-
cal physics that are valid only in near-equilibrium conditions (small external forces),
fluctuation theorems are valid for systems that are perturbed arbitrarily far from equi-
librium. During the last decade, several fluctuation theorems have been derived and
tested in simulations and experiments. We review some of the most relevant results
have been obtained in the context of fluctuation theorems in the last decade.

1.5.1 Jarzynski’s Equality

One of the first results concerning the probability distributions of thermodynamic
functions in nonequilibrium processes was introduced by Jarzynski in [35]. Let us
consider the following process: A system is initially in an canonical equilibrium state
A. An external agent drives the system arbitrarily far from equilibrium by modifying
a control parameter λ according to a given protocol λ(t). At the end of the process, the
system is allowed to relax to a final canonical equilibrium state B. In both isolated or
isothermal conditions, the work done by the external agent in this process is stochastic
and the average over all the possible realizations satisfies the following equality

⟨e−βW ⟩ = e−β!F . (1.68)

Notice that, since ex satisfies Jensen’s inequality, ⟨ex ⟩ ≥ e⟨x⟩ since the exponen-
tial is a convex function.3 As a result, Jarzynski’s equality implies the second law
⟨W ⟩ ≥ !F . One of the most important implications of Jarzynski’s equality is that
we can estimate an equilibrium property, the free energy difference between two
equilibrium states, from a nonequilibrium average,

!F = −kT ln⟨e−βW ⟩. (1.69)

This result is valid for any protocol followed by the control parameter and it holds
for isolated systems as well as for systems weakly coupled to a single thermal bath.
The equality has been proved analytically [35], in simulations [52] and tested exper-
imentally [17] as we will discuss in Sect. 1.6.

3 A convex function f (x) is such that for any x1 ̸= x2, 1
2 ( f (x1)+ f (x2)) ≥ f ( x1+x2

2 ).
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1.5.2 Crooks’s Theorem

Let us consider a system that is driven out of equilibrium in a finite time process
defined by the evolution of a control parameter λ(t) that changes from t = 0 to
t = τ . We call this process forward process and denote it by F . Let us now consider
the time-reversed or backward (B) process in which the system is driven in the time-
reversed manner λ̃(t) = λ(τ − t). We also assume that the system is in contact with
a single thermal bath of temperature T during the process. The initial and final states
of the system are assumed to be equilibrium states in both forward and backward
processes. We notice that the initial (equilibrium) state in the backward process is
obtained from the same distribution as the final (equilibrium) state of the forward
process, and vice versa. In [20], Crooks proved that the following fluctuation theorem
holds for any nonequilibrium driving,

ρF (W )

ρB(−W )
= eβ(W−!F). (1.70)

Here ρF (W ) is the work distribution of the forward process and ρB(−W ) is the
distribution of −W in the reverse process. This result was originally proved for
processes where the dynamics is Markovian [32] and the entropy production is odd
under time reversal. Such condition is met when the dynamics is microscopically
reversible [19] which is equivalent to say

PF
.
{x(t)}τt=0

/

PB
.
{x(τ − t)}τt=0

/ = e−βQ
.
{x(t)}τt=0

/
, (1.71)

where Q[{x(t)}τt=0] is the heat transferred to the system from the reservoir when
the trajectory of the system is {x(t)}τt=0. Systems described by a Langevin equation
or Metropolis Monte Carlo satisfy all these conditions. However, the condition of
the entropy production to be odd under time reversal is more restrictive, but it is
valid for systems that are initially in a thermal equilibrium state, and for systems
that are in a time symmetric nonequilibrium steady state (e.g. a gas in a piston that
is driven sinusoidally or a fluid under a constant shear). In a more recent work, the
validity of Crooks’s fluctuation theorem has also been proved for an example of an
isolated system following Hamiltonian dynamics provided that the initial condition
of both forward and backward processes is canonical at temperature T [15]. Crooks’s
fluctuation theorem has also been tested experimentally using RNA hairpins as we
discuss in Sect. 1.6.

We remark that Jarzynski’s equality is direct consequence of Crooks’s theorem.
The average ⟨e−βW ⟩ reads,

⟨e−βW ⟩ =
"

dWρF (W )e−βW =
"

dWρB(−W )e−β!F = e−β!F , (1.72)
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where the second equality is consequence of (1.70). Like Jarzynski’s equality, Crooks
theorem can be used to estimate the free energy difference between two equilibrium
states if the system starts and ends in two different equilibrium states. The estimation
can be done from the intersection of the work distributions of any forward and
backward nonequilibrium process that drive the system from state A to state B,

ρF (W ⋆)

ρB(−W ⋆)
= 1 ⇒ W ⋆ = !F. (1.73)

1.5.3 Steady State and Transient Fluctuation Theorems

Let us now consider a process where a microscopic system is driven to a nonequilib-
rium steady state (NESS) due to nonequilibrium constraints. One example is a system
in contact with two thermal baths at different temperatures, such as a metallic bar
with its two ends connected to baths at different temperatures. After some transient,
the bar reaches a NESS where heat flows through the bar (it is out of equilibrium)
from the hot to the cold reservoir and the temperature distribution does not change in
time (it is stationary). Another example is a fluid between two parallel walls which
move relative to each other at constant velocity and produce a constant shear on the
fluid. In such processes, one cannot define a protocol λ(t) since the nonequilibrium
constraints do not change along the process. In the case of a fluid under constant
shear, the NESS ensemble of the system is identical to the ensemble that is reached
with the time reversed process but with a simple reflection of momenta.

In the NESS, the entropy production of the system (and also the total entropy pro-
duction) is odd under time reversal and Crooks’s theorem is satisfied. Since forward
and time reversal processes are identical, we can drop off the index F, B and use ρ

for distributions of the process in the NESS. Let us consider the observable defined
by the time average of the entropy production rate Ṡprod in the interval t ∈ [0, τ ]
given by Sτ ≡ 1

τ

! τ
0 Ṡprod(t)dt , where t = 0 denotes an arbitrary initial time of

an interval of duration τ in the steady state. In the NESS, the following fluctuation
theorem holds

ln
)

ρτ (Ṡ)

ρτ (−Ṡ)

*
= Ṡτ

k
, (1.74)

where ρτ (Ṡ) is the probability to observe a time average of the entropy production
rate (in the stationary state) of value Sτ = Ṡ. Equation (1.74) is known as the steady
state fluctuation theorem (SSFT) for entropy production. The SSFT is often called the
Gallavotti-Cohen theorem since it was first formally proved by Gallavotti and Cohen
for fluids under shear stress in which the molecular chaos hypothesis holds [29].

Entropy consumption in small systems was first observed in numerical simulations
of a hard-disk fluid under a constant shear stress [25]. The average entropy production
from t = 0 to τ was found to be negative in several (but not the majority) of
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Fig. 1.4 Entropy fluctuations in a hard-disk fluid under shear stress. The probability distribution
of averaged stress tensor of a hard-disk fluid under shear stress obtained from simulations in [25]
is plotted as a function of the value of the stress tensor. The vertical line separates the data where
entropy was produced or consumed by the system. Picture taken from [25]

the realizations of the model, for a suitable short time τ (see Fig. 1.4). Therefore,
despite observing entropy consuming trajectories, the second law of thermodynamics
remains valid in the microscopic scale when averaging to all the possible trajectories
of the system.

Steady-state fluctuation theorem is only true in the long time limit [26]. When
τ is not very large compared to the transient time of the system, the left hand side
of (1.74) is also a linear function of the entropy but the slope is not equal to 1/k. In
the long time limit, (1.74) can be rewritten using the entropy production rate, defined
by Ṡ ≡ limτ→∞ Sτ = limτ→∞ 1

τ

! τ
0 Ṡprod(t)dt ,

Ṡ
k
= lim

τ→∞
1
τ

ln
)

ρτ (S)
ρτ (−S)

*
, (1.75)

where ρτ (S) is the probability to observe an entropy production of value Sprod = S
in the steady state in the interval t ∈ [0, τ ]. Equation (1.75) is obtained as the limit
of (1.74) when τ → ∞. The SSFT (1.75) is valid in both linear and non linear
regime [55] and also applies for systems obeying a Langevin equation [42], for more
general stochastic dynamics [48] and for general Markov processes [45]. In [64, 65]
the SSFT for both work and heat is found to be true for long τ for dragged Brownian
particles that are described by the overdamped Langevin equation.

Notice that the SSFT predicts that in the NESS it is possible to observe negative
entropy production in finite time processes as well as in the long time limit. However,
the probability to observe a negative entropy production, −S, is exponentially smaller
than the probability to observe a entropy production S, since ρ(−S) = ρ(S)e−S/k .
The second law of thermodynamics is recovered when averaging to the trajectory
ensemble,
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⟨Ṡ⟩
k

= lim
τ→∞

1
τ

$
ln

ρτ (S)
ρτ (−S)

%
, (1.76)

where the right hand side is positive as we will see in Chap. 2, which yields the
second law ⟨Ṡ⟩ ≥ 0. Equation (1.76) also provides a connection between the average
entropy production (Ṡ) and a measure of time irreversibility of the process, as we
will study in Chap. 2.

Notice that a transient fluctuation theorem (TFT) was introduced by Evans and
Searles [26, 55] by proving the same result as (1.74) but considering probability
distributions of Sτ ≡ 1

τ

! τ
0 Ṡprod(t)dt , t = 0 being the initial time of the process and

obtaining ρ(Sτ ) from an ensemble average over many trajectories. In [26, 55] the
TFT is proved for finite τ for isolated systems initially described by an equilibrium
microcanonical ensemble that evolve towards a stationary state. Also in [64, 65], the
TFT for work and heat transferred to an overdamped Brownian particle is proved
analytically to be true for any τ .

We remark that, unlike entropy production, system and reservoir entropy changes
along a nonequilibrium process do not satisfy a transient or steady state fluctuation
theorem in general. On the other hand, the total entropy production can be decom-
posed as Sprod = !Sna + !Sa, where !Sna and !Sa are called the nonadiabatic
and adiabatic components of the entropy production, respectively, and they both
separately satisty a TFT and a SSFT [24].

1.6 Experiments

The development of microscopy, micro-manipulation and optical trapping techniques
has allowed to test theoretical results of the thermodynamics of small systems in
different scenarios [11]. We now review some of these experiments, in particular those
who concern the implementation of Szilard’s engine, the verification of Landauer’s
principle and the test of fluctuation theorems.

Optical traps are the main experimental device used in the majority small-scale
experiments, since they can be used to trap a single microscopic particle (or even
a molecule) and to manipulate it, measuring forces of the order of piconewtons
and distances of the order of nanometers. Optical tweezers were first developed by
Ashkin in the 80s. In 1986, Ashkin et al. were able to trap dielectric particles in
water with particle diameters ranging from 25 nm to 10µm [1]. Their experimental
setup consisted on a single highly focused argon-laser beam (wavelength 541 nm) as
sketched in Fig. 1.5a that was used to trap dielectric beads immersed in a flow cell
that contained water. A microscope was added to the setup to observe in real time the
trapped particles as well as the diffraction pattern of the light. The trapping mecha-
nism can be explained rigorously using Mie’s scattering theory, which describes the
interaction between an electromagnetic plane wave and a dielectric sphere of a size
comparable to the wavelength of the electromagnetic wave [50]. Using ray optics we
can describe the scattering and momentum transfer to the particle [1] as we show in

http://dx.doi.org/10.1007/978-3-319-07079-7_2
http://dx.doi.org/10.1007/978-3-319-07079-7_2
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Fig. 1.5 First single-beam optical trap. a Sketch of the experimental setup. A 514.5 nm argon laser
light passes through a microscope that focuses the light in a cell where microscopic dielectric beads
are immersed in water. A microscope (M) allows to observe the trapped particles. b Ray optics of a
spherical particle that is slightly after the optical focus of the microscope. The change in momentum
of the light is indicated in the figure, as well as the direction of the reaction force of the bead (FA).
The net gradient force points to the focus. c Momentum of the incident p⃗in and scattered p⃗out light
and momentum change in the light ! p⃗ corresponding to the ray optics sketch of (b) Pictures taken
from [1]

Fig. 1.6 Optical forces in
an optical tweezer. a When
the bead deviates from the
propagation axis, the intensity
profile is such that the bead
pushes the light to the left
and the light pushes the bead
to the right, that is, through
the propagation axis. b The
gradient force pushes the
bead towards the focus of the
microscope

intensityintensity
(a) (b)

Fig. 1.5b, c. Because of third Newton’s law, the force exerted to the bead is opposite
to the momentum change in the light. The net force in Fig. 1.5b points to the focus
of the microscope, that is, in the direction of the gradient of intensity. This gradient
force is compensated by the scattering force in the equilibrium position of the par-
ticle in the trap, which lies slightly after the focus of the microscope. On the other
hand, the intensity profile of the laser is generally Gaussian. Because of this, when
the particle moves perpendicular to the propagation axis, the light exerts a force on
the bead pushing the bead towards the propagation axis as shown in Fig. 1.6. As a
result, the particles are trapped in three dimensions by the optical tweezer as sketched
in Fig. 1.6. The optical force exerted on the particle is Hookean (linear) for small
deviations of the bead from the trap center, x⃗0, in any direction, Fi = κi (xi − x0,i ),
for i = x, y, z and κi being the stiffness of the trap measured in the i axis.



28 1 Small-Scale Thermodynamics

The development of trapping techniques has allowed to build the first experimental
microscopic-sized heat engine formed by a single Brownian particle trapped with a
single optical tweezer [6]. The temperature of the environment is switched between
two different values using laser heating, which makes the Brownian particle to work
between two different thermal baths, and therefore as a heat engine.

In a different experiment, a Szilard engine formed by a single Brownian particle
was designed [62]. A microscopic particle is made to climb up a spiral-staircase-
like potential created by an electric field using feedback control. A dimeric particle
formed by two polystyrene spherical beads (both with diameter D = 287 nm) is
attached to the top glass surface of a fluid chamber. One of the particles of the dimer
is held fixed and linked to the top surface of the chamber and the other performs
rotational Brownian motion. Using elliptically rotating electric fields, they managed
to induce a tilted periodic potential to the particle. A feedback control loop of total
time t = τ is implemented as follows: At t = 0, the angular position of the particle
is measured. If the position lies within a specific interval, the phase of the potential
is inverted at t = ϵ and the particle is let to relax to a new equilibrium position
until t = τ in which the feedback cycle is repeated. When ϵ is comparable to the
relaxation time of the particle in the periodic potential, the particle is made to climb
upwards in the energy landscape, as sketched in Fig. 1.7a.

Landauer’s principle has been experimentally verified recently using optically
trapped microscopic particles [5]. A single silica spheric bead (diameter D = 2µm)
immersed in water was trapped with optical tweezers. IN their experiment, a bistable
potential is created by switching the trapping laser position between two positions at a
fast rate (faster than the relaxation time of the bead on the trap, τr ). By modulating the
laser intensity, Berut et al. were able to modulate the height of the barrier that separates
the two minima of the double well potential. Using this setup, they implemented a
restore-to-zero cyclic process (shown in Fig. 1.7b) in which the bead is initially in
one of the two equilibrium positions. Then, the barrier is lowered in 1s (≫ τr ) and
the barrier is kept low for a time τ during which an external force that increases
with time is applied. The cycle is finished lowering the barrier to its original height
during 1s. In [5] they measure the stochastic heat using (1.58) and show that in the
limit of slow process (τ ≃ 40 s), Landauer’s bound (1.16) is experimentally checked,
yielding ⟨Q⟩ ≃ kT ln 2 within experimental errors.

Several single-molecule experiments using DNA hairpins of microscopic colloidal
systems have allowed to measure deviations from the second law of thermodynamics
in small systems and to test fluctuation theorems in different scenarios [11]. We now
review some of the most relevant experiments done to test some of the fluctuation
theorems introduced in Sect. 1.5.

• Jarzynski’s equality: In Ref. [47], Liphardt et al. tested Jarzynski’s equality in
a single molecule experiment using a RNA hairpin. They mechanically stretched
a RNA molecule between two different conformations. One of the ends of the
RNA molecule was attached to a bead that was held fixed with an optical tweezer
whereas the other end was attached to a second bead whose position could be
controlled using a micropipette. Using direct measurements of the force exerted to
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Fig. 1.7 Experimental Szilard engine and experimental test of Landauer’s principle. a Sketch of
the feedback control of Toyabe et al. experiment used to mimic a microscopic Szilard engine.
b Restore-to-zero protocol of Berut et al. experiment done to test Landauer’s principle. Pictures
taken from [62] and [5]

the hairpin, they measured the work done on the molecule in fast (nonequilibrium)
extensions of the molecule (1.59). They estimated the free energy difference from
the averaged exponential work over nonequilibrium experiments (1.69), !FJE =
−kT ln⟨e−βW ⟩, finding that this their estimation (based on Jarzynski’s equality)
did not significantly differ from the actual equilibrium value of !F measured in
a reversible (slow) streching.

• Crooks’s fluctuation theorem: With a similar setup as that used in [47], Collin
et al. tested Crooks’s fluctuation theorem (1.70) experimentally by unfolding and
refolding a RNA hairpin [17]. A short interfering RNA hairpin which folds irre-
versibly but not very far from equilibrium (dissipation of the unfolding is around
6kT ) was stretched and unfolded at different pulling speeds.
In Fig. 1.8a we show the RNA hairpin used in their experiment as well as the
force extension curves (force applied as a function of the distance between the
pulling ends). The pulling is done irreversibly, which produces hysteresis in force-
extension cycles as shown in Fig. 1.8a. The area under the force extension curves
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Fig. 1.8 Experimental verification of Crooks’s fluctuation theorem. a RNA hairpin used in pulling
experiments and five force extension curves of the unfolding (orange) and refolding (blue) curves
at a load rate of 7.5 pN s−1. The shaded area is the work returned to the external agent in refolding
processes. b Unfolding (solid) ρU (W ) and refolding (dashed) ρR(−W )work histograms at different
pulling speeds. The distributions at different speeds cross around 110 kT . Data and pictures taken
from [17]

of the unfolding (refolding) process is the work done along the unfolding (refold-
ing) process. The distribution of the work of the unfolding ρU (W ) and refolding
ρR(−W ) is shown in Fig. 1.8b. As seen in Fig. 1.8b, the work distributions ρU (W )

and ρR(−W ) cross at the same value of the work for different pulling speeds.
The value of the work at which the two work distributions cross is equal to the
free energy difference between the folded and unfolded states of the RNA hairpin
measured with molecular dynamics simulations, reproducing Crooks’s predic-
tion (1.73).

• Steady state (SSFT) and transient fluctuation theorems (TFT): The steady
state fluctuation theorem (1.75) was first tested in numerical simulations of a
shearing fluid [25] and later on, with a molecular dynamics simulation of a colloidal
particle immersed in water translated by an optical trap [66]. Since then, several
experiments have been done in order to check the validity of both SSFT and TFT
described in Sect. 1.5.3. Ciliberto et al. checked a SSFT (1.75) for the heat in
the long time limit in a Rayleigh-Bernard cell made of water [13] and also in
turbulent flows [14]. Feitosa et al. studied the energy fluctuations in a granular
medium formed by 1mm-diameter spherical glass beads that are contained in a
rectangular cage, finding that the SSFT holds in the long time limit [27]. In [30],
the SSFT is verified for the power fluctuations in an electric circuit with a resistor
in parallel with a capacitance. Schuler et al. [54] studied the validity of the SSFT
in a defect center in a diamond that was periodically excited by a laser, which
is an example of a two-level system under a nonthermal noise. This experiment
proves that fluctuation theorems also hold for nonlinear dynamics where entropy
fluctuations are not Gaussian. Jop et al. [38] studied the fluctuations of the work and
heat for a colloidal particle in an optical tweezer immersed in water. The optical
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tweezer is switched faster than the relaxation time of the bead to generate a double
well potential, and the intensity is modulated sinusoidally, driving the particle to a
steady state in which the SSFT for both work and heat is true in the long time limit.
Wang et al. [67] checked the TFT for a colloidal particle driven horizontally by an
optical tweezer and the steady state fluctuation theorem when driving the tweezer
circularly. In Ref. [33], the limitations of the SSFT are analyzed in two different
scenarios: a colloidal particle trapped with an optical tweezer whose center moves
stochastically and a atomic force microscopy cantilever close to a metallic surface.

1.7 Outline and Goals

Understanding and exploiting the relationship between irreversibility and dissipa-
tion in nonequilibrium processes is one of the main goals of thermodynamics and
statistical mechanics. Until the development of stochastic thermodynamics, the first
quantitative study of this relationship was done in linear irreversible thermodynam-
ics, where entropy production was found to be directly proportional to macroscopi-
cally observable flows or currents. This result, however, only applies to macroscopic
systems that are weakly perturbed out of equilibrium and it does not explain the
microscopic origin of the entropy production.

During the last years, stochastic thermodynamics has become an emergent field in
physics, focusing on the understanding the dynamics and the energetics of systems of
small scale. Fluctuation and work theorems have provided a theoretical framework
that allows one to quantify the probability of rare events that only occur in the
microscopic (or sub-microscopic) scale, such as the observation of negative entropy
production in particular realizations of nonequilibrium processes. Recent results
in this framework suggest that irreversibility and dissipation can be quantitatively
connected for microscopic systems driven arbitrarily far from equilibrium.

This thesis is devoted to analyze the relationship between irreversibility and dis-
sipation for microscopic systems that reach a nonequilibrium steady state (NESS).
We are first interested in expressing this relationship in the NESS and secondly, we
aim to apply this result to practical situations. The main goal of this work is to find a
technique that allows one to estimate the average dissipation of a microscopic system
in a NESS from the statistics of a single stationary trajectory produced by the system
during the process. We want our technique to be able to estimate the average dissi-
pation of the system by using any data (one or several discrete or continuous degrees
of freedom) sampled from the system and even ignoring any physical detail of the
system. Our method uses the Kullback-Leibler divergence (KLD) to measure the
distinguishability between a stationary trajectory and its time-reversal, providing a
quantitative tool to measure the arrow of time in the NESS, i.e. the time irreversibility.
We outline the content of the thesis according to the main goals of our research:

1. Estimation of the KLD from single stationary trajectories. In order to apply
our technique to a variety of physical situations, we need to develop estimators
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of the KLD for both discrete and continuous data. We search for techniques that
allow estimating the KLD using finite data from a single stationary trajectory, in
order to apply our method to experimental data. This issue is addressed in Chap. 3.

2. Application to discrete systems. As a first case study, we will focus on discrete
systems or coarse-grained descriptions of continuous systems. Using the existing
techniques to estimate Shannon entropy of discrete data, we will extend this tech-
niques to estimate KLD rate for discrete data obtained from a microscopic system
in a NESS. We will check if we can distinguish between equilibrium and NESS
by means of the value of the KLD and if we can infer or bound the dissipation of
the physical mechanism that generated the discrete data. We will use a discrete
ratchet model as a case study, where dissipation can be analytically calculated
and compared to the KLD estimation using trajectories from simulations of the
model. This goal is addressed in Chap. 4.

3. Application to continuous systems. Distinction between active and passive
biological processes. We extend the estimation technique to continuous data, in
particular, to data produced by biological systems. More precisely, our goal is
to use the KLD to distinguish between active and passive biological processes.
Ear hair bundles are an excellent biological system to study this problem since
previous works succeeded to detect active processes using data from spontaneous
and forced oscillations of the bundles [49]. Our aim is to improve the method to
discriminate between the active and passive case by applying our method only to
data from spontaneous oscillations. Both simulations and experimental data will
be considered in this study. This issue is addressed in Chap. 5.

4. Study of the energetics of the symmetry breaking. We will show that the ener-
getics of a generic symmetry breaking, as well as the energetics of a symmetry
restoration, can be reproduced with the relationship between irreversibility and
dissipation for microscopic systems. We are interested in studying the relation-
ship between entropy production and the probability to choose an instance in a
symmetry breaking, i.e., to study the thermodynamics of a choice of a generic
probability p. This goal is addressed in Chap. 6.

The energetics of symmetry breaking, as well as other interesting results of sto-
chastic thermodynamics, can be experimentally tested using optical tweezers. Opti-
cal traps allow to measure physical properties of microscopic systems, where the
energetics of the physical processes are of the order of the characteristic energy of
thermal fluctuations, kT . In this thesis we are also interested in checking theoretical
results in the framework of stochastic thermodynamics experimentally, using optical
tweezers, which we now outline.

1. Measurement of the signature of the energetics of symmetry breaking. Our
aim is to design an experiment that allows us to check the relationship between the
probability to choose an option in a symmetry breaking with the entropy produced
when a microscopic system chooses that option. A Brownian particle in a double-
well potential with an external force that tunes the probability to stay in any of
the two wells can be used as a case study. This situation might be implemented

http://dx.doi.org/10.1007/978-3-319-07079-7_3
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experimentally by trapping a colloidal particle using a dual optical tweezer. This
goal is addressed in Chap. 6.

2. Temperature control in the microscopic scale. In a recent work, Blickle et al.
used optical tweezers to design a microscopic heat engine [6], where a microscopic
Brownian particle operates between two thermal baths at different temperatures.
We are interested in designing an experimental technique to control the kinetic
temperature of a Brownian particle and therefore to build new artificial micro and
nano heat engines in the spirit of [6]. This issue is addressed in Chap. 7.
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Part II
Irreversibility and Dissipation



Chapter 2
Dissipation and Kullback–Leibler Divergence

In this chapter, we introduce the theoretical framework of the first part of our work,
in which we study of the relationship between dissipation and irreversibility quanti-
tatively in microscopic systems in the stationary state.

The relationship between entropy production (dissipation) and irreversibility
forms the core of thermodynamics and statistical mechanics. The first studies in
dissipation and irreversibility in nonequilibrium processes were done in the context
of linear irreversible thermodynamics [16]. In linear regime, the entropy production
is linear with the force that drives the system out of equilibrium. However, this rela-
tion holds only in linear regime and does not provide a quantitative description of
entropy production in terms of the microscopic properties of the system.

With the introduction of fluctuation theorems (see Sect.1.5), it is possible to derive
exact relationships that connect the entropy production of a microscopic system in
the NESS with its microscopic properties and, moreover, provide a quantitative tool
to measure the time irreversibility of the process. Our work is devoted to clarify
this relation and to provide tools to estimate time irreversibility in the NESS from a
single stationary trajectory [18, 24, 25]. In this chapter, we describe the theoretical
framework of our approach, whereas the estimation techniques and applications to
simulations and experimental data are described in further chapters.

This chapter is organized as follows: In Sect. 2.1 we define the notion of time
irreversibility in stochastic processes. In Sect. 2.2 we review the notion of dissipation
in irreversible processes from the approach of linear irreversible thermodynamics
to the new insights provided by fluctuation theorems. In Sect. 2.3 we introduce the
concept of relative entropy or Kullback–Leibler divergence and show how it is related
to the arrow of time. In Sect. 2.4 we show how dissipation and time irreversibility
are quantitatively connected in the NESS. In Sect. 2.5 we study discrete systems and
obtain exact expressions for the Kullback–Leibler divergence and the dissipation for
two specific stochastic processes.

É. Roldán, Irreversibility and Dissipation in Microscopic Systems, 37
Springer Theses, DOI: 10.1007/978-3-319-07079-7_2,
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38 2 Dissipation and Kullback–Leibler Divergence

2.1 What Is Time Irreversibility?

Time irreversibility is the ability to distinguish between a process and its time reversal.
In irreversible processes, one can ascertain from the observation of the process if the
time is running forward or backwards. The fingerprint of an irreversible processes is
therefore the ability to guess the direction of the arrow of time.

In the macroscopic world, time irreversibility occurs in different scenarios. One
example is a magnetic hysteresis cycle. In such a cycle, the system does not recover
its original demagnetized state after a periodic change of the external field. Another
example is a glass falling to the ground and smashing into pieces, where the time-
reversal process is never observed.

In the microscopic world, the arrow of time is blurred because of thermal fluctu-
ations. Guessing if a process is time reversible or not from a single realization of the
process is challenging: an irreversible process can look time reversible when sampled
at different frequencies or using insufficient statistics. However, because of the fast
relaxation times in the microscale, one can measure the probability to observe a path
or its time reversal from the statistics of different trials. This probability can be used
to quantify the time irreversibility of a process.

To quantify time irreversibility in the microscopic world one therefore needs
a metric to compare the probability distributions of forward and backward trajec-
tories. Such metric is the Kullback–Leibler divergence or relative entropy. In this
chapter we show how one can quantify the time irreversibility using the Kullback–
Leibler divergence and how this quantification is related to the dissipation of the
process.

2.2 Average Dissipation in Irreversible Processes

In nonequilibrium processes, an irreversible process is accompanied by a positive
entropy production. In linear regime, entropy production in macroscopic systems is
a bilinear quadratic form on the macroscopic flows or currents of the systems.

At small scales, an analogous relation between entropy production and currents
is found for systems obeying an overdamped equation as shown in Sect. 1.4.3. Using
novel results derived in the context of fluctuation theorems, it is possible to measure
the entropy production of microscopic systems that are driven arbitrarily far from
equilibrium under an arbitrary external protocol.

2.2.1 Linear Irreversible Thermodynamics

Linear irreversible thermodynamics studies systems that are driven not far from
equilibrium in the context of linear response theory [16]. Close to equilibrium,
entropy production can be expressed as a linear combination of all the different

http://dx.doi.org/10.1007/978-3-319-07079-7_1
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thermodynamic forces or gradients Fi that are exerted on the system. In this limit,
the entropy production per unit volume, σ , equals to

σ =
!

i

Fi Ji , (2.1)

where i runs over all the different forces on the system and Ji is the flux associated
to the force Fi . One example is the heat flux JQ , which is produced by a force that
is proportional to the gradient of temperature, FQ ∝ ∇ 1

T . Another example is the
electric current Je = I that is driven by an electric field E , Fe ∝ E . In linear regime,
the forces are proportional to the fluxes

Fj =
!

k

L jk Jk, (2.2)

where L jk are the phenomenological coefficients. The above relation expresses that,
for example, it is possible to induce a heat flow from an electric current, or vice versa.
Taking into account (2.2), entropy production per unit volume equals to

σ =
!

i,k

Lik Ji Jk . (2.3)

We notice that in linear response, entropy production is a positively defined quadratic
form of the currents and it is therefore related to the presence of macroscopically
observable flows, and since if J > 0, then σ > 0. This formulation however does not
connect the entropy production with the microscopic properties of the system. Using
fluctuation theorems, it is possible to obtain a formula that expresses the entropy
production for microscopic systems driven arbitrarily far from equilibrium and do a
connection between the work dissipated and the microscopic properties of the system.

2.2.2 Entropy Production in Microscopic Systems

As we showed in Sect. 1.4.3, the definition of the entropy associated to a trajectory
of a microscopic system allows one to introduce the notion of entropy production
in the case of a Brownian particle obeying an overdamped Langevin equation. The
following expression relating the ensemble average of the entropy production and
the probability flux was derived by Seifert [26],

⟨Ṡprod(t)⟩ = k
"

dx
j (x, t)2

Dρ(x, t)
≥ 0. (2.4)

Notice that this expresion was also obtained for Brownian chemical motors described
by Langevin equation [21]. We notice that (2.4) expresses a relationship between

http://dx.doi.org/10.1007/978-3-319-07079-7_1
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entropy production and the probability current, j (x, t). According to (2.4), the
entropy production a Brownian particle vanishes if j (x, t) does, which means that
irreversibility for these kind of systems is revealed in the flows of the system. More-
over, the entropy production depends on the current as j2, which is in accordance
with linear response theory, as shown in (2.3).

2.2.3 KPB Theorem

Recently, a quantitative relationship between dissipation and irreversibility in non-
equilibrium processes for microscopic systems has been derived. The introduc-
tion of fluctuation theorems has allowed to express the entropy production of an
isolated microscopic system in terms of the microscopic properties of the sys-
tem [11, 15, 22]. The main result was derived by Kawai et al. [15] and it is known
in literature as the KPB (Kawai, Parrondo and van den Broeck) theorem, which we
now discuss.

In Refs. [15, 22], the dissipation of microscopic isolated systems that are are
brought from an initial equilibrium state at temperature T to a final equilibrium state
at the same temperature is investigated. An expression relating the average dissipation
(or entropy production) in such processes with the distinguishability between the
process and its time reversal is found.

Consider an isolated physical system described by a Hamiltonian H(q, p; λ),
where (q, p) denotes a point in phase space, and λ is a parameter of the system
controlled by an external agent. The system is initially in a canonical equilibrium
state at temperature T . Then the system is disconnected from the thermal bath and
driven out of equilibrium according to a protocol in which the external agent modifies
λ from λ(0) = λA to λ(τ ) = λB , following a protocol {λ(t)}τt=0. At t = τ the system
is weakly coupled to a thermal bath and relaxes to a canonical state at temperature T .

The dissipation of the process described above (which we call forward process)
is related to the distinguishability between phase space densities of the forward
process and its time reversal (or backward process). In the backward process, the
system is initially in a canonical equilibrium state at temperature T and driven by
the time-reversed protocol {λ̃(t)}τt=0 = {λ(τ − t)}τt=0. For a given trajectory in the
forward process that starts in (q0, p0; 0) and ends in (q1, p1; τ ), the correspond-
ing time reversed trajectory is obtained by reversing the position and changing the
sign of the momenta, i.e., the time reversed trajectory starts in (q1,−p1; τ ) and
ends in (q0,−p0; 0) (see Fig. 2.1). Notice that the time t is taken in the forward
process.

The KPB theorem relates the average dissipation in the forward process, ⟨Wdiss⟩,
with the distinguishability between the forward and the backward phase space den-
sities measured at the same but arbitrary time during the process, t ∈ [0, τ ],

⟨Wdiss⟩ = ⟨W ⟩ − %F = kT
"

dqdp ρ(q, p; t) ln
ρ(q, p; t)

#ρ(q,−p; t)
. (2.5)
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Fig. 2.1 Forward and
backward trajectories in phase
space. Picture taken from [15]
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This result shows that the dissipation of a nonequilibrium process is revealed in the
phase space. The right hand side is often called relative entropy or Kullback–Leibler
divergence (KLD) [4, 17] between the probability distributions ρ(q, p; t) and
#ρ(q,−p; t), which is denoted by the letter D,

⟨Wdiss⟩ = kT D[ρ(q, p; t)||#ρ(q,−p; t)]. (2.6)

The right hand side of (2.6) measures the difficulty to distinguish whether the
microstate of the system at any time is generated from the forward or the back-
ward experiment. Equation (2.6) links directly the average dissipation with the time
irreversibility of the process, which can be quantified using the KLD. As we will
show in Sect. 2.3, the value of the KLD increases when the two probability distribu-
tions are more different each other, indicating that the more different are the forward
and reverse process the more work is dissipated. The KLD is positive, which ensures
that the second law of thermodynamic holds in average, ⟨Wdiss⟩ = kT D[ρ||#ρ] ≥ 0.
The dissipation of microscopic systems is revealed in the phase space and one can get
tighter bounds to the dissipation than in the macroscopic case, where ⟨Wdiss⟩ ≥ 0.

The KPB theorem can be extended to more general initial (equilibrium) condi-
tions. In Ref. [22] it is proved that the change of the entropy in the system plus the
bath averaged over many realizations of the process is equal to

⟨Sprod⟩ = k D[ρ(q, p; t)||ρ̃(q,−p; t)]. (2.7)

Equation (2.7) is valid for a variety of initial equilibrium conditions, as shown in
Ref. [22]: canonical, multi-canonical (several uncoupled systems at different tem-
peratures), and grand-canonical distributions, as well as for different types of baths
equilibrating the system at the end of the process. In all these cases, the formula
holds when the evolution is isolated and the control parameter follows any arbitrary
nonequilibrium protocol. In particular, for canonical initial conditions in the forward
and in the backward processes, both at the same temperature T , entropy production
equals the average dissipated work ⟨Wdiss⟩ = ⟨W ⟩−%F divided by the temperature
T and (2.7) becomes (2.6), ⟨Wdiss⟩ = kT D[ρ(q, p; t)||#ρ(q,−p; t)].

We now reproduce the proof of Eq. (2.7) for the case where both initial conditions
of the forward and backward processes are canonical at temperature T . We use the
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notation z = (q, p) to denote all the variables in phase space, #z = (q,−p) being
the corresponding microstate obtained by changing the sign of all the momenta. We
first consider that the KLD D[ρ(z; t)||#ρ(z̃; t)] can be rewritten as

D[ρ(z; t)||#ρ(#z; t)] =
"

dz ρ(z; t) ln ρ(z; t) −
"

dz ρ(z; t) ln #ρ(#z; t). (2.8)

Secondly, since the system is isolated during its evolution, the phase space density
evolves according to Liouville’s equation [cf. Eq. (1.28)]

∂ρ(z; t)
∂t

= Lρ(z; t). (2.9)

In addition, the backward phase space density #ρ(#z; t) obeys the same Liouville
equation considering the derivative with respect to the forward time t [22],

∂#ρ(#z; t)
∂t

= L#ρ(#z; t). (2.10)

The fact that both ρ and #ρ obey the same Liouville equation implies that the two
terms in Eq. (2.8) are invariant in time, which can be proved by using both Liouville’s
equations and partial integration. A proof of the time invariance of the first term in
Eq. (2.8) can be found in Appendix B.1, and the proof for the invariance of the second
term is analogous. Consequently, we express (2.8) by evaluating the two terms at any
time t , in particular,

D[ρ(z; t)||#ρ(#z; t)] =
"

dz ρ(z; 0) ln ρ(z; 0) −
"

dz ρ(z; τ ) ln #ρ(#z; τ ). (2.11)

The first term in (2.11) corresponds to (minus) the system entropy in the beginning
of the process, in k units. The second term in (2.11) can be interpreted as the system
entropy at the end of the process plus the change in the entropy of the environment,
as we shall see. We notice the difference between ρ(z; τ ), which is the phase space
density at the end of the forward process, which is not at equilibrium, and #ρ(#z; τ ),
which is the initial (equilibrium) distribution of the backward process.

Let us consider a process where a system that is initially in contact with a thermal
bath at temperature T is disconnected from the bath and driven out of equilibrium by
an external agent following a protocol {λ(t)}τt=0 from λ(0) = λA to λ(τ ) = λB . After
the process, the system is put in contact with a thermal bath at temperature T ′ and
let relax to an equilibrium state. We assume that during the nonequilibrium driving,
the Hamiltonian of the system is H(z, λ). In this case, the initial distributions of the
forward and backward processes are

ρ(z; 0) = e−βH(z;λA)

Z(T, λA)
, #ρ(#z; τ ) = e−βH(#z;λB )

Z(T ′, λB)
, (2.12)

http://dx.doi.org/10.1007/978-3-319-07079-7_1
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Fig. 2.2 KPB theorem in an example. A system described by a single degree of freedom x is driven
by an external agent following a protocol in which a control parameter is changed linearly from
λ(0) = λA to λ(τ ) = λB . a Protocol (black line), and the value of x in the forward (blue) and
backward process (red) when the total time of the process is much larger to the relaxation time
of the system τ ≫ τr . The dynamics is reversible and the phase space densities of forward and
backward processes coincide at any time. b Same graphs when the time of the process is much
smaller than the relaxation time of the system, τ ≪ τr . The dynamics is irreversible and the phase
space densities of forward and backward processes do not coincide at every time. In this case, at
time t indicated in green in the figure, ρ(x, t) ̸= #ρ(x, t) and we can measure the average dissipation
of the forward process with ⟨Wdiss⟩ = kT D[ρ(x, t)||#ρ(x, t)]

where Z(t, λ) =
$

dze−H(z;λ)/kT . By replacing the above distributions in (2.11) and
taking into account that F(T, λ) = −kT ln Z(T, λ),

k D[ρ(z; t)||#ρ(#z; t)] = −S(0)+ ⟨H⟩τ − F(T ′, λB)

T ′ . (2.13)

Here ⟨H⟩τ is an average over ρ(z, τ ), which does not coincide with the average
energy on the initial (equilibrium) state of the backward process, ⟨H⟩eq,τ . On the
other hand, when the system relaxes to equilibrium after it is connected to the thermal
bath at temperature T ′ at time t = τ , the system transfers a heat to the environment
Qenv = ⟨H⟩τ − ⟨H⟩eq,τ . Taking into account this, Eq. (2.13) can be rewritten as

k D[ρ(z; t)||#ρ(#z; t)] = −S(0)+ ⟨H⟩eq,τ − F(T ′, λB)

T ′ + Qenv

T ′
= −S(0)+ S(τ )+ %Sbath = Sprod, (2.14)

which proves Eq. (2.7) for the case of initial and final canonical equilibrium states at
any temperatures T and T ′. In particular, for the case of initial and final conditions
at the same temperature T , we recover the expession relating work dissipation and
irreversibility (2.6).

In Fig. 2.2 we show an illustrative example of the applicability of KPB theorem.
A system is initially in equilibrium at temperature T with an externally-controlled
control parameter λ fixed at value λA. Then the system is disconnected from the ther-
mal bath and the control parameter is kept constant and equal to λA for a time longer
than the relaxation time of the system, τr . Then the control parameter is changed from
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λA to λB linearly during a time τ in isolated conditions. In the end of the process,
the control parameter is held fixed at λB for a time longer than τr and the system is
let to relax by putting the system in contact with a thermal bath of temperature T . If
the relaxation time of the system τr is very small compared to τ , τr ≪ τ , the system
relaxes to the equilibrium state at any time t and the process is done reversibly. In this
case, the forward and reverse trajectories are indistinguishable and ρ(x; t) ≃ #ρ(x; t)
at any time t along the process. If the process is done much faster than the characteris-
tic time scale of the system, τr ≫ τ then the system does not relax tho the equilibrium
state during the process as shown in Fig. 2.2b. In this case, forward and backward
trajectories are distinguishable, and in general ρ(x; t) ̸= #ρ(x; t). The KLD between
these two distributions is an estimation of the dissipation of the process.

We remark that the formulas (2.7) and (2.6) connecting dissipation and irre-
versibility in the microscopic scale were first proved for the case of systems driven
out of equilibrium in isolated conditions. The relationship can be extended to any
system immersed in a thermal bath at temperature T , described by the overdamped
Langevin equation. When such a system is in contact with a thermal bath at tem-
perature T , the system plus the bath can be viewed as an isolated “super system”.
The KPB theorem implies that the average dissipation of the system plus the bath
equals to ⟨Wdiss⟩ = kT D(ρ||#ρ) where D(ρ||#ρ) is calculated in the full phase space
(system plus bath) [13]. This relation was tested experimentally using a Brownian
particle dragged by an optical tweezer at constant speed and with an electric circuit
with an imposed mean current [1, 3]. Notice that both the position of the Brownian
particle and the charge inside the resistor of the circuit obey an overdamped Langevin
equation with different physical parameters [1].

The KPB theorem can be generalized to other stochastic processes in the
microscopic scale using previous results obtained in the framework of fluctua-
tion theorems—which are valid not only in isolated conditions—such as Crooks’s
theorem [6]. The connection between fluctuation theorems and the KPB theorem, as
well as its generalization to other stochastic processes such as nonequilibrium steady
states was done in [11]. The relation between irreversibility and entropy production
in a generic nonequilibrium steady state is of particular interest in this work, and it
is discussed in the next sections.

2.3 Kullback–Leibler Divergence and Irreversibility

The Kullback–Leibler divergence (KLD), or relative entropy, measures the distin-
guishability of two probability distributions or two random processes [4]. Let us
consider a random variable X and let p and q be two different probability distribu-
tions of the random variable X . We denote by p(x) and q(x) the probability of the
variable X to take the value x when it is distributed according to p and q, respectively.
The KLD between the probability distributions p and q is defined as [17]

D[p(x)||q(x)] =
"

dx p(x) ln
p(x)
q(x)

. (2.15)
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Fig. 2.3 Dice and lottery example of the KLD. Left probability density function of a random
variable X that can take the values 2, 3, . . . , 12 with equal probability as if it were drawn from a
lottery. Right probability distribution of a random variable whose value is obtained as the sum of
the outcome of two dice. One can measure the KLD between these discrete distributions D(p||q) =%

i pi ln(pi/qi ), where i runs from 2 to 12. The KLD between the two distributions is not symmetric,
since D(pdice(x)||plottery(x)) = 0.128 and D(plottery(x)||pdice(x)) = 0.152

The KLD is always positive, D[p(x)||q(x)] ≥ 0, and vanishes if and only if
p(x) = q(x) for all x . Therefore, D follows two of the main properties of a mathe-
matical distance. However, D is not symmetric with respect to a change of arguments,
D[p(x)||q(x)] ̸= D[q(x)||p(x)] as it can be seen in the simple example of Fig. 2.3.

The interpretation of the KLD as a measure of distinguishability is a consequence
of Chernoff-Stein lemma [4]: the probability of incorrectly guessing (via hypothe-
sis testing) that a sequence of n data is distributed according to p when the true
distribution is q is asymptotically equal to e−nD[p(x)||q(x)]. Therefore, when p and
q are similar—in the sense that they overlap significantly—the likelihood of incor-
rectly guessing the distribution, p or q, is large [4]. In the example of Fig. 2.3,
D(pdice||plottery) < D(plottery||pdice), meaning that it is easier to incorrectly guess—
or equivalently harder to distinguish between distributions—that a sequence is gen-
erated from the dice, when true origin is the lottery. In other words, the smaller is
the KLD, the more similar are the two distributions and it is harder to distinguish
between them using hypothesis testing.

Chernoff-Stein lemma implies that the KLD in (2.6) and (2.7) can be considered
as a measure of the arrow of time, since it measures the difficulty to distinguish
whether the state (q, p) of the system at time t was generated in the forward on
backward experiment [22]. Mathematically speaking, the relative entropy in KPB
theorem (2.6),

D[ρ(q, p; t)||#ρ(q,−p; t)] =
"

dqdp ρ(q, p; t) ln
ρ(q, p; t)

#ρ(q,−p; t)
, (2.16)
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has to be understood as a relative entropy between two probability distributions of
the same random variables (q, p) at time t : ρ(q, p; t), and a second distribution
σ (q, p; t).

D[ρ(q, p; t)||σ (q, p; t)] =
"

dqdp ρ(q, p; t) ln
ρ(q, p; t)
σ (q, p; t)

, (2.17)

such that the value of σ (q, p; t) for (q, p) satisfies σ (q, p; t) = #ρ(q,−p; t).
Let us recall a property of the KLD that we use throughout our work [4]. If we

have two random variables X,Y and two joint probability distributions p(x, y) and
q(x, y), then the chain rule holds (see Appendix B.2),

D[p(x, y)||q(x, y)] = D[p(x)||q(x)] + D[p(y|x)||q(y|x)]
≥ D[p(x)||q(x)]. (2.18)

The inequality in Eq. (2.18) implies that it is harder to distinguish between p and
q when we consider only the marginal distributions, p(x) and q(x), instead of the
full joint distributions, p(x, y) and q(x, y). If X, Y describe the state of a physical
system, Eq. (2.18) indicates that the KLD is smaller when calculated using a partial
description of the system, given by the variable X , than when using full information
(X and Y ). The bound in (2.18) is an equality when the variable Y carries redundant
information with respect to the variable X , for example, when Y is obtained as a
function of X , Y = f (X) for any function f .

When not all the degrees of freedom of the system can be sampled, we say that
partial information of the physical system is available. Let x be any collection of m
position and n momenta of the system x = (q1, . . . , qm; p1, . . . , pn), where m and
n can be different and 3n+3m is smaller than the total number of degrees of freedom
of the system. Since x describes in general only a part of the physical system we say
that x contains partial information of the system. Because of the chain rule, when
the state of the system is described with partial information given by x , the KPB
theorem (2.6) turns into an inequality

⟨Wdiss⟩ ≥ kT D[ρ(x; t)||#ρ(x̃; t)], (2.19)

where x̃ = (q1, . . . , qm;−p1, . . . ,−pn). We notice that even ignoring the full infor-
mation of phase space (2.19) D[ρ(x; t)||#ρ(x̃; t)] still gives at least a lower bound
to the average dissipation that is in accordance with the second law of thermody-
namics, ⟨Wdiss⟩ ≥ kT D[ρ(x; t)||#ρ(x̃; t)] ≥ 0. Consequently, when the system is
described using only a reduced set of variables of the phase space, the KLD in (2.19)
provides a lower bound to the dissipation.1

1 However, a recent work shows that, if the neglected information contains an external driving,
the entropy production estimated in the coarse grained system can be bigger than the real entropy
production [8].
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A particular set of redundant variables do not provide any statistical information
about the direction of the arrow of time of the process, and the value of the KLD
remains the same if these variables are not sampled [11, 24, 25]. There are two groups
of variables that provide redundant information to measure the irreversibility with
the KLD. First, variables which are time reversible whose distribution is the same in
the forward and backward processes. Second, system variables that are obtained as
a function of other variables.

Now suppose that at every time t , we cannot measure the microstate (q, p; t) of
the system but we can only detect that the system is in a specific subset of the phase
space. In this situation, the state of the system can be described using a coarse-
grained random variable X that indicates in which subset the system is at every
time t . For example, the position of a Brownian particle in one dimension x can
be coarse-grained by introducing a new variable α that indicates if the value of the
position is positive or negative, for example α = 0 if x ≤ 0 and α = 1 if x > 0. If we
phase space is partitioned in K non overlapping subsets {X j }K

j=1 the coarse-grained
forward and backward phase space densities are

ρ j (t) =
"

X j

dqdp ρ(q, p; t); #ρ j (t) =
"

#X j

dqdp #ρ(q,−p; t), (2.20)

where #ρ j is identical to ρ j except a change of sign in all the momenta. These dis-
tributions measure the probability of the system to be in the region j of the phase
space. At an arbitrary time t during the nonequilibrium process, the KLD between
the forward and backward coarse-grained distributions is

D[ρ(t)||#ρ(t)] =
K!

j=1

ρ j (t) ln
ρ j (t)
#ρ j (t)

, (2.21)

Since the coarse-grained description of the state of the system is a partial description
of its microstate, the KLD in Eq. (2.21) bound from below the KLD using full
information of the phase space, by virtue of the chain rule. Therefore using a coarse-
grained description of the microstate of the system, we can only bound from below
the average dissipation [15],

⟨Wdiss⟩ ≥ kT D[ρ(t)||#ρ(t)]. (2.22)

The chain rule allows one to rewrite the KPB theorem using the KLD between the
forward and reverse distributions of trajectories in phase space. For isolated sys-
tems, the evolution is deterministic, except for the last stage where the system is
connected to the bath, and the point z = (q, p) at time t determines the whole
trajectory of the system {z(t)}τt=0. Then z(t) and {z(t)}τt=0 carry the same infor-
mation and the KLD of their respective probability densities are equal by virtue of
the chain rule. Equation (2.6) can be rewritten in terms of path probabilities. Let
P({z(t)}τt=0) be the probability to observe a trajectory {z(t)}τt=0 = {q(t), p(t); t}τt=0
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in the forward process. The corresponding time-reversed path in the backward process
starts in (q(τ ),−p(τ ); τ ) and ends in (q(0),−p(0); 0) as shown in Fig. 2.1. In a
more compact notation, the time-reversed trajectory is defined as {z̃(τ − t)}τt=0 =
{q(τ − t),−p(τ − t); τ − t}τt=0. The probability to observe such a trajectory in the
backward process is denoted by #P({z̃(τ − t)}τt=0). The KLD between forward and
backward trajectory distributions equals to the KLD between phase space densities
at every time t during the process,

D[ρ(z; t)||#ρ(z̃; t)] = D[P({z(t)}τt=0)||#P({z̃(τ − t)}τt=0)]. (2.23)

Because of this, the dissipation in isolated microscopic systems can be expressed in
terms of the distinguishability between the trajectory distributions of forward and
backward processes. Equation (2.6) can be rewritten as [11, 24, 25]

⟨Wdiss⟩ = kT D[P({z(t)}τt=0)||#P({z̃(τ − t)}τt=0)]. (2.24)

The above KLD has to be understood as a KLD between two distributions of a
stochastic process [cf. (B.18) in Appendix B.2]. As noticed before in (2.17), the right
hand side in (2.24) is a KLD between P and a different trajectory distribution Q,

⟨Wdiss⟩ = kT
"

D({z(t)}τt=0)P({z(t)}τt=0) ln
P({z(t)}τt=0)

Q({z(t)}τt=0)
, (2.25)

where Q is such that Q({z(t)}τt=0) = P({z̃(τ − t)}τt=0).
We now recall that using Crooks’s fluctuation theorem, we can arrive to an expres-

sion of the average dissipative work in terms of the forward and backward work dis-
tributions. Integrating Crooks’s theorem (1.70), W − %F = ln ρ(W )

#ρ(−W ) , where ρ(W )

[#ρ(W )] is the probability density of the work done on the system along the forward
(backward) process [6, 11], one immediately gets

⟨Wdiss⟩ = kT D[ρ(W )||#ρ(−W )]. (2.26)

Notice that the work W is a functional of the trajectory {z(t)}τt=0 [see (1.59)] contain-
ing less information than the trajectory itself. As indicated by the chain rule (2.18),
the KLD of work distributions should in principle be smaller than the KLD of trajec-
tory distributions, and therefore bound the dissipation from below. On the contrary,
the KLD is the same, indicating that all the irreversibility of the process is captured
by the dissipative work [11]. Equation (2.26) indicates that the irreversibility in the
work reveals the entropy production.

If the microstate of the system is not known are every time t but only a trajec-
tory containing the evolution of a subset of variables of the phase space, {x(t)}τt=0,
the KLD between forward and backward trajectories yields a lower bound to the
dissipation,

⟨Wdiss⟩ ≥ kT D[P({x(t)}τt=0)||#P({x̃(τ − t)}τt=0)]. (2.27)

http://dx.doi.org/10.1007/978-3-319-07079-7_1
http://dx.doi.org/10.1007/978-3-319-07079-7_1
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The bound saturates when the variables that are sampled capture the same information
about the irreversibility as the work. The information of the irreversibility is contained
in the variables that interact with the work-performing device which are the footprints
of irreversibility [11].

When the state of the system cannot be sampled at every time t along the process
but only every finite time interval, %t , the sampled trajectory contains less infor-
mation than the path of the system along the process (which coincides with the
limit %t → 0). In this case, even if the microstate of the system (q(t), p(t); t)
is known every %t , the KLD gives a lower bound to the dissipation. In Ref. [10],
Gomez-Marin et al. studied the dynamics of an overdamped Brownian particle that
moves in one dimension dragged by a harmonic potential that moves at constant
velocity. They measured the KLD between trajectories of the position of the particle
{x(t + i%t)}τ/%t

i=0 in the forward process and the backward process, the latter con-
sisting in moving the trap at the opposite velocity as in the forward process. When
reducing the sampling time %t , the KLD approaches asymptotically to the entropy
production in the system.

In summary, when considering the KLD between forward and backward distrib-
utions of trajectories, the irreversibility is partially captured by the KLD when one
or more of the following phenomena occur:

• Coarse graining: Only a coarse-grained description of the system is available, that
is, we only know in which of an ensemble of phase space subsets the system is.

• Partial information: Not all the variables of phase space can be sampled but only
a subset of variables in phase space.

• Finite time sampling: The trajectory cannot be sampled at any time but only at a
finite sampling frequency.

When the information about the system is not full in the sense that one of the three
above mentioned shortcomings occur, the KLD between forward and backward tra-
jectories is a lower bound to the average entropy production in the system. In Fig. 2.4
we show an illustrative example where the three types of lack of information can
occur.

In the majority of experimental contexts, only system variables are measur-
able, neglecting the variables of the bath and therefore using partial information
of the system. In this case, the KLD yields a lower bound to the dissipation
⟨Wdiss⟩ ≥ kT D(ρF ||ρB). In [13], this result is illustrated with an overdamped
Brownian particle in a dragged harmonic trap immersed in a thermal bath at temper-
ature T . It is shown that in isothermal conditions, a lower bound to the dissipation
is obtained using the KLD ⟨Wdiss⟩ ≥ kT D(ρF ||ρB). The bound is tighter when
decreasing the friction coefficient γ , and therefore the when the coupling between
the Brownian particle and the reservoir is weaker. When γ → 0, the system is
uncoupled to the bath and therefore isolated, and the equality is met.
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Fig. 2.4 Illustrative example of possible information shortcomings. In the top panel, we show the
trajectory of a microscopic system that reaches a limit cycle in the xy plane. In the bottom panels we
show the trajectory of the system when using partial descriptions of the microstate of the system:
measuring the quadrant in which the system is at any time (bottom left panel), measuring only the
variable x at any time (bottom center panel) and sampling the trajectory in xy plane every 20 data
(bottom right panel)

2.4 Dissipation and Irreversibility in the Nonequilibrium
Stationary State

The main goal of our work is to explore the existing quantitative relation between
dissipation and irreversibility for microscopic systems for the case of nonequilibrium
processes that reach a nonequilibrium stationary state (NESS). As we revised in
Sect. 1.5.3, a fluid under a constant shear, a gas in a piston that is moved sinusoidally
or a molecular motor driven by the ATP hydrolysis are only a few examples of
nonequilibrium processes that reach a NESS.

We now proceed to apply the above results to stationary trajectories. Consider a
long process where a microscopic system reaches a nonequilibrium stationary state
(NESS) after a possible initial transient. In the NESS, the external parameter is held
fixed, λ(t) = λ or it is time-symmetric; the system is kept out of equilibrium due
to the existence of baths at different temperatures (a possibility that is included in
the hypothesis used in [22] to prove (2.7)) or different chemical potentials, external
constant forces, etc. In the steady state, the protocol and its time reversal are identical
λ(t) = λ̃(t) = λ. For simplicity, we will denote by P the trajectory probability

http://dx.doi.org/10.1007/978-3-319-07079-7_1
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density in the stationary state. In the long time limit, τ → ∞, we can neglect the
contribution of the transient to the entropy production and rewrite (2.7) for the entropy
production per unit of time Ṡprod in the NESS [20] as

⟨Ṡprod⟩ = k lim
τ→∞

1
τ

D
&
P

'{z(t)}τt=0
()) ))P

'{z̃(τ − t)}τt=0
(*
. (2.28)

As we showed in Sect. 1.5.3, a similar expression can be obtained from the steady
state fluctuation theorem, which holds in the long time limit (1.75),

⟨Ṡprod⟩ = k lim
τ→∞

1
τ

+
ln

ρτ (S)
ρτ (−S)

,
, (2.29)

= k lim
τ→∞

1
τ

D[ρτ (S)||ρτ (−S)]. (2.30)

where pτ (S) is the probability to observe an entropy production Sprod = S in the
interval [0, τ ]. Notice that the average in (2.29) is done over all possible values of
the entropy production by averaging with ρτ (S), which yields the KLD in (2.30).
Comparing (2.28) and (2.30) we arrive at

D
&
P

'{z(t)}τt=0
()) ))P

'{z̃(τ − t)}τt=0
(*

= D[ρτ (S)||ρτ (−S)], (2.31)

for τ → ∞. Consequently, although S is another observable that is obtained as a
function of the microstate of the system, the KLD calculated with S yields the same
value as the one calculated with full information of the system. Therefore entropy
production captures all the information about the time irreversibility of the NESS.

When one does not observe the entire microscopic trajectory {z(t)}τt=0 in (2.28)
but the trajectory followed by one or several observables of the system x(t), the KLD
only provides a lower bound to the entropy production, as we discussed in Sect. 2.3.
Equation (2.31) indicates that the equality is recovered if the observables determine
in a unique way the entropy production or the dissipated work.

We are interested in exploring this formula in simulations and experiments where
a microscopic system reaches a NESS and we are given a single stationary trajectory
or time series produced by the system. In an experimental context, the observables
are usually sampled at a finite frequency. The output is then a time series of data or
discrete trajectory, x = (x̂1, x̂2, . . . , x̂n), where x̂i can be the value of a single or
several observables of the system. In this case, we are interested in estimating the
entropy production per data produced by the underlying physical process, which we
denote by ⟨Ṡprod⟩ in the rest of the chapter. Entropy production per data is related to
the KLD rate per data, which we define below.

For the sake of simplicity, we now consider random discrete processes, but the dis-
cussion below holds also for continuous random processes. Given an infinitely long
realization or time series sampled from a random discrete process Xi (i = 1, 2, . . .),
which can be multi-dimensional, we define by p(xm

1 ) the probability that a given
sequence of m consecutive data is equal to xm

1 = (x1, x2, . . . , xm). We define

http://dx.doi.org/10.1007/978-3-319-07079-7_1
http://dx.doi.org/10.1007/978-3-319-07079-7_1
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the m−th order KLD for this random process Xi by the distinguishability (KLD)
between p(xm

1 ) and the probability p(x1
m) to observe the reverse sequence of data

x1
m = (xm, xm−1, . . . , x1).

DX
m = D[p(xm

1 )||p(x1
m)] =

!

x1,...,xm

p(xm
1 ) ln

p(xm
1 )

p(x1
m)

. (2.32)

The KLD rate for the process Xi is defined as the growth rate of DX
m with the number

of data,

d X = lim
m→∞

DX
m

m
. (2.33)

Because of the finite time sampling and given that x may not contain the information
of the entropy production (2.31), the chain rule (2.18) implies that the KLD rates
bounds from below the entropy production per data

⟨Ṡprod⟩
k

≥ d X . (2.34)

The above bound is saturated if the random variable is the microstate of the system
X = {q,p} and the sampling rate is infinite or X determines uniquely the entropy
production in the process.

Equation (2.34) is our basic result. It reveals a striking connection between physics
and the statistics of a time series. The left-hand side, ⟨Ṡprod⟩/k, is a purely physical
quantity, whereas the right-hand side, d X , is a statistical magnitude depending solely
on the observed data, but not on the physical mechanism generating the data. This
means that if we are given a stationary time series of any random variable X produced
by a microscopic system we can bound from below the average entropy production
rate in the physical mechanism that generated the data. In particular (2.34) can be
used to study the minimum amount of entropy produced in a symmetry restore such
as the erasure of a bit, which yields Landauer’s principle relating entropy produc-
tion and logical irreversibility in computing machines [2, 15, 19] as we will see in
Chap. 6. Equation (2.34) extends this principle and suggests that we can determine
the average dissipation of an arbitrary NESS, even ignoring any physical detail of
the system.

2.5 Discrete Systems

We first study the bound to the entropy production provided by the KLD in discrete
nonequilibrium stationary processes, namely in Markov chains satisfying detailed
balance condition and in Hidden Markov models.

http://dx.doi.org/10.1007/978-3-319-07079-7_6
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2.5.1 Markov Chains Obeying Local Detailed Balance

We first analyze how the bound (2.34) is expressed for Markovian time series that
obey the detailed balance condition by deriving analytical expressions for both
entropy production and the KLD rate.

Among all the stochastic processes, Markov processes are the most important
ones in physics, chemistry and biology [27]. Let us consider a stochastic process of a
random (discrete or continuous) variable X . Such a process is said to be Markovian
if the probability to observe any sequence of n data xn

1 at times tn
1 = (t1, t2, . . . , tn)

satisfies the following property,

ρ(xn+1, tn+1|x1, t1, . . . , xn, tn) = ρ(xn+1, tn+1|xn, tn), (2.35)

where the bar | denotes conditioned probability. Therefore, in a Markov process, the
probability to observe a value of the process at a given time tn+1 only depends on
the state of the process one step before, at time tn . In order to know the probability to
observe a sequence xn

1 , we only need to know p(x1, t1) and the transition probability
p(x2, t2|x1, t1) for successive times t1, t2 and any value of x1, x2, since the following
property derives from (2.35)

ρ(x1, t1; . . . ; xn, tn) = p(x1, t1) · p(x2, t2|x1, t1) · · · p(xn, tn|xn−1, tn−1). (2.36)

Nuclei decay, the voltage in an RC circuit, or the motion of a molecular motor
in a microtubule can be described by Markov processes. Concerning microscopic
physics, the position of a Brownian particle described by the overdamped Langevin
equation can be considered as a Markov process [27]. The probability a random
discrete variable X to take the value xi at time t , pi = pi (t) obeys the Master
equation,

ṗi =
!

j

k j→i p j − ki→ j pi , (2.37)

where ki→ j is the rate from state i to state j , i.e., the number of times that the
transition i → j occurs per unit of time. Therefore, ki→ j ≥ 0 for all i, j . The
Master equation (2.37) can be seen as a gain-loss equation for state i . The term
k j→i p j accounts for the net incoming probability from any state j to state i and
the term −ki→ j pi accounts for the losses from state i to any other state j . The net
change of pi due to an exchange with state j is defined as the current

J j→i = k j→i p j − ki→ j pi , (2.38)

which allows one to write the master equation as a balance equation

ṗi =
!

j

J j→i . (2.39)
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A Markov process reaches a stationary state when the probability to be at any state
i does not change in time, and reaches a stationary value, pss

i . Equivalently, in the
stationary state, ṗi = 0, which implies by (2.37) the balance condition

%
j J j→i = 0

for all i . If the following (stronger) condition called detailed balance condition is
satisfied for every pair of states i and j ,

ki→ j

k j→i
=

pss
j

pss
i
, (2.40)

the system also reaches a stationary state. Notice however that detailed balance
condition on the transition rates ki→ j does not ensure that the stationary state is
an equilibrium state. For a physical system that is in contact with a thermal bath at
temperature T during the process, and where the potential energy of the state i is Vi ,
detailed balance condition is written as

ki→ j

k j→i
= exp

-
− Vj − Vi

kT

.
, (2.41)

and it has to be satisfied for every i, j in order to reach a stationary equilibrium
state. Equation (2.41) is compatible with stationary probabilities that are weighed by
the Boltzmann factor, pss

i = peq
i ∝ exp(−βVi/kT ). In fact, local detailed balance

condition is derived by imposing equilibrium stationary probabilities in detailed
balance condition (2.40).

When both the state xn
1 and the times tn

1 are discrete, the Markov process is called
a Markov chain [27]. A simple example of a three-state Markov chain is shown in
Fig. 2.5. A physical system jumps at discrete times t = 0, %t, 2%t, . . . between
three states labeled by an index s = 1, 2, 3. The transition rates ki→ j and the balance
equation for the probability to stay in one of the three states are illustrated in Fig. 2.5.

Let us now consider a Markov chain Xi where the random variable can only
take discrete values and we can only sample the value of the random variable at
a finite frequency. For a Markov chain, the probability distribution to observe a
sequence xm

1 , p(xm
1 ), factorizes as p(xm

1 ) = p(x1)p(x2|x1) · · · p(xm |xm−1), which
also holds if we reverse the arguments, i.e., for p(x1

m). Substituting these expressions
into equation (2.33), we get

d X =
!

x1,x2

p(x1, x2) ln
p(x2|x1)

p(x1|x2)
= DX

2 − DX
1 = DX

2 , (2.42)

since DX
1 = 0 when comparing a trajectory and its reverse. Therefore, d X only

depends on transition probabilities if X is a random Markovian process. This expres-
sion was also derived for Markov chains in [9].

We now relate d X in Eq. (2.42) with the entropy production when the system
reaches a NESS, because it is in contact with several thermal baths. In this situation,
the local detailed balance condition is satisfied. We call V (xi ) is the energy of the
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1 2 3

2 2

incoming outgoing

k1→2

k1→2

k2→1

k2→1

k2→3

k2→3

k3→2

k3→2

+k1→2p1 + k3→2p3 −k2→1p2 − k2→3p2ṗ2 =

k1→3

k3→1

Fig. 2.5 Example of a Markov chain. A system can jump randomly between three states labeled
by 1, 2 and 3. When the system is at state i , its state in the next step is j ̸= i . The transition rates
are indicated in the top figure. In the bottom figure, the incoming and outgoing contributions for
the time derivative of p2 are illustrated (solid lines for incoming and dashed for outgoing). In the
bottom line the Master equation for the probability to be in state 2 is written

state xi , and Tx1,x2 is the temperature of the bath that activates the transitions x1 → x2
and x2 → x1. The local detailed balance condition reads in this case

p(x2|x1)

p(x1|x2)
= exp

-
− V (x2) − V (x1)

k Tx1,x2

.
. (2.43)

Inserting (2.43) into (2.42),

d X =
!

x1,x2

p(x1, x2)
V (x1) − V (x2)

k Tx1,x2

=
!

x1,x2

p(x1, x2)
Qx1,x2

k Tx1,x2

= ⟨Ṡprod⟩
k

, (2.44)

where Qx1,x2 = V (x1) − V (x2) is the heat dissipated to the corresponding thermal
bath in the jump x1 → x2, and Ṡprod is the total entropy production per data. There-
fore, Eq. (2.34) is reproduced, with equality, in the case of a physical system obeying
local detailed balance, if we have access to all the variables describing the system.
The same conclusion is reached if we induce the NESS by means of non-conservative
constant forces.

Equation (2.42) can be explored further by means of the current from the state x1 to
the state x2 as the net probability flow from x1 to x2, Jx1→x2 = p(x1, x2)− p(x2, x1).
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Fig. 2.6 Example of a Hidden
Markov chain. The state of a
system s changes in discrete
time steps according to the
Markovian process described
in Fig. 2.5. At every time, the
observed state o is obtained
according to the following
rule: If si = 1, then oi = 0,
else oi = 1. The sequence
of observations o1, o2, o3, . . .
does not form a Markov chain
while the (hidden) state does

1 2 31

0 0

s1 s2 s3 s4

o1 o2 o3 o4

State

Observation

1 1

If the system is not far from equilibrium the current tends to zero, and the following
condition is satisfied Jx1→x2 ≪ p(x1, x2), yielding

⟨Ṡprod⟩
k

= d X = DX
2 ≃

!

x1,x2

(Jx1→x2)
2

2p(x1, x2)
. (2.45)

This expression is well known from linear irreversible thermodynamics [cf.
Eq. (2.4)]. Equation (2.45) implies that the time asymmetry of a Markovian process
not far from equilibrium is revealed by the currents or probability flows that can be
observed. In other words, a Markovian process without flows is time reversible. This
is not the case for non-Markovian time series, where irreversibility can show up even
in the absence of currents, as shown in the next section.

2.5.2 Hidden Markov Processes

In many experimental situations, a physical process is Markovian at a micro- or
mesoscopic level of description, but the observed time series only contain a subset
of the relevant observables, being non-Markovian in general. This is the case in
biological systems, where one can only register the behavior of some mechanical
and maybe a few chemical variables, while most of the relevant chemical variables
cannot be monitored. These kind of non-Markovian time series obtained from an
underlying Markov process are called Hidden Markov processes [23]. If the time
and the state of the system are both discrete, the process is called a Hidden Markov
chain. A simple example of a Hidden Markov chain is shown in Fig. 2.6.

We now show how to calculate the KLD rate between a specific case of hidden
Markov chains semi-analytically. We focus on a simple case where an underlying
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Markov process is described by two observables X and Y ; however we only observe
X whose evolution is described by a hidden Markov chain. The KLD rate for the
observable X is

d X = lim
m→∞

1
m

!

xm
1

p(xm
1 ) ln

p(xm
1 )

p(x1
m)

= lim
m→∞

1
m

!

xm
1

p(xm
1 ) ln

%
ym

1
p(xm

1 , ym
1 )

%
y1

m
p(x1

m, y1
m)

. (2.46)

where we have expressed the marginal distribution in X by summing the joint dis-
tribution in X, Y to all the possible values that Y can take, p(xn

1 ) =
%

yn
1

p(xn
1 , yn

1 ).
The chain rule ensures that the KLD for the random variable X is smaller than the
KLD calculated with full information given by x and Y , d X ≤ d X,Y . To compute
d X analytically, it is convenient to write d X as a difference between two terms,

d X = h X
r − h X , (2.47)

where

h X = − lim
m→∞

1
m

!

xm
1

p(xm
1 ) ln p(xm

1 ),

= − lim
m→∞

1
m

!

xm
1

p(xm
1 ) ln

!

ym
1

p(xm
1 , ym

1 ), (2.48)

is called Shannon entropy rate. On the other hand,

h X
r = − lim

m→∞
1
m

!

xm
1

p(xm
1 ) ln p(x1

m),

= − lim
m→∞

1
m

!

xm
1

p(xm
1 ) ln

!

y1
m

p(x1
m, y1

m), (2.49)

is called the cross entropy rate. Since the underlying process is Markovian, the proba-
bility distribution in X, Y factorizes (2.36) p(xm

1 , ym
1 )=p(x1, y1)p(x2, y2|x1, y1) · · ·

p(xm, ym |xm−1, ym−1) and both Shannon and cross entropy can be expressed in terms
of the trace of a product of random transition matrices T [12, 14]. These are square
M × M random matrices, where M is the number of values that the variable y can
take on, and their entries are given by

T(x1, x2)y1 y2 = p(x2, y2|x1, y1). (2.50)

There are a total number of N 2 transition matrices, where N is the number of values
that x can take on. Note the different role played by each variable in this formalism:
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xi are parameters defining the matrix (making T a random matrix), whereas yi are
subindices of the matrix elements. The Shannon and cross entropy can be expressed
in terms of these matrices,

h X = − lim
m→∞

1
m

/

ln Tr

0
m−11

i=1

T(xi , xi+1)

23

, (2.51)

h X
r = − lim

m→∞
1
m

/

ln Tr

0
m−11

i=1

T(xm−i+1, xm−i )

23

, (2.52)

where ⟨·⟩ denotes the average over the random process Xi , which is weighted by
p(xm

1 ). For sufficiently large m, Eqs. (2.51) and (2.52) are self-averaging [12], mean-
ing that we do not need to calculate the average but just compute the trace for a single
stationary trajectory. For any sufficiently long time series x = (x̂1, x̂2, . . . , x̂n) with
n large, the following expressions converge to −h and −hr almost surely [12] 2

λ̂x = 1
n

ln

44444

n−11

i=1

T(x̂i , x̂i+1)

44444 ≃ −h X , (2.53)

λ̂x̃ = 1
n

ln

44444

n−11

i=1

T(x̂n−i+1, x̂n−i )

44444 ≃ −h X
r , (2.54)

where ∥ · ∥ is any matrix norm that satisfies ∥A · B∥ ≤ ∥A∥ ∥B∥. In particular, the
trace satisfies this condition for positive matrices. In the context of random matrix
theory, λ̂x and λ̂x̃ are known as maximum Lyapunov characteristic exponents [5] and
measure the asymptotic rate of growth of a random vector when being multiplied by
a random sequence of matrices. In practice, we can estimate d X semi-analytically as

d̂x = λ̂x − λ̂x̃. (2.55)

Here λ̂x and λ̂x̃ are estimated using (2.53) and (2.54) with a single time series x of
size n, following a numerical technique introduced in Ref. [5] to calculate Lyapunov
characteristic exponents:

1. We generate a random stationary time series x = {x̂n
1 } and compute the matrices

T analytically.
2. A random unitary vector is multiplied by those matrices in the order given

by (2.53) and normalized every l data, keeping track of the normalization factor.
3. The product of these factors divided by n yields λ̂x.
4. For λ̂x̃, the same procedure is repeated but using the reversed time series x̃ = {x̂1

n}.
5. The KLD is estimated using Eq. (2.55).

2 A sequence of a random variable X , given by X1, X2, . . ., is said to converge almost surely to x
when the probability that the sequence satisfies limn→∞ Xn = x is equal to 1.
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The technique is semi-analytical since the transition probabilities are known analyt-
ically but a single random stationary time series x is necessary to estimate d X with
the multiplication of n transition matrices that are chosen according to x.

Let us recall that the estimator d̂x cannot be applied to empirical time series unless
we know the Markov model generating the data. Consequently, it is not useful in prac-
tical situations. However, we will use it to test the performance of the estimators of
the KLD introduced in the next chapters. On the other hand, one can also analytically
estimate of Eqs. (2.51) and (2.52) by using the replica trick, in an analogous way as
done in Ref. [7]. The calculation is cumbersome and is explained in Appendix B.3.
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Chapter 3
Estimating the Kullback–Leibler Divergence

We now investigate how the KLD rate can be estimated from a single empirical
stationary trajectory, obtained from a stochastic stationary process whose dynamics
is unknown. We assume that the empirical stationary trajectory contains n data of
one or several random variables denoted by the letter X . In general, we are given a
time series of n data obtained from sampling the random variable X in n successive
samplings,

x̂1, x̂2, . . . , x̂i , x̂i+1, . . . , x̂n−1, x̂n, (3.1)

where we call x̂i to the value of the i-th data of an empirical trajectory. We denote
such a trajectory as (3.1) by x = {x̂i }n

i=1.
Several recipes to estimate the KLD for stationary time series of both dis-

crete [7, 32–34, 44] and continuous [1, 2, 31, 32, 38, 39] random variables were
introduced before our work. However, a full comprehensive analysis for series of
both discrete and continuous random variables has not been done until now. In this
chapter, we introduce a refinement of the existing methods for estimating the KLD
for discrete time series and two new techniques to estimate the KLD for continuous
stationary time series. Our estimators are valid in very general situations and only
require the data of a single stationary trajectory. The performance of our estimation
techniques is analyzed using data from both simulation and experiments in Chaps. 4
and 5, where our estimators are applied to estimate the entropy production in the
NESS.

This chapter is organized as follows: In Sect. 3.1 we introduce two estimators for
the KLD rate for random discrete stationary processes that are a refinement of two
techniques previously introduced in the literature. We extend our study to continuous
time series in Sect. 3.2, where we introduce a new technique to estimate the KLD
that makes use of autoregressive models. In Sect. 3.3 we show a different approach
to estimate the KLD of both continuous and discrete time series using the horizontal
visibility algorithm.
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3.1 Discrete Case

For discrete stationary time series, there are two different strategies to estimate the
KLD in the literature: plug-in estimators [7, 33, 34], based on empirical counting
of sequences of data, and estimators based on compression algorithms [44]. In this
section, we introduce a refinement of the these two techniques and analyze their
performance is further considered in Chap. 4.

3.1.1 Plug-in Estimators

The simplest approach to estimate the KLD rate is known as the plug-in method [38],
which consists of an empirical estimation of the probabilities of sequences or
blocks [34] of m data, p(xm

1 ), appearing in Eq. (2.32) [33]. The probability to observe
the sequence xm

1 , p(xm
1 ), is estimated empirically from simply counting the number

of times that xm
1 appears in a single stationary trajectory x = (x̂1, . . . , x̂n) of size n.

For a time series of n data, the total number of sequences of m data contained in the
series is n − (m − 1). The empirical probability distribution is formally defined as

p̂x(xm
1 ) = 1

n − (m − 1)

n−(m−1)!

p=1

δx̂ p,x1 · · · δx̂ p+(m−1),xm , (3.2)

that is, the probability to find a sequence of m data anywhere within the sequence x.
In other words, the empirical probability (3.2) is obtained by scanning the series x in
blocks of consecutive m data using a sliding window protocol. An estimation of DX

m ,
D̂x

m , is obtained by plugging in the empirical probability distribution into Eq. (2.32):

D̂x
m = D[ p̂x(xm

1 )|| p̂x(x1
m)] =

!

x1,...,xm

p̂x(xm
1 ) ln

p̂x(xm
1 )

p̂x(x1
m)

. (3.3)

Note that the probabilities in Eq. (3.3) include the superscript x to emphasize that they
are obtained empirically from a single stationary time series x and therefore depend on

each particular realization. The simplest way to estimate d X would be by taking D̂x
m

m
for m as large as possible. However, this naive approach is not efficient. The empirical
probability p̂x(xm

1 )—and therefore D̂x
m— is less accurate as m increases, because the

number of possible substrings xm
1 increases exponentially and the statistics shortly

becomes poor. It is convenient to find alternative expressions with a fast convergence.
It turns out that the slope of D̂x

m as a function of m,

d̂x
m = D̂x

m − D̂x
m−1, (3.4)

http://dx.doi.org/10.1007/978-3-319-07079-7_4
http://dx.doi.org/10.1007/978-3-319-07079-7_2
http://dx.doi.org/10.1007/978-3-319-07079-7_2
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also converges to the KLD rate but faster than D̂x
m

m . Our plug-in estimator is
constructed as the limit

d̂x = lim
m→∞ d̂x

m . (3.5)

For a Markovian time series, as shown in Eq. (2.42), the limit is reached for m = 2,
and using distributions of three or more data we only get redundant information,

d̂x = d̂x
2 = d̂x

m, (3.6)

for any m > 2. Therefore, d̂x = d̂x
2 is an excellent estimator of the KLD, d X . If x is

a k-th order Markov chain (i.e., it is Markovian when considering blocks of k data
{x̂ k

1 }), then the limit is reached for m = k [33], i.e.,

d̂x = d̂x
k = d̂x

k+1 = d̂x
k+2 = · · · (3.7)

In this case, the KLD of blocks of m < k data does not capture the full irreversibility
of the process, d̂x

1 ≤ d̂x
2 ≤ · · · ≤ d̂x

k = d̂x. The convergence of (3.5) is then expected
to be fast if a time series can be approximated by a k-th order Markov chain.

If the trajectory x is sampled from a general non-Markovian process, one needs
further information to extrapolate d̂x

m for m → ∞, specially when only moderate
values of m can be reached. In the examples discussed below, we have found that
convergence is well described by the following ansatz, proposed by Schürmann and
Grassberger [34] to estimate Shannon entropy rate

d̂x
m ≃ d̂x

∞ − c
ln m
mγ

. (3.8)

Here c and γ are parameters that, together with d̂x
∞, can be obtained by fitting

the empirical values of d̂x
m as a function of m. The fitting parameter d̂x

∞ gives an
estimation of the limit (3.5).

3.1.1.1 Insufficient Statistics

This estimation method is efficient as long as there is sufficient statistics in the data,
that is, if for every series xm

1 that occurs in the trajectory, its reverse x1
m is observed at

least once. On the other hand, if we find empirically p̂x(xm
1 ) ̸= 0 while p̂x(x1

m) = 0
for at least one case, the argument of the logarithm in Eq. (3.3) diverges, yielding
d̂x

m = ∞. We can avoid this divergence by restricting the sum in D̂x
m to sequences

xm
1 whose reverse x1

m occur in the time series:

D̂x
m → D̂x⋆

m =
!

(xm
1 )∗

p̂x(xm
1 ) ln

p̂x(xm
1 )

p̂x(x1
m)

, (3.9)

http://dx.doi.org/10.1007/978-3-319-07079-7_2
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where (xm
1 )∗ = {xm

1 | p̂x(xm
1 ) ̸= 0 and p̂x(x1

m) ̸= 0}. The KLD calculated with this
restriction is a lower bound to its real value, D̂x⋆

m < D̂x
m .

A different strategy to avoid the divergence is to artificially bias the empirical
probabilities such that all of them become positive. Instead of the observed empirical
frequencies, we can use the following biased frequencies [7]

p̂x(xm
1 ) = nx(xm

1 )+ γ
"

xm
1
[nx(xm

1 )+ γ ] . (3.10)

Here nx(xm
1 ) is the number of observations of xm

1 in x andγ is the bias, which is a small
number that prevents any of the probabilities to be zero, assigning a probability of
order γ /n to sequences that are not observed. The denominator in Eq. (3.10) ensures
normalization of p̂x(xm

1 ).

3.1.2 Compression-Based Estimator

Ziv and Merhav introduced in Ref. [44] an estimator of the KLD rate between two
probability distributions based on compression algorithms. It consists on slicing
or parsing stationary discrete time series into smaller parts according to a specific
algorithm. The slicing produces a sequence of numbers (often called a dictionary)
that contains the same data than the original series, but it is divided into subsequences,
called phrases. These algorithms are called compression algorithms because a series
of n discrete numbers is always parsed in m < n phrases, therefore the description
of the series has been compressed to fewer data.

The estimator by Ziv and Merhav [44] is defined in terms of two concepts which
are now described, the compression length of a sequence and the cross parsing
length between two different sequences. Given a series x = xn

1 , its compression
length c(xn

1 ) is defined as the number of distinct phrases in which it is parsed using
the Lempel-Ziv (LZ) algorithm [43]. The LZ algorithm parses a series sequentially,
such that each phrase that is added to the dictionary is the shortest distinct phrase
that is not already in the dictionary. For example, let us consider the series x =
x11

1 = (0, 1, 1, 1, 1, 0, 0, 0, 1, 1, 0). The LZ sequential parsing for this example is
as follows: We start with an empty dictionary Dict = { } and we first store the first
element of the series x1 = 0 in the dictionary since it is empty, hence Dict = {0}.
Then we read the next number, x2 = 1, which is not already in the dictionary, so
x2 is added to the dictionary, Dict = {0|1}. The next number in x11

1 is x3 = 1,
which is already in the dictionary. Then we append to x3 the next number of the
sequence, x4

3 = (1, 1). This phrase is not in the dictionary and therefore it is parsed,
Dict = {0|1|(1, 1)}. By doing this for all the series x11

1 , we obtain the following
dictionary of phrases Dict = {0|1|(1, 1)|(1, 0)|(0, 0)|(1, 1, 0)}. The compression
length is the number of phrases that the dictionary contains once the series x is
completely parsed, c(x11

1 ) = 6 in this example. We illustrate this simple example in
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Fig. 3.1 Lempel-Ziv compression algorithm and parsing length. We show how the LZ sequential
parsing algorithm is applied to the sequence x = x11

1 = (0, 1, 1, 1, 1, 0, 0, 0, 1, 1, 0). The bottom
left table is the dictionary of phrases obtained with the LZ algorithm. Every phrase can be encoded
with two numbers: (i) A prefix number that indicates in which position on the table is the phrase that
equals all the elements of the new word except the last number and (ii) a new number containing the
last digit of the new word. Using this procedure, the original sequence can be described by fewer
numbers than the number of data of the original sequence. The dictionary can also be built as a
binary tree as shown in the bottom right figure. From the parent node, new phrases are added to the
tree by adding a node depending on the last value of the new word. A node to the left is added if
the last number of the word is 0, and a node to the right otherwise. The compression length of the
sequence is the number of phrases in the dictionary, or equivalently, the number of nodes in the tree

Fig. 3.1 where we also show how the dictionary can also be built using a binary tree
data structure [4].

The compression length of a stationary time series is related to its Shannon entropy
rate [12] in the limit of infinitely long sequences:

lim
n→∞

c(xn
1 ) ln c(xn

1 )

n
= h X . (3.11)

However, since d X = h X
r −h X (2.47), we also require an estimator for h X

r in order to
determine d X . This is given in terms of another quantity called cross parsing length.
The cross parsing of a series xn

1 with respect to another sequence zn
1 is obtained

by parsing xn
1 looking for the longest phrase that appears anywhere in zn

1. As an
example, let us consider the cross parsing of x = x11

1 = (0, 1, 1, 1, 1, 0, 0, 0, 1, 1, 0)
with respect to another sequence z = z11

1 = (1, 0, 0, 1, 0, 1, 0, 0, 1, 1, 0). The first
number in x is x1 = 0, which is in z. Therefore we append to x1 the next number in
x, x2

1 = (0, 1). This sequence is also somewhere in z, more precisely it is equal to
z4

3, z6
5 and z9

8, so we append the next item in x, x3
1 = (0, 1, 1). Again this sequence

is somewhere in z, x3
1 = z10

8 , and it is added to the dictionary, Dict = {(0, 1, 1)}
because x4

1 is not found anywhere in z11
1 . We repeat this procedure again starting

from x4 and the resulting dictionary is: Dict = {(0, 1, 1)|(1, 1, 0)|(0, 0, 1, 1, 0)}.
The cross parsing length is the number of parsed sequences, which in this example
is equal to cr (x11

1 |z11
1 ) = 3. The cross-parsing protocol for this example is shown in

Fig. 3.2.

http://dx.doi.org/10.1007/978-3-319-07079-7_2
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Fig. 3.2 Cross parsing of
two sequences. We highlight
in green the phrases of the
sequence x that are parsed
according to the sequence z

x = x111 = (0, 1, 1, 1, 1, 0, 0, 0, 1, 1, 0)

z = z111 = (1, 0, 0, 1, 0, 1, 0, 0, 1, 1, 0)

x = x111 = (0, 1, 1, 1, 1, 0, 0, 0, 1, 1, 0)

z = z111 = (1, 0, 0, 1, 0, 1, 0, 0, 1, 1, 0)

x = x111 = (0, 1, 1, 1, 1, 0, 0, 0, 1, 1, 0)

z = z111 = (1, 0, 0, 1, 0, 1, 0, 0, 1, 1, 0)

In Ref. [44] it is proved that the following quantity tends to the KLD rate between
the probability distributions that generated the sequences x = xn

1 and z = zn
1, which

we call pX and q Z respectively,

lim
n→∞

1
n
[cr (xn

1 |zn
1) ln n − c(xn

1 ) ln c(xn
1 )] = d(pX ||q Z ). (3.12)

We can estimate d X by using as inputs in the left-hand side of the above equation a
stationary time series and its time reverse, that is, using zn

1 = x1
n . The Ziv-Merhav

estimator of d X when using a time series x of n data is introduced as follows

d̂x
Z M = 1

n
[cr (xn

1 |x1
n) ln n − c(xn

1 ) ln c(xn
1 )], (3.13)

which converges to d X when n → ∞, although the convergence is slow [44]. This
estimator has been used as a measure of distinguishability in several fields such as
authorship attribution [10] or biometric identification [11].

When the KLD rate between the probability distributions under consideration is
small (d X ≪ 1), the estimation given by (3.12) can be even negative [10]. In this case
the estimator is said to be biased [17]. The estimator gives negative values in some
cases because it mixes two types of parsing: the sequential parsing of the trajectory
and the cross parsing, which is not sequential. We propose the following correction,
which helps to solve this issue and improves the performance of the estimator. We first
evaluate (3.13) between different segments of the same trajectory. More precisely,
we split x into two equal parts and apply the original estimator (3.12)

d̃x
Z M =

cr (xn
n/2|x

n/2
1 ) ln n

2 − c(xn
n/2) ln c(xn

n/2)

n/2
. (3.14)

If the time series is stationary, the two fragments, xn/2
1 and xn

n/2, are statistically

equivalent and d̃x
Z M should vanish. However it is usually negative for finite n and

exhibits a slow convergence to zero for large n [10]. Then, we define our estimator as
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Fig. 3.3 Validation of our KLD compression-based estimator. a Sketch of the 3-state toy model
used to check the accuracy of our compression estimator (3.15) and b comparison between different
compression estimators and the analytical value of d X . The analytical value of d X for a model with
α = 0.5,β = 0.7, γ = 0.6 (d X = d X

2 = 0.08278) is indicated by the solid black line in the plot.
We show the value of the compression estimators obtained from a single stationary time series xn

1
as a function of the length n: the Ziv-Merhav estimator d̂x

Z M (red dashed line), the bias d̃x
Z M (red

dotted line) and our estimator d̂x
c (red squares)

d̂x
c = d̂x

Z M − d̃x
Z M , (3.15)

which still converges to d X when n → ∞ but it yields much better results for finite
n, as we now discuss with a simple example.

We consider the simplest Markov chain described by the three-state model illus-
trated in Fig. 3.3a. Trajectories of the model are lists of numbers, 1, 2 or 3, repre-
senting the three states of the system. The dynamics is Markovian with transition
probabilities given by p1→2 = 1 − p2→1 = α, p2→3 = 1 − p3→2 = β and
p3→1 = 1 − p1→3 = γ . We call X the random variable describing the state of the
system and x a particular stationary time series, e.g. x = (1, 3, 2, 1, 2, . . .). This
time series is reversible only when the three transition probabilities satisfy the Kol-
mogorov condition [20], αβγ = (1 − α)(1 − β)(1 − γ ). In Fig. 3.3b, we compare
the value of different compression estimators with the analytical value of d X as a
function of the length of the empirical trajectory n. To study how the KLD com-
pression estimator scales with the number of data we first simulate the model in
Fig. 3.3a, generating a single stationary trajectory. The estimators are measured for
subsequences containing data from the first to the m-th data of the simulated series,
and m is changed in the range shown in the figure. Since the trajectories described
by the state of the system are Markovian, d X only depends on transition probabil-
ities (3.6), d X = d X

2 . We see that Ziv-Merhav estimator d̂x
Z M fails to estimate d X

accurately when it is small (d X ≃ 0.083) and in some cases gives a negative value.
The proposed estimator d̂x

c , on the other hand, is significantly closer to the analytical
result, although slightly overestimates its true value.
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We notice that the implementation of the compression estimator is not straightfor-
ward. The construction of the LZ dictionary for a sequence requires to look-up in the
dictionary every time a new phrase is added. For a series of n data, if the dictionary
is constructed as a table like in the bottom left panel of Fig. 3.1, the search becomes
slower the more phrases are stored in the dictionary. Typically, the algorithmic cost
of this procedure scales like O(n2), n being the number of data of the parsed time
series. To avoid this problem, Benedetto et al. [5] introduced a technique similar to
the Ziv-Merhav estimator but using the length of compressed trajectories using com-
mercial zippers instead of the LZ compression algorithm. Their approach speeds-up
the estimation of the KLD but they do not provide a strong theoretical argument
checking the validity of their estimator. We do not use commercial algorithms but
the Ziv and Merhav compression protocol described in [44]. To speed-up the estima-
tion of the KLD, we make use of data structure trees. As shown in the bottom right
panel of Fig. 3.1, the construction of the dictionary as a tree has the advantage that
searching is faster because the information is branched. Typically, the time to search
a phrase after n phrases have been added to the tree scales like O(log n), which is
by far faster than using table lookups of order O(n2). We now specify step-by-step
how we compute our KLD estimator using information trees:

1. A B-tree1 (binary tree with multiple branches) of the series xn
1 is built according

to the LZ sequential parsing.
2. The compression length c(xn

1 ) is obtained as the number of nodes of the B-tree.
3. A second B-tree containing all the subsequences in x1

n is constructed.
4. The longest sequences in xn

1 that appear in x1
n are searched in the B-tree of the

reverse sequence.
5. The cross parsing length cr (xn

1 |x1
n) is obtained as the number of times in which

the search in step 4 is interrupted.
6. The KLD is estimated using the Ziv-Merhav formula (3.13).

Notice that this procedure is done twice as shown in (3.15).
The main advantage of the estimation based on compression technique is that the

problem with insufficient statistics arising in the plug-in estimation is avoided using
this technique. The compression based estimator is also applied in Chap. 4, where
its performance is compared with the plug-in technique.

3.2 Continuous Case

For real-valued stationary trajectories, the KLD rate adopts an analogous expression
to the one discussed for the discrete case in Eqs. (2.32) and (2.33). The m-th order
KLD for a stationary process described by a continuous random variable X compares
the probability densities of sequences of data ρ(xm

1 ) and ρ(x1
m), and is analogous to

[cf. (2.32)],

1 A B-tree is the generalization of a binary tree for non-binary discrete data. Each node can have
m > 2 children.

http://dx.doi.org/10.1007/978-3-319-07079-7_4
http://dx.doi.org/10.1007/978-3-319-07079-7_2
http://dx.doi.org/10.1007/978-3-319-07079-7_2
http://dx.doi.org/10.1007/978-3-319-07079-7_2
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DX
m = D[ρ(xm

1 )||ρ(x1
m)] =

#

xm
1

dxm
1 ρ(xm

1 ) ln
ρ(xm

1 )

ρ(x1
m)

, (3.16)

where dxm
1 = dx1dx2 · · · dxm , and the integral above is done over the real values

that x1 · · · xm can take. The distribution ρ(x1
m) has to be considered as a distribution

ρX̃ for x1
m such that ρX̃ (x

m
1 ) = ρ(xm

1 ). Therefore, the m-th order KLD is formally
expressed as

D[ρX (xm
1 )||ρX̃ (x

m
1 )] =

#

xm
1

dxm
1 ρX (xm

1 ) ln
ρX (xm

1 )

ρX̃ (x
m
1 )

. (3.17)

The KLD rate per data d X is defined as in the discrete case [cf. Eq. (2.33)]

d X = lim
m→∞

DX
m

m
. (3.18)

We are interested in stationary time series of a continuous random variable X that
is obtained by sampling X for n times at a regular sampling rate, every 't . In this
situation, it is also interesting to study the KLD per unit of time Ḋ, defined as

ḋ X = 1
't

lim
m→∞

DX
m

m
. (3.19)

Notice that the KLD rate per unit of time yields a lower bound for the average entropy
rate per unit of time ⟨Ṡ⟩/k ≥ ḋ X instead of the entropy production per data.

In this section, we first review some of the first attempts in literature to estimate
the KLD between random continuous processes. We also introduce a new technique
that is applied to estimate the average entropy production rate in the next chapters to
both simulations and experimental data.

3.2.1 Symbolization and Nearest-Neighbours

The most naive approach to measure the KLD for continuous random variables is
to partition the support of the series xn

1 and x1
n into bins of finite size [22, 38]. The

m-th order KLD for continuous variables (3.16) can be estimated by plugging in the
probabilities of the series to lie within a specific bin

D̂x
m =

K!

j=1

ρ̂x
j ln

ρ̂x
j

ρ̂ x̃
j

, (3.20)

http://dx.doi.org/10.1007/978-3-319-07079-7_2
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where ρ̂x
j =

$
j dxm

1 ρ̂x (xm
1 ) is the empirical probability distribution of sequences of

m data integrated over the m-dimensional bin j . Equivalently, ρ̂ x̃
j =

$
j dxm

1 ρ̂x (x1
m)

is the same probability distribution but for the time-reversed series. By using this
procedure, a continuous series is symbolized into a new series that contains the
information of the bins of the partition visited by the series. This is a coarse-grained
description of the information and therefore only a lower bound only of the actual
KLD can be obtained using this method, as discussed in Sect. 2.3.

A better estimation of the KLD can be obtained by binning the continuous trajec-
tories using data-dependent partitions [38]. The most extended technique is called
the nearest-neighbour method, which is clarified and applied to calculate the mutual
information in [22]. In the nearest-neighbour method, the probabilities in (3.20) are
replaced by the probabilities to find data within a m-th dimensional ball of radius σ

centered in any data xm
1 in the m-dimensional space. The difference with the classical

symbolization method lies in the fact that the bins in the nearest-neighbour method
are centered in the data and therefore it is easier to have sufficient statistics to esti-
mate the KLD. A comparison between the two techniques for continuous random
variables was done in [38, 39].

More recently, another estimation of the KLD rate for continuous data has been
introduced in [1, 2]. The concept of pattern entropy is defined as the Shannon entropy
measured with the probability to observe sequences of a given time τ that lie within
a distance σ with respect to a specific pattern or trajectory of time τ . This definition
is extended to the cross entropy, and therefore to the KLD. This estimator is used
in [1, 2] to check the relation between the dissipation and the KLD between the
trajectory distributions in forward and reverse experiments (2.27) by dragging a
Brownian particle with an optical trap moving at constant velocity. Their result
however is not extended to the stationary states where the control parameter does not
change and to the case where only partial information of the system can be sampled.

3.2.2 Autoregressive Models

We describe a novel KLD rate estimator valid for real-valued (continuous) stationary
time series that is based on the use of autoregressive models. Our estimator first
applies the same transformation * : x → σ = *(x) to the time series x = xn

1 and
the time-reversed series x̃ = x1

n . The transformation yields two new time series

xn
1 → σ n

1 = *(xn
1 ), (3.21)

x1
n → σ̃ n

1 = *(x1
n). (3.22)

We seek a transformation that satisfies the following properties: (i) it is a one-to-one
transformation in the trajectory space and (ii) the correlation time of the time series
is significantly reduced. These two conditions imply, respectively: (i) The x and σ

trajectories contain the same information and therefore the KLD rate calculated using

http://dx.doi.org/10.1007/978-3-319-07079-7_2
http://dx.doi.org/10.1007/978-3-319-07079-7_2
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the statistics of both yields the same value, d̂x = d̂σ , (ii) the KLD rate calculated in
the new time series is approximatively the one-time KLD, d̂σ = D̂σ

1 . If these two
conditions are met, the KLD can be measured with the one-time KLD between the
new time series,

d̂x = d̂σ ≃ D̂σ
1 . (3.23)

The main advantage of using such a technique is the possibility to measure the KLD
with the one-time divergence (D1) in the new series, which is easier to calculate than
m-block divergences.

A transformation that fulfills the properties outlined above is the residual of an
autoregressive (AR) model [6]. To estimate the KLD rate using such a transformation,
we first fit the data xn

1 to an autoregressive model of order k and lag l, AR(k, l), which
is defined by the following linear model of k parameters A1, A2, . . . , Ak

x1+kl =
k!

j=1

A j x1+(k− j)l = A1x1+(k−1)l + · · · + Ak x1. (3.24)

Given a sequence xn
1 that is sampled every l data xn

1 → yn/ l
1 , the AR(k, l) model

expresses the value of the new sequence yn/ l
1 at any time as a linear combination

of its value at the previous k data. For lag l = 1, the AR(k, l) model reduces to the
standard AR(k) model described in [6].

Once the parameters of the AR(k, l) model are obtained from the fit, we apply
the residual transformation * to the original trajectory xn

1 . The residual function
measures the deviation from the data to the AR(k, l) model. If we call a j the value
of j-th coefficient of the fit of the data to the auto regressive model, we apply the
residual function to sequences xk+1

1

*(x (k+1)l
1 ) ≡ x(k+1)l −

k!

j=1

a j x1+(k− j)l

= x1+kl −
%
a1x1+(k−1)l + · · · + ak x1

&
. (3.25)

By applying this function to the trajectory xn
1 we get a sequence of n numbers

denoted by σ n
1 . The i-th component of the resulting series is obtained by applying

the residual function to the substring xi+(k+1)l
i . As an example, the first two numbers

of the sequence σ n
1 are

σ1 = *(x (k+1)l
1 ) = x1+kl −

%
a1x1+(k−1)l + · · · + ak x1

&
,

σ2 = *(x (k+1)l+1
2 ) = x2+kl −

%
a1x2+(k−1)l + · · · + ak x2

&
.

We apply the same function to the time reversed series x1
n , obtaining a different

series of numbers σ̃ n
1 . Once we have transformed the original series into the new
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ones xn
1 → σ n

1 and x1
n → σ̃ n

1 , we compute the one-data KLD from the PDF of the
stationary trajectories σ n

1 and σ̃ n
1 , following Eq. (3.23).

The KLD in the r.h.s. measures the distinguishability between the probability
density to observe σ n

1 in the series and to observe σ̃ n
1 in the time-reversed series.

The simplest estimation to this number is to measure the one-time KLD rate for
σ− sequences,

D̂σ
1 =

#
dσ ′ ρ̂σ (σ ′) ln

ρ̂σ (σ ′)
ρ̂σ̃ (σ ′)

. (3.26)

Equivalently, if the data sampling is done at a regular frequency fact = 1/'t , one
can estimate the KLD rate per unit of time,

˙̂Dσ
1 = 1

't

#
dσ ′ ρ̂σ (σ ′) ln

ρ̂σ (σ ′)
ρ̂σ̃ (σ ′)

. (3.27)

These estimators contain less information than the one concerning the probability of
sequences of n > 1 symbols, since they only take into account one-time correlations,
therefore the chain rule implies that D̂σ

1 ≤ d̂σ . The equality is saturated only when
the time series σ n

1 and σ̃ n
1 are completely uncorrelated, and the irreversibility is cap-

tured in the one-time statistics. In general, the estimators given by (3.26) and (3.27)
bound from below the KLD rate (per data or per time, respectively) of the original
sequences, and the bound gets tighter the more the correlation time is reduced after
the transformation.

In practice, we have to estimate Eqs. (3.26) and (3.27) from the data of a single
stationary trajectory. We use the simplest approach which consists on partitioning the
data σ n

1 and σ̃ n
1 into M bins that are equally spaced by a quantity 'σ and counting

the number of times that the value of the series lies within the bounds of the bin.
We estimate the probability density in the i-th bin by ρ̂σ

i = ni/(n'σ ), being ni

the number of times that σ n
1 lies in bin i . Similarly, ρ̂σ̃

i = n′
i/(n'σ ), being n′

i the
number of times that σ̃ n

1 lies in bin i . The estimator of D̂σ
1 reads

˙̂Dσ
1 = D̂σ

1

't
= 1

't

M!

i=1

'σ ρ̂i
σ ln

ρ̂σ
i

ρ̂σ̃
i

. (3.28)

We will use this formula to estimate the KLD rate of a continuous system in Chap. 5.
We will denote by d̂x

AR the estimator of the KLD rate per unit of time for x−sequences

using auto regressive models, d̂x
AR = ˙̂Dσ

1 , and therefore

d̂x
AR ≡ 1

't

M!

i=1

'σ ρ̂i
σ ln

ρ̂σ
i

ρ̂σ̃
i

. (3.29)

http://dx.doi.org/10.1007/978-3-319-07079-7_5
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In Chap. 5 we use this estimator of the KLD rate of stationary continuous time
series to distinguish between active and passive biological processes and to estimate
the average energy consumption rate of the biological process in the NESS.

3.3 Visibility Technique

We now introduce a novel technique to estimate the KLD of both continuous and
discrete time series that is described in our work [26]. The technique makes use
of the horizontal visibility algorithm, which is a method that maps a time series to
a directed network according to a geometric criterion. The KLD between forward
and backward trajectories is estimated by the KLD between the in and out degree
distributions of the associated graph.

In this section, we define the estimator based on the visibility algorithm and
also show that the estimator correctly distinguishes between reversible and irre-
versible stationary time series of continuous random variables, including analyti-
cal and numerical studies of its performance for: (i) reversible stochastic processes
(uncorrelated and Gaussian linearly correlated), (ii) reversible (conservative) and
irreversible (dissipative) chaotic maps, and (iii) dissipative chaotic maps in the pres-
ence of noise.

The visibility method can also be applied to discrete data, despite in general
it underperforms the plug-in method, as we show in Chap. 4, where the visibility
technique is used to measure the time irreversibility of a discrete flashing ratchet in
an asymmetric potential.

3.3.1 The Method

3.3.1.1 Complex Networks

A network is a collection of links and nodes. Any system where its different parts are
coupled each other can be described by a network [13]. In physics, ordered networks
such as the structure of solids [3] or random networks like the Ising model with
random coupling matrix [35] have been studied at first. More recently, Watts and
Strogatz [40] proposed a new kind of networks whose properties lie between those
of the ordered and random networks and were called small-world networks. Such a
network has the features of both ordered and random networks. First, one can reach
distant nodes after a few number of jumps between connected nodes, like in a random
graph. Second, there are clusters within the network like in ordered graphs. During
the last years, small-world networks have been found to reproduce many situations

http://dx.doi.org/10.1007/978-3-319-07079-7_5
http://dx.doi.org/10.1007/978-3-319-07079-7_4
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in the real world, such as metabolic networks, the world wide web, food webs,2

epidemic spreading or social ties [30].
First quantitative analysis on complex networks were done in the context of ran-

dom graph theory by Erdős and Renyi [15, 16]. For the scope of this work, only two
simple concepts of graph theory have to be taken into consideration. A key concept in
complex networks is the degree of a node, k, which is defined as the number of links
that connect to a specific node. The degree distribution, p(k), is the distribution of the
degree measured over all the nodes of the network, or the probability of an arbitrary
node to have degree k (i.e., k links). In some cases, links have a specific direction.
For example in a food web [19], predators eat the prey, which can be represented
by a node (predator) connected with a link that is directed to another node (prey).
A network with directed links is called a directed network, and the degree at every
node can be expressed as the sum between nodes that enter into the node kin plus
nodes that exit the node kout, yielding k = kin + kout for every node in the network.
An ingoing and outgoing degree distributions, p(kin) and p(kout), can be defined in
a network by measuring the average ingoing and outgoing degree over all the nodes
in the network.

3.3.1.2 The Horizontal Visibility Graph

Visibility algorithms map time series to networks according to specific geometric
criteria [23, 28]. The general purpose of such methods is to accurately map the
information stored in a time series into an alternative mathematical structure. This
mapping enables to employ the powerful tools of graph theory to characterize time
series from a different viewpoint, bridging the gap between nonlinear time series
analysis, dynamical systems, and graph theory [14, 24, 27, 29, 42].

We now focus on a specific subclass of the visibility algorithms called horizontal
visibility algorithm, firstly proposed in [28]. The algorithm assigns to each data xi
of the series xn

1 to a node in the horizontal visibility graph (HVg). Then, two nodes i
and j are connected in the graph if one can draw a horizontal line in the time series
joining xi and x j that does not intersect any intermediate data height (see Fig. 3.4).
Hence, the nodes i and j are connected if the following geometrical criterion

xi , x j > xk, ∀ k | i < k < j , (3.30)

is fulfilled within the time series. In [25, 28], stochastic and chaotic series are char-
acterized using the horizontal visibility algorithm, and the first steps for a mathemat-
ically sound characterization of horizontal visibility graphs have been established

2 Food webs are networks that represent feeding connections in an ecological community. Nodes
represent different species and two nodes are connected if one of the representing species eats the
other one.
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Fig. 3.4 Graphical illustration of the directed horizontal visibility algorithm. In the top panel we
plot a sample time series x(t) of a continuous random variable X . A bar of height x(ti ) in plotted
for every data of the series. Arrows in the top panel indicate the data seen by the series at every time
ti according to the horizontal visibility criterion. The associated directed horizontal visibility graph
is plotted below. In this graph, a node is associated to every data of the series. Each node has an
ingoing degree kin, which accounts for the number of links with past nodes, and an outgoing degree
kout, which accounts for the number of links with future nodes. The asymmetry of the resulting
graph can be captured in a first approximation through the invariance of the outgoing (or ingoing)
degree series under time reversal

in [18]. The method can also be used to characterize not only time series but generic
nonlinear discrete dynamical systems, sharing similarities with the theory of sym-
bolic dynamics [29].

3.3.1.3 Directed HVg

So far in the literature the family of visibility graphs are undirected, as visibility
does not have a predefined temporal arrow. However, as already suggested in [23],
such a directionality can be made explicit by making use of directed networks [30].
We address such directed version, defining a Directed Horizontal Visibility graph
(DHVg) as a HVg, where the degree k(ti ) of the node corresponding to the data
xi = x(ti ) with ti = i't , is now splitted in an ingoing degree kin(ti ), and an
outgoing degree, such that k(ti ) = kin(ti )+ kout(ti ). In this case, the ingoing degree
kin(ti ) is defined as the number of links of node ti with other past nodes associated
with data in the series, or equivalently, the number of data that see xi using the
horizontal visibility algorithm. Conversely, the outgoing degree kout(ti ), is defined
as the number of links with future nodes, or the number of data that can be seen by
xi . The construction of the DHVg associated to a time series is illustrated in Fig. 3.4.

We define the in and out (or ingoing and outgoing) degree distributions of a
DHVg as the probability distributions of kin and kout of the graph which we call
pin(k) ≡ p(kin = k) and pout(k) ≡ p(kout = k), respectively.
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3.3.1.4 Estimating the KLD Using Directed Horizontal Visibility Graphs

We propose a new estimator of the KLD valid for both discrete (2.33) and continu-
ous (3.18) random variables. We claim that the time irreversibility can be captured by
the KLD between the in and out degree distributions, pin(k) and pout(k). If needed,
higher order measures can be used, such as the KLD between the in and out degree-
degree distributions, pin(k, k′) and pout(k, k′). These are defined as the in and out
joint degree distributions of a node and its first neighbors, describing the probability
of an arbitrary node whose neighbor has degree k′ to have degree k [30].

As we will show in several examples, the information of the outgoing degree
distribution kout is sufficient to distinguish between reversible and irreversible sto-
chastic stationary series which are real-valued but discrete in time xn

1 . We compare
the outgoing degree distribution in the actual series Pkout (k|xn

1 ) = pout(k) with the
corresponding probability in the time-reversed series, which is equal to the proba-
bility distribution of the ingoing degree in the actual process Pkout (k|x1

n) = pin(k).
The KLD between these two distributions is

D[pout(k)||pin(k)] =
!

k

pout(k) ln
pout(k)
pin(k)

, (3.31)

which vanishes if and only if the outgoing and ingoing degree probability distributions
of a time series are identical, pout(k) = pin(k), and it is positive otherwise. We define
a new estimator of the KLD of a random process X from the empirical in and out
degree distributions measured over the DHVg contracted from a time series x. The
empirical degree distributions associated to a time series x are denoted by px

out(k)
and px

out(k). We define the visibility estimator of the KLD, d̂vis, as

d̂x
vis = D[px

out(k)||px
in(k)] =

!

k

px
out(k) ln

px
out(k)

px
in(k)

. (3.32)

The visibility estimator has the advantage that it maps a real-valued time series
into two probability distributions, pin(k) and pout(k), that have discrete support. In
this case, the visibility estimation of the KLD (3.31) is much easier to calculate than
the KLD for the original real-valued time series, as shown in the preceding Chapters.
The first attempts to estimate the KLD for continuous data, which were discussed in
Sect. 3.2.1, generally proceed by first making a (somewhat ad hoc) local symboliza-
tion of the series, coarse-graining each of the series data into a symbol (typically, an
integer) from an ordered set. Then, they subsequently perform a statistical analysis
of word occurrences (where a word of length n is simply a concatenation of n sym-
bols) from the forward and backwards symbolized series. The visibility estimator
can also be considered as a symbolization since the series is mapped to a discrete
series {kout(ti )}i=1,...,n and {kin(ti )}i=1,...,n . Consequently, the estimator bounds from
below the actual KLD of the time series,

http://dx.doi.org/10.1007/978-3-319-07079-7_2
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d̂x
vis ≤ d̂x. (3.33)

However, at odds with other methods, here the symbolization process (i) lacks ad hoc
parameters (such as number of symbols in the set or partition definition), and (ii) it
takes into account global information: each coarse-graining xi → (kin(ti ), kout(ti ))
is performed using information from the whole series, according to the mapping cri-
terion (3.30). Hence, this symbolization naturally takes into account multiple scales,
which is desirable if we want to tackle complex signals [8, 9].

3.3.2 Validation of the Method

We now explore, analytically and numerically, the efficiency of the visibility estima-
tor of the KLD to distinguish between reversible and irreversible stochastic stationary
time series. We first analyze reversible time series generated from linear stochastic
processes, which yield d̂x

vis = 0. This analysis is extended to chaotic signals, where
our method distinguishes between dissipative (d̂x

vis > 0) and conservative (d̂x
vis = 0)

chaos, and we show the robustness of the KLD of chaotic signals polluted with noise.
In Chap. 4, the method is applied to a physical system in which the time irreversibility
can be controlled by tuning the value of a parameter of the system. For that system,
we find that the method can, not only distinguish, but also quantify the degree of
irreversibility.

3.3.2.1 Random Processes

For simplicity, we first study random uncorrelated processes. A time series of such a
process is an i.i.d. (independent and identically distributed) sequence of numbers. As
a case study, we generate a series of real-valued random n = 106 numbers distributed
according to a uniform distribution that ranges from 0 to 1, U [0, 1]. The first data of
the series are shown in the top panel of Fig. 3.5. The in and out degree distributions
associated to the series of n = 106 data are shown in the bottom panel of Fig. 3.5. The
distributions are, besides finite size effects, equivalent. The deviation is measured
through their KLD (see Table 3.1), yielding d̂x

vis ∼ 10−6. We will show that this
number is small enough to be considered as a computational zero, d̂x

vis ≃ 0, which
indicates the reversible character of the series.

To support our claims, we analytically show that the in and out degree distributions
for any uncorrelated random process are indeed identical in the limit of infinite size
series. In particular, we show that the in and out degree distributions of the DHVg of
an infinite sequence of i.i.d random variables extracted from a continuous probability
density ρ(x) are

Pin(k) = Pout(k) =
'

1
2

(k

, k = 1, 2, 3, . . . (3.34)

http://dx.doi.org/10.1007/978-3-319-07079-7_4
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Fig. 3.5 Ingoing and outgoing degree distributions for a random uncorrelated time series. We
generate a series of n = 106 data according to a uniform distribution U [0, 1]. Top A sample of 500
data of the series. Bottom The in (blue filled squares) and out (red open circles) empirical degree
distributions of the DHVg associated to the random series of 106 data points

The proof of this result is shown in Appendix C.1. We notice that the in and out
degree distributions are identical, and therefore dvis = 0. The random uncorrelated
series are reversible at the level of description of the in and out degree distributions
of the DHVg. The result is valid for any underlying probability density ρ(x), it holds
not only for Gaussian or uniformly distributed random series, but for any series of
an i.i.d. random process.

As a further validation, we also study linearly correlated stochastic processes as
additional examples of reversible dynamics [41]. We use the minimal subtraction
procedure described in [25] to generate such correlated series. This method is a
modification of the standard Fourier filtering method, which consists in filtering a
series of uncorrelated random numbers in Fourier space.

We study both short and long-time correlated random series. We generate time
series of n = 106 data of an Ornstein-Uhlenbeck process with an exponentially-
decaying autocorrelation C( j) = ⟨xi xi+ j ⟩ ∼ exp(− j/τ ) and also using a power-law
decaying autocorrelation C( j) ∼ j−γ . In our numerical examples, we set τ = 1.0
and γ = 2.0 in data units. In Table 3.1, we show that d̂x

vis is very close to zero for
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Table 3.1 Values of the KLD visibility estimator for different stochastic processes

Series description d̂x
vis d̂x

vis,dd

Reversible stochastic processes
U [0, 1] uncorrelated 3.88 · 10−6 2.85 · 10−4

Ornstein-Uhlenbeck (τ = 1.0) 7.82 · 10−6 1.52 · 10−4

Long-range (power law)
correlated stationary 1.28 · 10−5 2.0 · 10−4

process (γ = 2.0)

Dissipative chaos
Logistic map (µ = 4) 0.377 2.978
α map (α = 3) 0.455 3.005
α map (α = 4) 0.522 3.518
Henon map
(a = 1.4, b = 0.3) 0.178 1.707
Lozi map 0.114 1.265
Kaplan-Yorke map 0.164 0.390

Conservative chaos
Arnold cat map 1.77 · 10−5 4.05 · 10−4

Empirical values of the irreversibility measure associated to the degree distribution d̂x
vis and the

degree–degree distribution d̂x
vis,dd respectively, for the visibility graphs associated to series of 106

data generated from reversible and irreversible stochastic processes

these series. The deviation of the KLD estimator from zero is studied in Fig. 3.6. We
sample series of size n′ < n from an original series of n = 106 data and measure the
KLD estimator for every series of size n′. In Fig. 3.6 we plot the value of d̂vis as a
function of the number of data of the subsequence, showing that the KLD estimator
scales with the number of data, n, like 1/n, and therefore it tends to 0 when n is
large. Consequently, we also predict reversibility (dvis = 0) for both short (Ornstein-
Uhlenbeck) and long-time (power lay decaying, data not shown) correlated random
series.

3.3.2.2 Chaos

Chaos is defined as aperiodic long-term behavior in a deterministic system that
exhibits sensitive dependence on initial conditions [37]. We remark that chaotic
series are not random but deterministic, and they do not converge to stable points or
periodic orbits. Sensitive dependence means that the separation between two trajec-
tories with similar initial conditions increases exponentially with time. Conservative
chaotic systems do conserve the distance between two trajectories whereas dissipa-
tive chaotic systems do not. We now apply the visibility estimator of the KLD to
examples of both conservative and dissipative chaotic maps found in [36], showing
that the KLD distinguishes between these two types of chaotic systems.
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d̂
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n

Fig. 3.6 Scaling of the visibility estimator of the KLD for an Ornstein-Uhlenbeck process. Log-log
plot of d̂x

vis as a function of the number of data n of a subsequence obtained by sampling n data of
a time series of 106 data. The original time series is generated according to an Ornstein-Uhlenbeck
process of correlation C(t) = ⟨xi xi+ j ⟩ ∼ exp(− j/τ ), with τ = 1.0. The blue dots are the result
of an ensemble average over several realizations

We first study the Logistic map defined by

xi+1 = µxi (1 − xi ), (3.35)

which models the logistic equation for population growth [37]. This model exhibits
chaotic behavior for µ ≥ µ∞ = 3.569946 . . . . We focus on the Logistic map at
µ = 4, which produces chaotic time series as shown in the top panel of Fig. 3.7,
where a sample of 500 data of a series of n = 106 data is shown. The in and out degree
distributions of the associated DHVg of the series are clearly distinct as shown in the
bottom left panel of Fig. 3.7 [cf. Fig. 3.5]. In the bottom right panel of Fig. 3.7 we
show the finite size scaling of the estimator d̂x

vis, which converges to an asymptotic
value that clearly deviates from zero, d̂x

vis = 0.377 (see Table 3.1). We also prove
analytically in Appendix C.2 that the in and out degree distributions are different for
the logistic map and therefore dvis > 0.

For completeness, we consider other examples of dissipative chaotic systems
analyzed in [36]:

1. The α-map: xt+1 = 1 − |2xt − 1|α , which reduces to the Logistic and tent maps
in their fully chaotic region for α = 2 and α = 1 respectively. We analyze this
map for α = 3, 4.

2. The 2D Hénon map: xt+1 = 1+ yt − ax2
t , yt+1 = bxt , in the fully chaotic region

(a = 1.4, b = 0.3).
3. The Lozi map: a piecewise-linear variant of the Hénon map given by xt+1 =

1 + yn − a|xt |, yt+1 = bxt in the chaotic regime (a = 1.7 and b = 0.5).
4. The Kaplan-Yorke map: xt+1 = 2xt mod(1), yt+1 = λyt + cos(4πxt ) mod(1).
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Fig. 3.7 KLD visibility estimator for a logistic map in the chaotic region. Top A sample of 500
data of a chaotic time series of n = 106 data extracted from a fully chaotic Logistic map xt+1 =
4xt (1 − xt ). Bottom, left The in (blue filled squares) and out (red open circles) empirical degree
distributions of the DHVg associated to the series. Bottom, right Log-log plot of d̂x

vis of the graph
associated to a fully chaotic Logistic map xt+1 = 4xt (1 − xt ), as a function of the series size n
(dots are the result of an ensemble average over different realizations)

We generate stationary time series using these maps and sample data once the
system is in the corresponding attractor. In the case of the 2D Hénon map, the
Lozi map and the Kaplan-Yorke map, we only sample the value of one of the two
variables, x . In Table 3.1 we show the value of d̂x

vis for these series. In every case, we
find an asymptotic positive value, in agreement with the conjecture that dissipative
chaos is indeed time irreversible.

Finally, we also consider the Arnold cat map: xt+1 = xt + yt mod(1); yt+1 =
xt + 2yt mod(1). Unlike the previously discussed maps, this is an example of a con-
servative (measure-preserving) chaotic system with integer Kaplan-Yorke dimension
[36].3 We study the time irreversibility of the Arnold cat map by measuring the visi-
bility estimator of the KLD from the data of a series of n = 106 data obtained using
this map. In the top panel of Fig. 3.8 we show a sample of 500 data of the series
generated by the Arnold cat map. The in and out degree distributions of the DHVg
are indistinguishable as shown in the bottom left panel of Fig. 3.8. In the bottom right

3 The map has two Lyapunov exponents which coincide in magnitude. λ1 = ln(3+
√

5)/2 = 0.9624
and λ2 = ln(3 −

√
5)/2 = −0.9624. This implies that the amount of information created in the

forward process (λ1) is equal to the amount of information created in the backwards process (−λ2),
therefore the process is time reversible.
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Fig. 3.8 KLD visibility estimator for the Arnold cat map. Top A sample chaotic time series (500
data points) extracted from the (chaotic and conservative) Arnold cat map. Bottom, left The in (blue
filled squares) and out (red open circles) degree distributions of the DHVg associated to the chaotic
series of 106 data points. Bottom, right Log-log plot of d̂x

vis of the graph associated to the Arnold
cat map as a function of the series size n. Dots are the result of an ensemble average over different
realizations

panel of Fig. 3.8 we show that dx
vis asymptotically tends to zero with series size (see

Table 3.1). This correctly suggests that albeit chaotic, the map is statistically time
reversible at the level of description provided by the DHVg.

In summary, our numerical study shows that dissipative chaos is time irreversible,
since the KLD visibility estimator tends to a positive value dx

vis > 0 for all the
examples shown in Table 3.1. On the other hand, the statistics of the DHVg of the
Arnold cat map suggest that conservative chaos is time reversible dx

vis → 0.

3.3.2.3 Robustness Against External Noise

Standard time series analysis methods evidence problems when noise is present in
chaotic series. Even a small amount of noise can destroy the fractal structure of a
chaotic attractor and mislead the calculation of chaos indicators such as Lyapunov
exponents [21]. In order to check if our method is robust, we add a random white
noise ξi to a signal extracted from a fully chaotic Logistic map with µ = 4.0,

xi+1 = xi + 4xi (1 − xi )+ σξi , (3.36)
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Fig. 3.9 Robustness of the KLD visibility estimator against noise. Semi-log plot of d̂x
vis of the graph

associated to series of 106 data extracted from a fully chaotic Logistic map xt+1 = 4xt (1 − xt )
polluted with white uniform noise U [−0.5, 0.5] according to Eq. (3.36), as a function of the noise
amplitude. The corresponding KLD value of a uniform series is plotted for comparison, which is
five orders of magnitude smaller even when the chaotic signal is polluted with an amount of noise
of the same amplitude

where ξi is a random number extracted from the uniform distribution U [−0.5, 0.5]
and σ is the noise intensity. We vary the amplitude of the noise σ from 0 to 1 and
study how the KLD visibility estimator is robust against changes in the value of σ . In
Fig. 3.9 we plot d̂x

vis as a function of the amplitude of the noise. The value of d̂vis for
the noise is also plotted for comparison. The KLD of the signal polluted with noise
is significantly greater than zero, since it exceeds the one associated to the noise in
four orders of magnitude, even when the amplitude of the noise reaches the 100 %
of the signal amplitude (σ = 1). Therefore our method correctly predicts that the
signal is irreversible even when adding noise.

3.3.2.4 Table of Results

We now summarize the results obtained with the visibility estimator of the KLD in
a table. In the first column of Table 3.1 we show the value of d̂x

vis for the examples
of random and chaotic processes discussed in this chapter. We also include the value
of the KLD obtained using the in and out degree-degree distributions, defined as

d̂x
vis,dd = D[px

out(k, k′)||px
in(k, k′)] =

!

k,k′
px

out(k, k′) ln
px

out(k, k′)
px

in(k, k′)
. (3.37)

In every case we find d̂x
vis,dd ≥ d̂x

vis which is consequence of the chain rule:
D[Pout(k, k′)||Pin(k, k′)] ≥ D[Pout(k)||Pin(k)]. Note that that the method correctly
distinguishes between reversible and irreversible processes, as KLD vanishes for
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the former and it is positive for the latter. A further analysis is done in Chap. 4
on time series produced by a physical system show that the KLD estimators bases
on visibility algorithm can, not only distinguish between reversible and irreversible
physical dynamics, but also bound from below the entropy production in the NESS.
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Chapter 4
A Case Study: The Flashing Ratchet

To explore the bound to the entropy production, we study the case of a discrete
flashing ratchet model, where we can compare the entropy production with the ana-
lytical value and the empirical estimations of the KLD. With this model, we can
analyze how information losses affect the estimation of the KLD and the tightness
of the bound for the entropy production.

Flashing ratchets are particular examples of Brownian motors, which are exten-
sively discussed in Ref. [15]. Brownian motors are microscopic machines that take
advantage of the thermal fluctuations of the environment and are able to transport
Brownian particles in a certain direction, and therefore to extract useful work from
the fluctuating environment. The dynamics of the transported Brownian particle is
irreversible and energy is dissipated to the thermal environment along the motion of
the particle. Consequently, Brownian motors are excellent case studies for the rela-
tionship between irreversibility and dissipation. In the last years, Brownian motors
have been used to model the dynamics of molecular biological motors [6] and artifi-
cial Brownian motors have been designed to transport colloidal particles, magnetic
vortices or even charge or spin in quantum systems [5].

We study one of the simplest models of Brownian motors called flashing ratchet,
which consists of a Brownian particle moving in a linear asymmetric potential that
is switched on and off randomly [1, 13, 14]. We use a simplified discrete version
of the flashing ratchet where the dynamics of the particle is described by a Master
equation between a discrete number of states. Our simple model allows one to cal-
culate analytically the entropy production of the system and compare it to the value
of the KLD rate between forward and time-reversed trajectories.

This chapter is organized as follows: In Sect. 4.1 we introduce the notion of
flashing ratchet in the context of Brownian motors. In Sect. 4.2 we describe the
discrete flashing ratchet model that we use in Sect. 4.3 to show that we can estimate
the average entropy production of the model with the KLD of trajectories containing
full information of the system. In Sect. 4.4 we show that sampling partial information
of the system we can only bound from below the average entropy production of the
system in the NESS. In Sect. 4.5 we show that we can still detect irreversibility even

É. Roldán, Irreversibility and Dissipation in Microscopic Systems, 87
Springer Theses, DOI: 10.1007/978-3-319-07079-7_4,
© Springer International Publishing Switzerland 2014



88 4 A Case Study: The Flashing Ratchet

when the system does not exhibit any measurable flow studying the ratchet at stall.
In Sect. 4.6 we discuss the applicability of the visibility estimator of the KLD to
estimate the dissipation of our model. Section 4.7 shows the concluding remarks of
the Chapter.

4.1 Ratchets

As we have already discussed, the importance of thermal fluctuations in micro-
scopic systems gives rise to phenomena that are not observed in the macroscopic
world. An interesting phenomenon is the possibility to extract work from thermal
fluctuations. Brownian motors are devices that can rectify thermal fluctuations to
transport Brownian particle in a specific spatial direction. The ratchet effect refers
to the effect of rectifying the Brownian fluctuations to produce useful work, and
it was first introduced by Smoluchowski [16]. The first (gedanken) experiment to
observe this phenomenon was proposed by Feynman [4]. Feynman’s device contains
an axle with vanes in one of his ends and a ratchet (circular saw with asymmetric
saw-teeth) with pawl in the other, as we illustrate in Fig. 4.1. If the vanes and the
ratchet are surrounded by gases at different temperatures, T1 and T2 respectively, the
whole system moves in average in a given direction. This net movement can be used
to perform work, for example a small weight can be lifted when the temperatures are
different. The systematic extraction of work from thermal fluctuations in Feynman’s
ratchet is only possible because the system is out of equilibrium [12].

Since the first work by Smoluchowski, a variety of Brownian motors have been
introduced in literature [15]. These are engines that rectify thermal fluctuations pro-
ducing directed transport Brownian particles. The essential ingredients of a Brownian
motor are: (i) A Brownian particle immersed in a thermal bath, (ii) a spatially-periodic
potential and (iii) a mechanism that drives the particle out of equilibrium. Ratchets
are a paradigmatic example of Brownian motors where an asymmetric potential
together with a perturbation that changes the potential randomly or periodically
drive the particle out of equilibrium [1]. Several different systems where directed
transport is observed have been modeled as thermal ratchets. Two examples are a
rotating chemical molecule [7] or molecular biological motors [6]. Furthermore, arti-
ficial Brownian motors have been designed inspired in ratchets, e.g. using colloidal
particles [10], superconducting vortices [3, 18] or quantum dots [9].

We focus on a specific example, namely, the flashing ratchet, originally described
in [1]. In a flashing ratchet, a Brownian particle immersed in a thermal bath at
temperature T moves in a linear asymmetric potential that is switched on and off
randomly. The random switch of the asymmetric potential prevents the particle to
reach thermal equilibrium and induces directed transport in a direction that depends
on the shape of the potential. The simplest description for a one dimensional ratchet,
is given by the Langevin equation for the position of the Brownian particle, x . The
equation of motion reads
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Fig. 4.1 Feynman’s ratchet
and pawl motor. Picture taken
from [12]

γ ẋ(t) = −α(t)
∂V (x(t))

∂x
+ ξ(t), (4.1)

where ξ(t) is a Gaussian white noise with zero mean and correlation ⟨ξ(t)ξ(t ′)⟩ =
2kT γ δ(t − t ′) and α(t) is a dihcotomic noise that takes two possible values 0 and
1 with the same probability. When α = 0, the particle is free and when α = 1 the
particle feels the periodic asymmetric potential described by

V (x) =
!

Vmax
a

x
L if 0 ≤ x

L ≤ a,

− Vmax
1−a

" x
L − a

#
+ Vmax if a ≤ x

L ≤ 1,
(4.2)

where Vmax is the maximum height of the potential, L is the period of the potential,
and a is a parameter that controls the asymmetry of the potential (only if α = 1/2
the potential is symmetric). Equation (4.2), together with the periodic boundary
condition V (x ±L) = V (x), describe a seesaw periodic asymmetric potential where
a net particle current can be observed in the negative direction if a > 1/2 and in the
positive direction if a < 1/2. In Fig. 4.2 we show the potential of the flashing ratchet
and the probability distribution of the position of the particle when the potential
is switched on and off. As it can be seen in the figure, if the potential is initially
switched on, the particle first equilibrates with the thermal bath and the distribution
of the position is peaked around the minimum of the potential. When the potential is
switched off, the particle diffuses freely and its distribution is Gaussian. Because of
the asymmetry of the potential, it is more likely that the particle jumps to the right in
the potential of Fig. 4.2. A net current to the right is induced in this case by switching
this potential randomly or periodically [13].

A discrete version of the flashing ratchet can be considered if we coarse-grain
the spatial dimension in bins of equal spacing &x . In this case, the position of the
Brownian particle can be labeled by a discrete variable indicating in which bin the
particle is located. By knowing the position in this coarse grained description and
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ON

ON

OFF

a

L

Vmax

Fig. 4.2 Flashing ratchet. Top Seesaw asymmetric potential with parameters a, Vmax and L indicated
in the figure and probability distribution of the position of the Brownian particle shaded in white.
Middle Distribution of the position of the particle after the potential is switched off. Dark shaded
areas represent regions where the particle jumps to the next or the previous period of the potential
if the potential is switched on. Bottom Equilibrium distribution of the position of the particle after
the potential is switched on. As a result, a net current to the right is produced

the state of the potential α = 0, 1 one can describe the dynamics of the system using
a Master equation for a discrete set of states as it is shown in Sect. 4.2.

4.2 The Model

Our model is sketched in Fig. 4.3. The model consists of a Brownian particle moving
on a one dimensional lattice. The particle is immersed in a thermal bath at temperature
T and moves in a periodic, linear, asymmetric potential of maximum height 2V ,
which is switched on and off at a constant rate r . Our model corresponds to the
generic flashing ratchet described in Sect. 4.1 with a = 2/3, Vmax = 2V , and spatial
binning of &x = L/3. With this discretization, the state of the Brownian particle
can be specified by two random observables: the position of the particle X (0, 1 or
2) and the state of the potential Y (ON, Y = 1 or OFF, Y = 0).

The particle evolves in continuous time according to a Master equation. The
dynamics is described in terms of transition rates of spatial jumps and switching
between six different states: (0, 0), (1, 0), (2, 0), (0, 1), (1, 1) and (2, 1). For each
possible transition except switches, i.e. (x1, y1) → (x2, y2) with y1 = y2 = y, we
define a transition rate k(x1,y)→(x2,y) obeying detailed balance,

k(x1,y)→(x2,y) = exp
$
− Vy(x2) − Vy(x1)

2kT

%
. (4.3)
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(2,1)

V
2V

T

r

(2,1)(0,1) (1,1) (0,1) (1,1)

(2,0) (0,0) (1,0) (2,0) (0,0) (1,0)

X

Y

V0(x)

V1(x)

Fig. 4.3 Illustration of our discrete ratchet model. A Brownian particle is immersed in a thermal
bath at temperature T and moves in one dimension in an asymmetric linear potential V1(x) of
height 2V and a = L/3 with periodic boundary conditions. The potential is switched on and off at
a rate r , where V0(x) = 0 represents a flat potential, and the switching probability does not depend
on the position of the particle. The state of the particle is represented by two random variables
(X, Y ) indicated in the figure, where X = {0, 1, 2} stands for the position of the particle whereas
Y = {0, 1} for the state of the potential. Using this description, the system can be in six different
states, (0, 0), (1, 0), (2, 0), (0, 1), (1, 1) and (2, 1)

When the potential is on (y = 1), the value of the potential energy V1(x) is given
in Fig. 4.3, which corresponds to (4.2) with Vmax = 2V and a = L/3. When the
potential is off, V0(x) = 0 for all x , and k(x1,0)→(x2,0) = 1 for x1 ̸= x2. The switching
rate does not depend on the position of the particle: k(x,y1)→(x,y2) = r for any value
of x and y1 ̸= y2, and consequently violates detailed balance, driving the system out
of equilibrium.

We simplify the analysis by mapping the dynamics onto a discrete-time process,
a Markov chain. To this end, we record in a time series (x, y) = {xn

1 , yn
1 } a list of

the n first visited states, discarding any information about the time when jumps and
switches occur. The resulting Markov chain is defined by the transition probabilities

p[(x2, y2)|(x1, y1)] =
k(x1,y1)→(x2,y2)&

x2,y2
k(x1,y1)→(x2,y2)

. (4.4)

Since we discard any information about the transition times, we focus only on the
dissipation and KLD rates per jump or per data. For finite switching rate r and since
a > 1/2, the ratchet rectifies the thermal fluctuations inducing a current to the left in
Fig. 4.3 [1, 13]. The system obeys a local detailed balance condition, therefore the
trajectory of the particle is a Markov chain obeying local detailed balance condition
analogous to the processes discussed in Sect. 2.5.1. The nonequilibrium nature of
the switching can be interpreted in two alternative ways: one can imagine that it is
activated by a thermal bath at infinite temperature or by an external agent [13]. In
either of the two interpretations, switching does not induce any entropy production
(the bath needs an infinite amount of energy to change its entropy and the external
agent does not produce any entropy change). Therefore, entropy is only produced

http://dx.doi.org/10.1007/978-3-319-07079-7_2
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when heat is dissipated to the bath at temperature T , which only occurs when the
potential is on. For the time series containing the information of both position and
state of the system (which we call full information), the average entropy production
(or dissipation) per data in the time series, ⟨Ṡprod⟩, is then [cf. (2.44)]

⟨Ṡprod⟩ =
'

y=0,1

'

x1,x2=0,1,2

p[(x1, y); (x2, y)]Vy(x1) − Vy(x2)

T
. (4.5)

Moreover, since the trajectories containing full information are Markov chains
obeying detailed balance, the entropy production rate is equal to the KLD rate,
⟨Ṡprod⟩/k = d X,Y = d X,Y

2 . We now analyze how we can estimate the KLD rate
using single stationary trajectories of this model, and how close is this estimation
to the entropy production depending on the number of degrees of freedom of the
system that are sampled in the time series.

4.3 Full Information

Firstly, we investigate the estimation of the KLD rate when using full information of
the system (the position of the particle X and the state of the potential Y ), and how
close is this KLD rate to the actual entropy production of the process. In Fig. 4.4 we
compare the actual dissipation and several empirical estimations of d X,Y for different
values of the height of the potential, V . For each value of V , we simulate a single
stationary time series of n = 106 data that contains full information, and calculate
the plug-in estimators d̂x,y

2 , d̂x,y
3 , as well as the compression-based estimator of the

KLD rate, d̂x,y
c . We notice that time series containing full information are constructed

as follows: (x, y) = x if y = 0 and (x, y) = x + 3 if y = 1.
Since trajectories containing full information are Markovian, the plug-in estimator

immediately converges to the dissipation d̂x,y
2 = d̂x,y = d X,Y = ⟨Ṡprod⟩/k if there

is enough statistics, which happens when V is below or of order kT . If V ≫ kT , it
is very unlikely to observe uphill jumps such as (0, 1) → (1, 1), (0, 1) → (2, 1), or
(1, 1) → (2, 1) in a single stationary trajectory. A time series of n data captures the
statistics of jumps with probability well above 1/n, which amounts to say energy
jumps below kT ln n, (kT ln 106 ≈ 14kT for the trajectory used in the figures).

If, for instance, the transition (0, 1) → (1, 1) is missing in the trajectory, there
is no way of estimating p[(0, 1); (1, 1)] which contributes to two terms in d̂x,y

2 [see
Eq. (3.3) for m = 2]. One of these two terms accounts for jumps (0, 1) → (1, 1),
which are very unlikely and their contribution to the total dissipation rate is negligible,
and the other term accounts for jumps (1, 1) → (0, 1), whose probability is larger
and therefore contribute more significantly to the entropy production.

In Fig. 4.4, d̂x,y
2 (blue circles) and d̂x,y

3 (green diamonds) have been calculated
restricting the average to sequences (of two or three data respectively) whose reverse
are also observed in the time series, as given by Eq. (3.9). The sudden drops in d̂x,y

2

http://dx.doi.org/10.1007/978-3-319-07079-7_2
http://dx.doi.org/10.1007/978-3-319-07079-7_3
http://dx.doi.org/10.1007/978-3-319-07079-7_3
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Fig. 4.4 Dissipation and irreversibility in the flashing ratchet using full information. Analytical
value of the average dissipation per data in units of kT (black line) as a function of βV in the flashing
ratchet (r = 1) and different estimators of d X,Y . For each value of βV , estimators are obtained from
a single stationary time series of n = 106 data containing full information of the system (position,
X , and state of the potential, Y ): Plug-in estimators: d̂x,y

2 (blue circles), d̂x,y
3 (green diamonds), and

d̃x,y
2 using biased probabilities with γ = 1 (blue open circles). Compression estimator: d̂x,y

c (red
squares)

and d̂x,y
3 are a consequence of lack of statistics in the trajectory. For the specific

time series used in Fig. 4.4, the lack of statistics begins at βV ≃ 10 for d̂x,y
2 and

arises earlier for d̂x,y
3 because the three-data sampling space is bigger and it is easier

that some transitions (x1, y1) → (x2, y2) → (x3, y3) do not appear while their
reverse do.

A more efficient way of dealing with the missing sequences is incorporating a
small bias to the empirical probabilities, as described in Eq. (3.10). This is equivalent
to assigning a probability of order 1/n to those transitions that are not observed in
a time series of n data. Figure 4.4 shows the value of d̃x,y

2 using a biased two-data
probabilities (3.10) with γ = 1 (blue open circles), which is able to extend the
accuracy of the estimation even when there is lack of statistics.

Although in the case of Markovian series with a finite number of states the most
convenient strategy is to use the plug-in estimator, we include for comparison the
value of the compression estimator d̂x,y

c defined in (3.15) (red squares), which gives
accurate values of the dissipation for weak potentials. Furthermore, the compression
estimator is better than some plug-in estimators even for strong potentials, since it
does not exhibit sudden jumps due to lack of statistics.

http://dx.doi.org/10.1007/978-3-319-07079-7_3
http://dx.doi.org/10.1007/978-3-319-07079-7_3
http://dx.doi.org/10.1007/978-3-319-07079-7_3
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4.4 Partial Information

We now analyze the performance of our estimators when there is not access to the
full description of the system. We now assume that only the position of the ratchet,
X , is observable. Accordingly, we simulate trajectories containing full information,
and we remove the information of the state afterwards, (x, y) → x. The resulting
time series x = {xn

1 } are not Markovian and hence the limit (3.5) is not reached for
small values of m. In this case, we proceed by obtaining m-data KLD rates, d̂x

m , for
m as large as possible and fit the resulting values to the ansatz (3.8).

We have generated trajectories of n = 107 data for values of V that range from
0 to 2kT . Once we remove the information of the state of the potential from these
time series, we are able to estimate d̂x

m up to m = 9 with no lack of statistics.
Figure 4.5 shows the value of the plug-in estimators d̂x

m for m = 2, 3, 5, 7, 9 and
the extrapolation d̂x

∞ (orange pentagons connected by a dashed line to guide the
eye) resulting from the fit to the ansatz (3.8). For each value of βV , we fit d̂x

m as a
function of m for m = 2, 3, . . . , 9 to Eq. (3.8) using the curve fitting tool available
in MATLAB, which provides a robust least-squares fit with bisquare weights as
described in [11]. The fit itself for a particular value of the potential, βV = 1, is
shown in the inset of Fig. 4.5. Our ansatz reproduces the dependence of d̂x

m with m
but the final estimator d̂x

∞ still bounds significantly from below the actual dissipation
(black solid line in Fig. 4.5).

Despite plug-in estimators bound from below the entropy production, they are
able to distinguish between equilibrium and NESS, even with partial information.
In equilibrium (V = 0), the trajectories are reversible and all the estimators vanish,
d̂x

m = 0 for m = 2, . . . , 9, whereas for the NESS (V > 0) they detect the irreversibil-
ity of the process yielding d̂x

m > 0 for all m. This is illustrated in Fig. 4.6, where
we plot the dependence of the plug-in estimators with the size of the trajectory. For
βV = 0, d̂x

2 , d̂x
3 and d̂x

5 tend to zero when increasing the number of data whereas
they saturate to a positive value in the NESS (βV = 1).

There are two possible origins for the discrepancy between d̂x
∞ and the dissipation:

either (i) our fit underestimates the actual KLD rate d X of the trajectory; or (ii) the
bound (2.34) is not tight when using only the information of the position. To address
this question we need to calculate the actual value of d X . Since the position of
the ratchet x is a hidden Markov chain, we can calculate its KLD rate d X semi-
analytically, using the Lyapunov exponents (2.53, 2.54) introduced in Sect. 2.5.2.

In Fig. 4.7 we show the value of the semi-analytical calculation of d X using the
norm of transition matrices, Eq. (2.55), which is not significantly different to the
empirical estimation d̂x

∞. We therefore conclude that d̂x
∞ is a good estimation of d X ,

but still d X only yields a lower bound to dissipation whose accuracy is in principle
hard to determine. This is an expected result, since the position of a particle in a
flashing ratchet does not obey the Gallavotti-Cohen theorem [8].

Summarizing, although d̂x
∞ turns out to be a good estimator of d X , using only

information of the position we only get a lower bound to the dissipation. We also

http://dx.doi.org/10.1007/978-3-319-07079-7_3
http://dx.doi.org/10.1007/978-3-319-07079-7_3
http://dx.doi.org/10.1007/978-3-319-07079-7_3
http://dx.doi.org/10.1007/978-3-319-07079-7_3
http://dx.doi.org/10.1007/978-3-319-07079-7_2
http://dx.doi.org/10.1007/978-3-319-07079-7_2
http://dx.doi.org/10.1007/978-3-319-07079-7_2
http://dx.doi.org/10.1007/978-3-319-07079-7_2
http://dx.doi.org/10.1007/978-3-319-07079-7_2
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Fig. 4.5 Dissipation and irreversibility in the flashing ratchet using partial information. Average
dissipation per data in units of kT (black line) and plug-in estimators of d X using partial information
given by the position (X ) for a discrete flashing ratchet with r = 1. For each value ofβV , we calculate
estimators from a single stationary time series of n = 107 data containing partial information:
d̂x

2 (blue circles), d̂x
3 (green diamonds), d̂x

5 (purple stars), d̂x
7 (yellow triangles), d̂x

9 (cyan hexagons)
and the result from the fit d̂x

∞ (orange pentagons with error bars and connected by a dashed line).
Inset d̂x

m as a function of 1/m for m = 1, . . . , 9 for βV = 1 (open black circles) and the fit to the
ansatz (orange line). The y-intercept of the fit is indicated by an orange cross and it is equal to d̂x

∞

Fig. 4.6 Scaling of plug-in
estimators of d X , d̂x

m , with the
size of the time series n, for
a flashing ratchet (r = 1), for
βV = 0 (left) and βV = 1
(right) d̂x

2 (blue circles), d̂x
3

(green diamonds) and d̂x
5

(purple stars). We simulate a
single stationary trajectory x
of 107 data and calculate the
estimators for subsequences
containing the first n data of x

K
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show in Fig. 4.7 the value of d̂x
c , which is well below the plug-in estimator d̂x

∞. The
compression estimator d̂x

c lies between d̂x
7 and d̂x

9 (not shown in the plot), indicat-
ing that it is only able to capture up to 8-data correlations. For completeness, we
include the calculation of d X based on the replica trick (see Appendix B.3). The
estimation using replica trick yields a tight bound for V < kT , but departs from d X

for larger values of V . This deviation is caused by the estimation of the limits in
Eqs. (B.34, B.37), where we take α → 0 when α is defined only for integer values,
one of the standard drawbacks of the replica trick [2].
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Fig. 4.7 Average dissipation per data in units of kT (black line) and different estimators of d X for
a flashing ratchet described with partial information (r = 1, n = 107 data) as a function of βV :
d̂x
∞ (orange dashed pentagons) d̂x

c (red squares), replica estimation of d X (green dotted line) and
semi-analytical value of d X (yellow crosses). Inset Dependence of the average dissipation (black
line), d̂x

2 (analytical values in blue dashed line), d̂x
c and d̂x

∞ on βV in the vicinity of βV = 0

Although our estimators give low values of the dissipation when using partial
information, they still capture the asymptotic behavior close to equilibrium, i.e.
for βV small. Entropy production decreases as V 2 when V → 0, so do plug-in
estimators d̂x

3 , . . . , d̂x
9 , d̂x

∞, and the compression estimator d̂x
c . Some of them are

plotted in the inset of Fig. 4.7. On the other hand, d̂x
2 ∝ j2 ∝ V 6, since the current

is j ∝ V 3 in this case [see Eq. (2.45)]. Recall that, close to equilibrium, calculating
d̂x

2 is equivalent to estimating the entropy production using currents and standard
linear irreversible thermodynamics, dx

2 ∝ j2, as shown in Eq. (2.45). It is then
remarkable that the estimators involving the statistics of three or more data are
able to reproduce qualitatively the behavior of the dissipation in cases where linear
thermodynamics fails.

4.5 Detecting Irreversibility in the Absence of Currents

The improvement observed when using the plug-in estimators of higher order than
d̂x

2 is more significant in a NESS which does not exhibit observable currents in X .
In this case, j = 0 and d̂x

2 = 0, but using higher order statistics we can still detect
the time irreversibility of the trajectory. This happens for example if we add to the
flashing ratchet an external force F opposite to the current, i.e., pointing in the positive
x-direction. The force modifies the energy landscape and consequently the spatial
transition rates k(x1 y)→(x2,y) by a factor eβF L(x1,y);(x2,y)/2, where L(x1,y);(x2,y) is the

http://dx.doi.org/10.1007/978-3-319-07079-7_2
http://dx.doi.org/10.1007/978-3-319-07079-7_2
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Fig. 4.8 Dissipation and irreversibility in a stalled ratchet. Average dissipation and KLD rate
obtained from partial information in a forced flashing ratchet. Average dissipation per data (in units
of kT ) in the flashing ratchet (with r = 2, and βV = 2) and different estimations of d X obtained
from a single time series of n = 107 data containing partial information (position) as a function of the
external force F : analytical value of the average dissipation (black line), d̂x

2 (blue circles, analytical
values in blue dashed line), d̂x

3 (green diamonds), d̂x
c (red squares), semi-analytical calculation of

d X (yellow crosses) and d̂x
∞ (orange hexagons). The minimum in d̂x

2 corresponds to the stalling
force. Inset d̂x

c , semi-analytical value of d X and d̂x
∞ as a function of the external force

spatial distance that separates the two points (x1, y) and (x2, y). Here L(x1,y);(x2,y)
is defined positive if the jump (x1, y) → (x2, y) points in the same direction as
the force (i.e. to the right), and negative otherwise. At the stalling force Fstall, the
current is canceled by the force and the system does not move on average when it
is described only by X , but still dissipates energy. This situation is analogous to an
ATP-consuming molecular motor that stalls under the action of an external force
opposite to its direction of motion [17]. At the stall force, the system looks like it is
in equilibrium If we only have access to the information of the position: the spatial
current vanishes, and so does d̂x

2 , as shown in Fig. 4.8.
However, there is a finite dissipation rate (black line in the figure) and the corre-

sponding irreversibility is captured by the statistics of substrings of 3 data or more.
Although d X is below the real dissipation by an order of magnitude (see the semi-
analytical value of d X , yellow crosses in Fig. 4.8), it does not exhibit any sensible
change at stall force. Finally, both d̂x

∞ and d̂x
c provide estimates of d X which are

correct within one order of magnitude (see the inset of Fig. 4.8).
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Fig. 4.9 Visibility estima-
tors of the KLD using full
information in the flashing
ratchet. Values of d̂x,y

vis and
d̂x,y

vis,dd for a discrete flashing
ratchet (r = 1) as a function
of V/kT . For each value of
V , we generate a stationary
time series of N = 219 steps
described with full informa-
tion (position and state of the
potential)

βV

,
d̂
x
,y

vi
s

d̂
x
,y

vi
s ,
dd

4.6 Estimating Dissipation with the Visibility Technique

We now study how our estimators of the KLD rate based on the horizontal visibility
algorithm can be used to estimate the average dissipation rate in the NESS using
single stationary trajectories of our discrete ratchet model. Although the visibility
technique is originally designed to distinguish between equilibrium and NESS using
continuous data, as shown in Sect. 3.3, we can also apply this method to discrete
systems. We now go one step further and analyze if our visibility-based estimator of
the KLD can also quantify the amount of irreversibility—or estimate the dissipation
rate—in the discrete ratchet model. The performance of the KLD estimators using
degree and degree–degree distributions are compared.

We first work with trajectories with full information generated with our discrete
ratchet model. In Fig. 4.9 we show the values of d̂x,y

vis and d̂x,y
vis,dd as a function of

V/kT , for stationary time series of 219 data. Note that for V = 0, both KLD using
degree distributions and degree–degree distributions vanish. On the other hand, both
d̂x,y

vis and d̂x,y
vis,dd increase with V , providing a lower bound to the dissipation rate,

which also increases with V [cf. Fig. 4.4]. Visibility estimators of the KLD increase
with V even for large values of the potential where the statistics are poor and the plug-
in estimators of the KLD fail when estimating irreversibility as shown in Fig. 4.4.
However, the value of the visibility estimators of the KLD using full information
(d̂x,y

vis and d̂x,y
vis,dd) are one order of magnitude below the dissipation and the plug-in

estimators of the KLD. The degree distributions capture the irreversibility of the
original series but it is difficult to establish a quantitative relationship between d̂x,y

vis
and the KLD between trajectories.

We now illustrate that the KLD based on the degree–degree distribution takes into
account more information of the visibility graph structure than the KLD using degree
distributions, providing a closer bound to the physical dissipation as it is expected

http://dx.doi.org/10.1007/978-3-319-07079-7_3
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Fig. 4.10 Irreversibility
measures d̂x

vis and d̂x
vis,dd

in the flashing ratchet
(r = 2, V = 2kT ) as a
function of F L/kT . For each
value of the force, we make
use of a single stationary series
of size N = 106 containing
partial information (the state
information is removed)

d̂
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s,
dd

d̂
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s
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by the chain rule, d̂x
vis,dd ≥ d̂x

vis. The improvement is significant in some situations
like the flashing ratchet with a force that opposes to the net current on the system. In
Fig. 4.10 we address this situation, using series described with only partial informa-
tion of the system (position of the particle). We show how d̂x

vis tends to zero when
the force approaches to the stalling value. Therefore, the value of d̂x

vis is misleading
in this case since it predicts reversibility, as do the KLD estimators based on local
flows or currents like d̂x

2 (see Fig. 4.8). However, d̂x
vis,dd captures the irreversibility

of the time series, and yields a positive value at the stalling force (cf. Fig. 4.8).

4.7 Conclusions

We have shown that it is possible to estimate the entropy production rate in a discrete
system by analyzing statistical properties of a time series observed in a NESS. The
KLD rate per data between the time series and its time reversed is a lower bound to
the entropy production rate of a discrete flashing ratchet model in the NESS.

We have tested three estimators of KLD rate: plug-in estimators, the compression
estimator and the estimator based on visibility algorithm. We have tested the per-
formance of our estimators in the discrete flashing ratchet. We have shown that the
KLD is a powerful tool to identify nonequilibrium states and to estimate the entropy
production of a process, if this entropy production is of order of the Boltzmann con-
stant. We have also shown that the bound given by the KLD can detect a non-zero
dissipation even when the data does not exhibit any measurable flows.

Let us summarize our results by presenting a “recipe” to estimate the KLD from
an experimental time series recorded from a discrete system in a NESS. If the number
of possible states of the system is small enough, the best approach is to calculate
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the plug-in estimators d̂x
m (3.4) and then check the convergence when m increases.

The possible lack of statistics can be circumvented using a small artificial bias, as
discussed in Sect. 3.1.1. If d̂x

m saturates for some value m∗, then the time series is an
m∗-th order Markov process and d̂x = d̂x

m∗ . Otherwise, we can use the ansatz (3.8)
and obtain d̂x

∞ which is a good estimate of the KLD rate.
A second and complementary approach is the use of the compression estimator

introduced in Sect. 3.1.2. The estimator yields correct results in the examples that
we have analyzed, but there is no clue about the corresponding error. Nevertheless,
the compression estimator could be the only possible approach if the number of
states of the time series is large. In this case, the calculation of empirical probability
distributions p̂(xm

1 ) would be unfeasible even for short substrings.
When using full information of the discrete ratchet, the estimators based on the

visibility technique are sensitive to small changes in the irreversibility of the tra-
jectories and reproduce qualitatively the dependence of the entropy production with
parameters of the system. However, the bound to the dissipation is weak even using
full information of the system. The second symbolization (after the first symboliza-
tion given by the discretization) produced by the visibility algorithm produces, by
virtue of the chain rule, that the bound to the dissipation is weaker than using the
m-data statistics of the trajectories. We have also found that the degree distribution
captures only the information of the current whereas the degree–degree distributions
can be used to predict dissipation when the current of the system vanishes.

The extension of our technique to systems with many states (or described by real-
valued observables) is relevant in many practical situations, especially to analyze data
coming from biological systems. This can be done considering time asymmetric
functionals of the data, which reduce the number of observables, and hence the
number of states, but keep information about the irreversibility of the series. In the
next chapter, we address this issue by considering biological time series obtained
from bullfrog’s ear hair bundles.
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Chapter 5
Application to Biology: The Ear Hair Bundle

Biological processes are excellent candidates to apply our technique. The majority of
the biological processes are nonequilibrium processes where measurable currents or
flows are present. Examples of nonequilibrium biological processes are the dynamics
of molecular motors, DNA packing in viruses or transport through membranes. In all
these cases, the energy of the system is in part used to perform work and the rest is
dissipated as heat to the thermal environment. By sampling the appropriate degrees
of freedom, such as the position of a molecular motor along a microtubule, one can
also measure time irreversibility using the KLD.

Active biological processes are those where energy from ATP hydrolyzation is
used to perform work. One example is the active ion transport in a membrane against
the concentration gradient. The distinction between active and passive (non ATP-
consuming) biological process requires in principle the knowledge of many degrees
of freedom of the system. In [14] however, Martin et al. discovered a simple method
to discriminate between active and passive processes in bullfrog’s ear hair bundles.
By measuring only the position of the top of the hair bundle in both spontaneous and
forced oscillations, they were able to distinguish between alive and dead hair cells
by means of the verification of the fluctuation dissipation relationship.

In this chapter, we show how to discriminate between oscillations produced by
active or passive mechanisms in ear hair bundles by using trajectories of the top of
the hair bundle obtained only from the spontaneous oscillations. We apply our new
method to estimate the KLD described in Sect. 3.2.2, consisting of a fit of an auto-
regressive (AR) model to the original time series and the computation of the KLD
between the residuals obtained when that AR model is applied both to the series and
to its time reverse.

We measure our KLD rate estimator in both simulated and experimental trajec-
tories of the bullfrog’s ear hair bundle. In simulations, we are able to distinguish
between different qualitative behaviors and to detect bifurcations. Using experimen-
tal data extracted from bullfrog’s sacculus, we are able to distinguish between active
and passive oscillations and to predict that the minimum amount of dissipation is
given by the ATP rate of a single adaptation motor.

É. Roldán, Irreversibility and Dissipation in Microscopic Systems, 103
Springer Theses, DOI: 10.1007/978-3-319-07079-7_5,
© Springer International Publishing Switzerland 2014
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This chapter is organized as follows: In Sect. 5.1 we introduce examples of
irreversible processes in biology and describe the active processes, focusing on the
sound transduction process done by ear hair bundles. In Sect. 5.2 we apply our tech-
nique to simulations of the ear hair bundle. Section 5.3 is devoted to distinguish
between active and passive oscillations from experimental data of bullfrog’s saccu-
lus. In Sect. 5.4 we discuss the main results of this chapter.

5.1 Irreversibility in Biology: Ear Hair Bundles

Biological systems are among the most important examples of microscopic systems
in which thermal fluctuations play an important role on the dynamics. Molecu-
lar motors, bacteria, viruses or ion channels are few examples of small biologi-
cal systems that are able to perform mechanical work using the energy released
from chemical reactions that occur in the environment. The majority of biologi-
cal processes are driven by a chemical reaction, namely the hydrolyzation of ATP
(adenosine triphospate), a chemical compound formed by a nucleoside and three
phosphate groups. ATP hydrolyzation is an exothermic (energetically favorable)
chemical reaction in which ATP looses a phosphate group and transforms into ADP
(adenosine diphosphate) and an energy of order !GATP ≃ −25 kT is released [6].
The vast majority of biological processes use the energy of the ATP hydrolyzation
to drive a biological system out of equilibrium, producing particle or energy flows.
Such processes are called active. We now cite a few examples of biological systems
depicted in Fig. 5.1 that are involved in active processes:

• Molecular motors: Molecular biological machines, formed by protein subunits,
can transform chemical energy into mechanical work since they are able to move in
a given direction even in the presence of forces opposing the direction of the motion
of the motor. Kinesin motors, for example, can transport vesicles by moving in a
regular 8 nm stepping over a protein microtubule against a maximum force of order
6 pN [22]. Muscle contraction is originated by the motion of Myosin motors that
are connected to actin filaments, which form the muscular tissue [8]. F1-ATPase
is a motor formed by two protein subunits that is capable to rotate in a specific
direction and plays a key role in the synthesis of ATP in photosynthesis [17].

• Viruses: Bacteriophages are viruses that can inject DNA inside a bacteria, which
produces a replication cycle of the virus and the death of bacteria. It has been
observed that bacteriophage φ 29 can package their replicated DNA before infect-
ing new cells. This packing is an irreversible process which can be performed even
against large opposing forces of the order of magnitude of 50 pN [20].

• Ion channels: Ions can be transported through biological membranes by diffusion
when the ionic concentration on the two sides of the membrane is different. More-
over, ions can also be transported against the concentration gradient using the
energy of ATP hydrolization, for example in the sodium-potassium pump, which
is involved in the transmission of electric signals in nerves [2].
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(a) (b)

(c)

Fig. 5.1 Examples of active processes in biology. a A Kinesin motor, formed by two protein
subunits, can transport a cargo along a microtubule in 8-nm steps. Picture taken from [10].
b Bacteriophage φ 29 virus. DNA (in red) is highly packed inside the capsid of the virus.
Picture taken from [18]. c Passive and active transport of ions through a membrane. Picture taken
from [9]

Active processes are also responsible of biological processes involved in hear-
ing [7]. Mechanical stimuli produced by sound are amplified in the inner ear. The
active amplifier is formed by an ensemble of cells located in the cochlea, the ear
hair cells, which use the ATP hydrolysis as energy input and whose structure and
function we now discuss.

In vertebrates, the hearing process starts when the sound enters into the external
auditory canal and hits the ear drum. When the ear drum is stimulated, the bones
located in the middle ear move in a synchronous way. The last bone hits another
membrane connected to the cochlea, which is located in the inner ear and filled
by an aqueous solution with a high concentration of potassium called endolymph
(see Fig. 5.2a). Inside the cochlea, the spiral organ of Corti is responsible of the
transduction of the sound. Within the spiral organ of Corti, hair cells play a key role
in the transduction of the sound since they transform the mechanical impulse into an
electric signal that travels to the auditory nerves.
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(a) (b) (c)

Fig. 5.2 Auditory system in vertebrates. a Human auditory system. Eardrum (green) hits the bones
located in the middle ear (blue) which stimulate the oval window in the beginning of the cochlea
(purple). Picture taken from [3]. b Distribution of hair cells of different characteristic frequencies
inside the cochlea. Picture taken from [1]. c Ear hair cell. The ensemble of stereocilia above the
basilar membrane form the hair bundle. Picture taken from [4]

Hair cells have a high frequency selectivity. Different hair cells are optimized to
process sounds of different amplitudes and frequencies, and they are distributed in
the cochlea according to their characteristic frequency as shown in Fig. 5.2b. The
structure of hair cells is shown in Fig. 5.2c. An ensemble of actin filaments called
stereocilia bend at the base of the apical surface of the hair cells and form the hair
bundles. Hair bundles are stimulated by mechanical stimuli that enter into the cochlea
and the collective oscillations of the stereocilia produce a flow of Ca2+ ions through
the cell body which is the origin of the electrical impulse transmitted to the auditory
nerves.

Ear hair bundles are therefore the final responsibles of the transduction of the
sound and our object of study. They are formed by an ensemble of 20–300 cylindri-
cal actin stereocilia which are connected by flexible tip links, which are composed
essentially by a protein called cadherin (see Fig. 5.3a, b). Each stereocilium has ion
channels that can be open or closed and are permeable to Ca2+ ions. When the sound
is propagated to the cochlea, stereocilia bend at their base and the hair bundle is
deflected. This motion is accompanied by a shearing between stereocilia which is
thought to open the ion channels. As a result, a current of Ca2+ ions towards the cell
body is originated. Moreover, the Ca2+ concentration regulates the motion of myosin
motors that can rectify or amplify the motion of each stereocilium in a mechanism
called adaptation [7, 11].

From the point of view of biophysics, the dynamics of hair bundles has four main
characteristics which can only be explained by the presence of active processes [7]:

• Amplification of mechanical stimuli has been observed in bullfrog’s sacculus.
Amplification of a sinusoidal stimulation of nanometer scale amplitude and fre-
quencies of the order of Hertz has been reported in bullfrog’s sacculus hair bun-
dles [12]. The amplification factor can be even of order 10.
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Fig. 5.3 Microscopic structure of the ear hair bundle. a Ear hair bundle of bullfrog’s sacculus. The
distance from bottom to the top is ∼6.7 µm. b Magnified picture of two stereocilia connected by
a tip-link. c Scheme of a ear hair bundle controlled by a stimulus fiber where two electrodes are
placed at its base to measure the transduction electric current. Pictures taken from [5, 11]

• Frequency selectivity: Different hair cells are adapted to different oscillation
frequencies. Frequency tuning is very sharp in ear hair bundles, as it was observed
in frogs [13], where hair cells tuned in the 5–50 Hz range.

• Compressive nonlinearity: The relation between sensitivity to an external force
and the amplitude of the force is non linear. For example, in mammals, a relative
increase of 1 million times in the amplitude of the stimulus increases the amplitude
of the response of the hair bundle only by a factor 100 [7]. In frogs, the relation
between sensitivity and amplitude of the stimulation is linear below amplitudes of
5 nm and above 100 nm but behaves like a power law of power −2/3 in the range
5–100 nm [13].

• Spontaneous otoacoustic emission: Hair bundles can produce sound in a quiet
environment as well as produce sounds at frequencies that are different to the
stimulation frequency. Spontaneous oscillations of hair bundles has been observed
in frog’s sacculus [15], and this motion has been discarded to be caused only by
thermal fluctuations but also because of other active mechanisms [14].

These four characteristics of the dynamics suggest that the dynamics of the hair
bundle can be described by a dynamical system operating near a Hopf bifurcation,
which is a mathematical model that shares the aforementioned properties. A bifur-
cation occurs when a qualitative change on the behavior of a dynamical system is
produced when the value of one parameter of the system changes. Specifically, a
Hopf bifurcation occurs when a stable point of a system transforms into a limit cycle
with an unstable point inside the limit cycle [21]. In other words, a system expe-
riences a Hopf bifurcation when its dynamics changes from a damped oscillation
(stable point) towards a sustained oscillation of constant amplitude (limit cycle) or
vice versa. We notice that the Hopf bifurcation can be subcritical or supercritical, as
illustrated in Fig. 5.4. Recently, both linear [14] and nonlinear [16] models with a
Hopf bifurcation have been used to describe the dynamics of hair bundles.
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Fig. 5.4 Supercritical and subcritical Hopf bifurcations. a Example of a supercritical Hopf bifur-
cation described by the differential equations for the polar coordinates ṙ = µr − r3; θ̇ = ω+ br2.
The bifurcation occurs when µ changes from a negative value to a positive value. When µ changes
from a negative value to a positive value, a stable fixed point turns into an unstable fixed point
surrounded by a stable limit cycle. b Example of a subcritical Hopf bifurcation described by
ṙ = µr+r3 −r5; θ̇ = ω+br2. Whenµ changes from a negative to a positive value a unstable limit
cycle (dashed circle) shrinks into an unstable fixed point. The system oscillates when it reaches the
stable outer limit cycle [21]

The biophysical description of the transduction of the sound at the molecular
level can be done by taking into account mechanical properties of the main con-
stituents of the hair bundle. Unlike the vision or the olfaction, sound amplification
can be explained without the intervention of many intermediate biochemical reac-
tions. Instead of that, the gating–spring model explains the transduction of the sound
with the contributions of three mechanical elements: stereocilia, gating-springs and
transduction channels [11]. The basilar membrane of hair cells is resistant to stere-
ociliar bending, which is quantified by a stereociliar pivot stiffness, Ksp. Gating-
springs are mechanical elements that connect ion channels of different stereocilia.
When the bundle deflects, gating-springs are stretched and transduction channels
open. The resistance of gating-springs to stretch is measured by the gating-spring
stiffness, Kgs. Tip links are thought to be a portion of each gating-spring. Gating of
ion channels is stochastic and produces the shortening of the gating-spring by a few
nanometers. This stochastic change of the force between stereocilia enters into the
gating-spring model as a nonlinear term that is essential to explain the gating compli-
ance, that is, the negative value of the gating-spring stiffness for small displacements
of the bundle. Figure 5.5 sketches the gating-spring mechanism in hair bundles.

Apart from pure mechanical components, hair bundles need an active energy
source in order to perform work. Motor proteins present inside the stereocilia are
responsible of the active process that enhances the amplification of the sound [7].
Moreover, molecular motors play also a key role on the adaptation of the hair bundle,
that is, the reset of the responsiveness of the hair bundle after strong stimuli. Actin
filaments that form stereocilia can be stretched or compressed because of the action
of myosin-1c adaptation motors as shown in Fig. 5.5b. The adaptation, and therefore
motor activity, is strongly dependent on Ca2+ concentration, despite the molecular
description of the Ca2+ is still not known in detail. The simplest model [11] expresses
the active force exerted by the motors, fa, in terms of the calcium concentration inside
the hair cell C with a linear relation
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Fig. 5.5 Gating-spring model of the hair bundle. a Sketch of two stereocilia linked by a gating
spring. When the two stereocilia are deflected, the gating-spring stretches and opens the transduction
channel, which originates a current of ions towards the intracellular medium. The ion current
activates the adaptation motors that relax the spring to its original extension. b Sketch of the
structure and location of the adaptation Myosin motors that are responsible of the active processes
in the hair bundles. Myosin motors are connected to the outer membrane of the stereocilia and move
along actin filaments located inside stereocilia

fa = fmax(1 − SPo), (5.1)

where Po is the open channel probability, fmax is the maximum force that can be
exerted by the motors, and S is the strength of Ca2+ in the motor force. S is defined as

S ≡ − CM

fmax

df a

dC
, (5.2)

where CM is the maximum Ca2+ concentration in the motor site.
The detection of active processes in hair bundles requires in principle knowing

many degrees of freedom of the system, such as the position of the top of the hair
bundle, the position of the collection of motor proteins or the Ca2+ concentration.
Ear hair bundles can oscillate spontaneously in two different manners: First, they
can oscillate due to the active processes such as motor activity, and secondly, they
can perform passive oscillations in the absence of any active process but due to
thermal fluctuations of the environment. If one can only measure experimentally
the position of the top of the bundle as a function of time, distinguishing between
active and passive stochastic oscillations is not straightforward, since in both cases
the trajectory of the top of the bundle is stochastic and oscillatory. However, in [14]
Martin et al. were able to distinguish between active and passive oscillations in
bullfrog’s ear hair bundle using only the information of the position of the top of the
bundle. By taking into account the fluctuations of the position of top of the bundle in
both spontaneous and forced oscillations, they measured the effective temperature
that satisfies the fluctuation-dissipation relationship (FDR) (1.41). The temperature
that the environment might have in order to sustain in equilibrium the correlations
of the position of the top of the bundle (in Fourier space) C̃x (ω) with a response to
a weak external force χ̃(ω) is

http://dx.doi.org/10.1007/978-3-319-07079-7_1
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Teff(ω)

T
= ωC̃x (ω)

2kT Im[χ̃(ω)] . (5.3)

This effective temperature is a measure of the degree of violation of the FDR. In [14],
it was found that the effective temperature of passive (dead) cells equals to the tem-
perature of the environment, Teff (ω)

T ≃ 1 for all frequencies ω whereas the effective
temperature of active (alive) cells does not Teff (ω)

T ̸= 1. Moreover, in the active case,
the dependence of the effective temperature on the frequency can be fitted to that of
a linear stochastic oscillator model operating near a Hopf bifurcation.

In the next sections, we develop a method to distinguish between active and passive
oscillations in ear hair bundles by using the information of the position of the top
of the bundle recorded only from spontaneous—but not from forced—oscillations.
We use the KLD rate of trajectories of the hair bundles from both experiments and
simulations to do this distinction.

5.2 Simulations

We first check if we can distinguish between active and passive oscillations by mea-
suring the KLD rate between forward and time-reversed trajectories of the top of
the hair bundle obtained from numerical simulations. We simulate the dynamics
of the hair bundle by using the nonlinear stochastic oscillator model introduced
by Nadrowski et al. in [16]. Nadrowski’s model has the main characteristics of the
gating-spring model discussed in the previous section and reproduces with high accu-
racy the experimental values of relevant physical magnitudes of the hair cells, such
as the characteristic frequency of the spontaneous oscillations or the sensitivity to
an external force. The model is valid for hair cells with characteristic frequencies
on the order of magnitude ranging from 1 to 100 Hz. The model is described by
three variables: the position of the top of the bundle, X , a second variable that plays
the role of the position of the collection of motors, Xa , and the intracellular Ca2+

concentration, C . The following set of equations

λ
d X
dt

= −Kgs(X − Xa − D Po) − Ksp X + η, (5.4)

λa
d Xa

dt
= Kgs(X − Xa − D Po) − γ Na f p(C)+ ηa, (5.5)

τc
dC
dt

= −C + CM Po + δc. (5.6)

reproduce the spontaneous oscillations of the hair bundle in the absence of any
external force. The spontaneous oscillations are reproduced in the variable X for
some specific values of the parameters of the model [16] which we now define. All
the ingredients of the gating-spring model discussed in Sect. 5.1 are included in this
nonlinear stochastic oscillator model as we now discuss.

http://dx.doi.org/10.1007/978-3-319-07079-7_5
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The dynamics of X is governed by Eq. (5.4), where λ is the friction coefficient
associated to X . Kgs and Ksp are gating-spring and stereociliar pivots stiffnesses,
respectively. D = d/γ is the displacement of the bundle’s top due to the opening
of a channel, which causes an extension of the gating spring by an amount d, γ

being a geometrical factor relating d and D. Po is the probability of the transduction
channels to be open, which is assumed to be nonlinear [11]

Po = (1 + Ae−(X−Xa)/δ)−1, (5.7)

where A and δ are two constants defined in [16]. The term −Kgs(X − Xa − D Po)

accounts for the deflection of the top of the bundle due to the change of the gating-
spring extension. Notice that Kgs D Po is a term that depends on the open channel
probability and is positive, therefore it can model the gating compliance phenomenon.
The term −Ksp X accounts for the resistance of the stereociliar pivots to bend at their
base. The last term in (5.4) models the thermal noise, that is, η(t) is a Gaussian white
noise with zero mean and correlation ⟨η(t)η(t ′)⟩ = 2kT λδ(t − t ′).

Equation (5.5) describes the evolution of Xa . λa is the slope of the force-velocity
curves of the motors, Na is the total number of motors present in the hair bundle, f
is the force exerted by a single motor and p(C) is the probability for an adaptation
motor to be bound to actin, which is assumed to be linear, p(C) ≃ p0 + p1C .
The first term in (5.5), Kgs(X − Xa − D Po), models the change of Xa produced
by the change in the gating-spring extension. The second term in (5.5) models the
regulation of the motor activity by Ca2+ and is analogous to Eq. (5.1) by identifying
the maximum force of the motors with fmax = γ Na f and the strength of the Ca2+

feedback with S = −CM p1/p0. The noise term for Xa does not satisfy fluctuation-
dissipation theorem despite it is also Gaussian with zero mean and correlation. The
noise intensity is in this case ⟨η(t)η(t ′)⟩ = 2kTaλaδ(t − t ′), with Ta = 1.5 T . The
fact that Ta > T which accounts for an active mechanism that serves as energy
source to perform work.

Equation (5.6) describes the relaxation dynamics of the intracellular Ca2+ con-
centration, which is assumed to be initially zero. The relaxation time is denoted by
τc, and CM is the maximum concentration of calcium at the location of the motors.
δc takes into account the fluctuations in the dynamics of Ca2+, δc being a Gaussian
white noise of zero mean and correlation ⟨δc(t)δc(t ′)⟩ = (1/2)C2

M N−1τcδ(t − t ′),
where N is the number of stereocilia and τc is the dwell time of the transduction
channels. For the values of the parameters that fit the spontaneous oscillations of
bullfrog’s hair bundles, one can define an effective temperature in the intensity of
calcium concentration fluctuations which is of order Tc/T ≃ 0.13, suggesting that
Ca2+ fluctuations are one order of magnitude below thermal fluctuations [16].

For the specific case of bullfrog’s hair bundles, the majority of the parameters
listed are known from experimental observations (see Table 1 in [16]). There are
only two free parameters on the model: the maximal force produced by the motors
in the direction of the movement, fmax = Na f p0, and the feedback strength of
the calcium regulation, defined as S = −CM p1/p0. In the absence of noise, the
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Fig. 5.6 State diagram in the absence of noise in the Nadrowski model as a function of fmax
and S. Spontaneous oscillations occur for parameter values in the dark shaded area. Dashed curves
indicate the values of the parameters for which the open channel probability takes a constant value.
The dashed boundary separating the oscillatory from the monostable (open and closed) regions
corresponds to a subcritical Hopf bifurcation whereas the solid boundary represents the region
where the Hopf bifurcation is supercritical. Picture taken from [16]

oscillator described by this model exhibits different dynamical behaviors depending
on the values of fmax and S as shown in Fig. 5.6.

• Monostable closed (MC): At low values of the motor force, adaptation motors
cannot open the transduction channels and the majority of them are closed. This is
also the case when calcium feedback is very high and motors cannot exert forces
strong enough to open the channels.

• Monostable open (MO): When the force exerted by the motors is very large, the
majority of the channels are maintained open.

• Oscillatory (O): At intermediate values of Ca2+ feedback and motor forces indi-
cated in Fig. 5.6 the system oscillates spontaneously.

• Bistable (BI): Also at intermediate values of calcium feedback and motor forces,
but in a different region in which calcium feedback is weaker than when oscillations
occur, the system is in a bistable region where open and close channels coexist.

In the case of bullfrog’s ear hair bundle, the operating point, that is, the values of the
parameters that reproduce Bullfrog’s bundle’s spontaneous oscillations, is located at
fmax = 325 pN and S = 0.65 (circle mark in Fig. 5.6), which is very close to the
boundary between the oscillatory region and the bistable region. When crossing the
boundary between the different regions, the system experiences a Hopf bifurcation.
Notice that the bifurcation is subcritical near the operating point (dashed boundary
in Fig. 5.6) and it becomes supercritical for large values of fmax (solid boundary in
Fig. 5.6). The values of the parameters for which the sensitivity of the system to an
external force is maximum is also indicated in Fig.5.6 with a triangular mark.

We simulate the model described by Eqs. (5.4)–(5.6) for different values of fmax
and S using Euler’s numerical integration scheme described in Appendix D.1. We first
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Fig. 5.7 KLD rate of trajectories of the top of the bundle when crossing a supercritical Hopf
bifurcation in Nadrowski’s model. Left Variation of the simulation parameters along a supercritical
Hopf bifurcation. Right KLD rate of single stationary trajectories of the position of the top of the
hair bundle, X (t), with total time of the trajectory τ = 1,200 s and facq = 8.3 kHz, d̂x

AR, as a
function of fmax along the line depicted in the left panel

analyze the dynamics of the system when it crosses the bifurcation in the region where
it is supercritical. We vary the parameters following the values indicated in the left
panel in Fig. 5.7. For each point ( fmax, S) in the curve indicated in the figure, we
simulate a single trajectory of n0 = 108 data points with time step !t0 = 0.012
ms, that is, simulations of total time τ0 = n0!t0 = 1,200 s. From the simulations,
we only sample the position of the top of the bundle, (X, Xa,C) → X , using a
sampling frequency of fs = 1/(10!t0) = 8.3 kHz (i.e. we sample the trajectories
X (t) every 10 data). In the end, we work with time series of n = 107 data points with
time step !t = 0.12 ms and total time τ = n!t = 1,200 s. For every trajectory,
we measure the KLD rate per unit of time with the estimation technique described
in Sect. 3.2.2 [Eq. (3.29)]. In the estimation, we first fit the data to an AR(10, 50)
model and calculate the KLD using the residual associated to this AR model. This
procedure is equivalent to consider blocks of 10 data separated τlag = l!t = 6 ms,
τblock = kτlag = 60 ms being the total time of the block, which is much smaller than
the period of the oscillations, τosc, τblock ≪ τosc = O(1s).

We show in the right panel of Fig. 5.7 the value of d̂x
AR (3.29) as a function of fmax

along a curve in the state diagram that crosses the supercritical bifurcation shown in
the left panel of Fig. 5.7. Our estimator increases when approaching the oscillatory
region and has two maxima that occur when the system crosses the supercritical Hopf
bifurcation. This result suggests that the time irreversibility in X is maximum in the
boundary between the oscillatory and the monostable (open or closed) regions, and
therefore KLD can be used to detect the presence of a bifurcation.

An analogous result is obtained when the bifurcation is crossed with a similar curve
but in the region where the Hopf bifurcation is subcritical. We simulate trajectories of
the same total time and sampling frequency than in the supercritical case. Similarly
to what happens in the supercritical Hopf bifurcation, the KLD rate calculated using
the position of the top of the bundle d̂x

AR increases when the system approaches the

http://dx.doi.org/10.1007/978-3-319-07079-7_3
http://dx.doi.org/10.1007/978-3-319-07079-7_3
http://dx.doi.org/10.1007/978-3-319-07079-7_3
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Fig. 5.8 KLD rate of trajectories of the top of the bundle when crossing a subcritical Hopf bifur-
cation in Nadrowski’s model. Left Variation of the simulation parameters along a subcritical Hopf
bifurcation. Right KLD rate of single stationary trajectories of the position of the top of the hair
bundle, X (t), with total time of the trajectory τ = 1,200 s and facq = 8.3 kHz, d̂x

AR, as a function
of fmax along the line depicted in the left panel

Fig. 5.9 KLD rate of trajectories of the top of the bundle in the bistable to oscillatory transition in
Nadrowski’s model. Left Variation of the simulation parameters along a curve with constant open
channel probability Po = 0.5. Right KLD rate per unit of time d̂x

AR (blue squares, left axis) and
maximum sensitivity (red circles, left axis) as a function of fmax for single stationary trajectories
of τ = 1,200 s and facq = 8.3 kHz with the parameters given by the values in the left panel

oscillatory region from any monostable region and decreases within the oscillatory
region the farther the system is from the bifurcation (see Fig. 5.8). If the bifurcation is
crossed twice two maxima are observed in the vicinity of the subcritical bifurcation
like in the case of the supercritical bifurcation [cf. Fig. 5.7].

We now analyze the behavior of the KLD when we vary the parameters following
a path with constant open channel probability close to Po ≃ 0.5 in the state diagram
in the absence of noise (see left panel of Fig. 5.9). For every value of ( fmax, S) in the
state diagram along the curve shown in the left panel of Fig. 5.9, we simulate the hair
bundle dynamics using Nadrowski’s model and generate trajectories of τ = 1,200 s
with simulation time step of !t0 = 0.012 ms. We restrict ourselves to the information
given by the position X , and sample the trajectories at fs = 8.3 kHz, obtaining, for
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each value of the parameters, a single stationary trajectory X (t) that contains n = 107

data points each of them sampled every !t = 0.12 ms. We measure the KLD rate
estimator d̂x

AR as well as the maximum sensitivity of the hair bundle for every point
in the parameter space curve. When increasing the value of S, the system crosses
the bifurcation going from the bistable to the oscillatory regime. For the values of
fmax and S indicated in the left panel of Fig. 5.9, d̂x

AR increases with the force for
moderate values of fmax and it exhibits a maximum that occurs near the maximum
sensitivity point.

We now focus on the problem of distinguishing between active and passive oscil-
lations of the hair bundle using only the information from the position of top of the
bundle. In this case, X (t) is also a partial description of the dynamics, and it is not
straightforward to guess from the time traces if they are generated by an active or a
passive oscillator. We first notice that, if we neglect calcium dynamics, Nadrowski’s
model can be expressed in terms of a potential V (X, Xa) that depends on the variables
X and Xa ,

λ
d X
dt

≃ −∂V (X, Xa)

∂ X
+ η, (5.8)

λa
d Xa

dt
≃ −∂V (X, Xa)

∂ Xa
− γ Na f p(C)+ ηa, (5.9)

where

V (X, Xa) =
Kgs

2
(X − Xa − D Po)

2 + Ksp X2. (5.10)

Notice that the above approximation is valid if the dependence of Po on X and
Xa given by Eq. (5.7) is ignored. In this approximation, the majority of the terms
in Nadrowski’s model are conservative. The non conservative term, −γ Na f p(C),
accounts for the active process generating the spontaneous oscillations. As a con-
sequence, one can simulate passive oscillations by setting fmax = 0, which makes
the active term to vanish. However, the richness of this model allows us to analyze
the system in a variety of situations aside from the active and passive cases. We now
study how the KLD rate per unit of time scales with time for the different regions
of the state diagram of Nadrowski’s model and whether or not we can distinguish
between them by means of the behavior of the KLD. In Fig. 5.10 we sample the
position of the top of the bundle X (t) from trajectories simulated using Nadrowski’s
model. In all cases, we generate trajectories with !t0 = 0.012 ms and sample the
trajectories with an acquisition frequency of facq = 8.3 kHz. In the top and the
middle panel of the figure we show the position of the top of the bundle obtained
from trajectories generated in the monostable region where the majority of the ion
channels are open or closed (MO and MC). In these regions, the oscillator does not
perform spontaneous oscillations similar to the ones observed experimentally [15].
The third situation (bottom panel in Fig. 5.10) corresponds to the operating point of
the hair bundle, where spontaneous oscillations are produced by active processes.
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Fig. 5.10 Position of the
top of the hair bundle (in
nm) as a function of time
(in seconds) in simulations
of the Nadrowski’s model.
Top fmax = 100 pN and
S = 0.5, corresponding to a
monostable closed situation.
Medium fmax = 300 pN and
S = 0.25 corresponding to
a bistable oscillation. Bottom
fmax = 325 pN and S = 0.65,
corresponding to the operating
point of the hair bundle

Statistically speaking, the latter time series is in appearance more irreversible than
the other two because of the presence of irreversible patterns in the series. More
specifically, in the oscillation shown in the bottom panel of Fig. 5.10, slow excur-
sions in the negative direction of X are interrupted by fast jumps in the positive
direction in accordance to the structure of the spontaneous oscillations observed in
bullfrog’s hair bundles [15].

We analyze how our KLD rate estimator d̂x
AR scales with time when we consider

time series of different total time t , {X (t ′)}t
t ′=0, in an equivalent analysis to the one

performed in Sect. 3.3, where we used the scaling KLD estimator based on visibility
algorithm to distinguish between equilibrium and NESS. We denote by d̂x

AR(t) the
KLD rate estimator using the residual of the AR(k, l) model calculated using a
single stationary trajectory of the top of the bundle of total time t . We investigate the
behavior of d̂x

AR(t) for different regimes of the oscillator by using the same estimator
as before, measuring the residual of an AR(10, 50) model. We generate trajectories
of τ = 125 s, with !t0 = 0.012 ms and sampled with facq = 8.3 kHz, and measure
d̂x

AR of subsequences of total time t < τ , starting at t ′ = 0 and ending in t ′ = t ,
{X (t ′)}t

t ′=0. In Fig. 5.11 we show the value of d̂x
AR(t) as a function of time t in

double logarithmic scale for different values of time t = 0.125, 1.25, 12.5 and 125 s.
The scaling of d̂x

AR(t) with time is different depending on which region of the state
diagram the oscillator is, as shown in Fig. 5.11. If the oscillator is in the monostable
state (both open or closed) or in the bistable state, d̂x

AR(t) scales like 1/t and tends
to 0 when t is large (see Fig. 5.11). Conversely, in the oscillatory regime, d̂x

AR(t)
also decreases with time but it tends asymptotically to a constant an positive value
when time increases. Therefore, only in the regime where spontaneous oscillations
are reproduced, the KLD tends to a positive value which suggests that the system is
in a NESS.

http://dx.doi.org/10.1007/978-3-319-07079-7_3
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Fig. 5.11 Scaling of the KLD
rate with time of the trajectory
in the different regions of
Nadrowski’s model. KLD
rate as a function of time
d̂x

AR(t) using the residual of
an AR(10, 50) model for
trajectories of the bundle’s top
X (t) as a function of the total
time of the trajectory (in s).
For each of the 6 cases shown
in the figure, we simulate a
single stationary trajectory
of total time τ = 125 s
which is sampled at a rate of
!t = 0.12 ms

The value of the plateau of the KLD rate for long times is of the order of 100 kT/s.
This result can be related to the average dissipation per unit of time of the system
provided the bound (2.34). In this case, ⟨Ẇdiss⟩

kT ≥ d̂x
AR, and d̂x

AR tends to a value
whose order of magnitude is 100 s−1 which implies that the average dissipation of
the oscillator is at least 100 kT/s. We notice that the ATP consumption rate for a
myosin adaptation motor is of order rATP = 6 s−1 (see Table 13.1 in [6]) and therefore
the energy consumption rate of the ATP hydrolysis is of order

Ẇdiss ≃ !GATP × rATP = 25kT
ATP

× 6ATP
s

= 150 kT/s. (5.11)

Consequently, our KLD rate estimator predicts that the minimum irreversibility to
sustain spontaneous oscillations in Nadrowski’s model is of the order of magnitude
of the dissipation rate of a single adaptation motor.

We notice that the KLD rate measured using the information of the position can
be misleading when distinguishing between active and passive processes. Passive
oscillations are reproduced in Nadrowski’s model when fmax = 0, which is in
the MC region, where the KLD vanishes. However, not all the active oscillations
fmax > 0 yield a positive value of the KLD rate for trajectories of the bundle’s top,
and in some cases such as the blue, red and green curves in Fig. 5.11 one might
think that oscillations are passive since d̂x

AR(t) → 0 when t is large. Therefore,
only d̂x

AR(t) tends to a positive value we can ensure that the trajectories generated
by the Nadrowski’s model are generated by underlying active processes. This case
is similar to a discrete flashing ratchet with infinite switch rate, where, even using
full information of the system, the KLD rate vanishes whereas the dissipation does
not [19].

http://dx.doi.org/10.1007/978-3-319-07079-7_2
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5.3 Application to Experimental Data

We now study if our technique can be applied to distinguish between active and
passive oscillations of hair bundles using experimental data from bullfrog’s sacculus.
The experimental data was obtained by J. Barral and P. Martin in Laboratoire de
Physico-Chimie Curie (Institut Curie).1 The data was obtained with the same protocol
as that described in [15]. The ear is dissected from an American bullfrog (Rana
catesbeiana) after the animal has been sacrificed (a needle is inserted into the brain
from the back of the head). Bullfrog’s sacculus is mounted in a two-compartment
chamber where cell bodies are immersed in a saline solution and hair cells in a
second compartment filled by an artificial endolymph. Experiments are done at a
room temperature T ∼ 21 ◦C. Video microscopy is used to find active hair bundles
that oscillate spontaneously. A flexible glass fiber of ∼500 nm diameter is attached
to the top of the bundle as sketched in Fig. 5.3c and monitored at a magnification of
1, 000× on a photodiode. The displacement monitor provides a linear relationship
between the displacement of the tip of the fiber and the voltage of the photodiode
which allows to measure the position of the top of the bundle with an accuracy of
∼1 nm.

Using the experimental procedure described above, we monitored the position of
the top of the bundle in spontaneous oscillations that lasted ∼100 s with a peak-to-
peak amplitude of ∼10 nm. We use the data of different hair cells that oscillate with
different characteristic frequencies of the order of Hz in all cases. Sampling rate was
of the order of kHz in all cases. On the other hand, oscillations of dead cells and
experimental noise were also recorded to check if we can distinguish them from the
oscillations of active (living) cells by means of the KLD rate of the trajectories of
the position of the top of the bundle.

First, we measured the position of the top of a hair bundle X (t) of a cell that
exhibits spontaneous oscillations of amplitude ∼20 nm using an acquisition fre-
quency of 14 kHz. In the top panel of Fig. 5.12 we show a sample of 0.5 s of such
trajectory, where the top of the bundle oscillates between two equilibrium positions.
We notice that in this case, X (t) resembles to a square wave which seems to be
more reversible than the series obtained simulating Nadrowski’s model in the oscil-
latory region (cf. bottom panel in Fig. 5.10). Secondly, we added gentamicin to the
endolymph of the chamber where hair cells are exposed. As indicated in [15], gen-
tamicin blocks transduction channels and produces that the oscillations of the bundle
become Hookean of amplitude ∼5 nm as shown in the middle panel of Fig. 5.12.
As a third case study, we use the data of hair cells recorded several minutes after
performing spontaneous oscillations. After this time, hair cells die and oscillate in
a passive manner because of thermal fluctuations. In this case, the position of the
bundle is also stochastic and oscillatory with an amplitude of ∼10 nm as shown in
the bottom panel of Fig. 5.12.

1 Full address: Laboratoire de Physico-Chimie Curie, Unité Mixte de Recherche 168, Institut Curie,
26 rue d’Ulm, F-75248 Paris Cedex 05, France.
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Fig. 5.12 Displacement of
the top of the bundle with
respect to its average value
(in nm) as a function of time
(in s) for different cells. Top
hair cell that exhibits active
oscillations, recorded with
an acquisition frequency
of 14 kHz. Middle same
cell after the exposure to
gentamicin also sampled at
14 kHz. Bottom passive cell
displacements, sampled at
2.5 kHz

We now analyze how the KLD rate of a single stationary trajectory of the top of
the bundle X (t)—obtained in a single experiment—scales with time for different
hair cells. We use the same estimator of the KLD as that used in simulations in
Sect. 5.2, that is, d̂x

AR using the residual of an AR(10, 50) model. Apart from the
cells whose trajectories are sampled in Fig. 5.12, we also consider cases where we
measured the position of the bundle in two other cells that oscillate spontaneously
at different frequencies. For completion, we also recorded the experimental noisy
signal from the photodiode. Figure 5.13 is a summary of our results where we show
the value of d̂x

AR for the different cases as a function of time t (details of every cell
are specified in the caption). We observe that for the three cases in which the cell
oscillates spontaneously, the KLD rate saturates for long times to a positive value
that is around ∼100 s−1. The KLD of the rest of the signals, including the passive
oscillation, experimental noise and the oscillation of one of the cells in the presence
of gentamicin, tend to zero like 1/t as shown in Fig. 5.13.

We can discriminate between oscillations generated with active and passive
processes using the scaling of d̂x

AR with time since it tends to zero for passive
processes and to a positive value for oscillations produced by active processes as
we illustrate in Fig. 5.14. We remark that our method correctly predicts that the hair
bundle is dissipating work even if guessing whether or not X (t) is irreversible from
visual inspection of the shape of the time series is not straightforward (as in the series
of the top panel in Fig. 5.12).

In the active case, the value at which the KLD rate saturates for active cells is of
order d̂x

AR ∼ 100 s−1, which corresponds to an average dissipation per unit of time
of ⟨Ẇdiss⟩ ∼ 100 KT/s as discussed in the previous section. This value bounds from
below the average energy consumed from ATP hydrolyzation per unit of time of a
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Fig. 5.13 Scaling of the KLD rate estimator d̂x
AR with time for spontaneous oscillations of the top of

the bundle obtained from bullfrog’s sacculus. We measure the estimator of the KLD rate defined in
Eq. (3.29) for subsequences of time t of a single experiment, {X (t ′)}t

t ′=0, d̂x
AR(t), using the residual

of an AR(10, 50) model. Yellow squares cell 2 (active), with τ = 90 s and facq = 25 kHz. Cyan
diamonds cell 3 (active), with τ = 50 s and facq = 20 kHz. Green triangles cell 1 with same total
recording time and acquisition frequency in gentamicin endolymph. Red stars passive cell, with
τ = 30 s and facq = 2.5 kHz. The KLD of the experimental noise from the photodiode is also
shown in dashed lines (Magenta “+”, with τ = 30 s and facq = 25 kHz). The dotted black line is
added to guide that has a dependence of 1/time to guide the eye

Fig. 5.14 Illustration of the method used to distinguish between active and passive oscillations in
the ear hair bundle. The recording of the position of the top of the bundle is a stochastic time series
whose KLD scales with time differently when it is oscillating in an active or a passive manner (it
tends to a positive value in case of active oscillations and it goes to zero like 1/time for passive
oscillations)

http://dx.doi.org/10.1007/978-3-319-07079-7_3
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single adaptation motor as proved before in Eq. (5.11). Therefore using the KLD rate
of trajectories of the top of the bundle we can predict the minimum irreversibility
needed to sustain spontaneous oscillations in bullfrog’s ear hair bundle.

5.4 Conclusions

In this Chapter, we have applied our new estimator of the KLD rate that uses the
residual of an auto regressive (AR) model to measure the time irreversibility of
real-valued time series. Biological systems in the stationary state produce stochastic
time series whose time irreversibility can be measured with this estimator of the
KLD rate and relate its value with the dissipation rate or the ATP consumption rate
of the system. In particular, we have applied our technique to distinguish between
oscillations produced by active and passive processes in ear hair bundles.

We have first applied our technique to simulations produced by a nonlinear sto-
chastic model of the hair bundle. We have measured the KLD rate of stationary
trajectories of the top hair bundle obtained from numerical simulations. Although
the position of the top of the bundle is a partial description of the system, our estimator
of the KLD rate detects when the system crosses a Hopf bifurcation when varying the
parameters of the model. Moreover, we are also able to distinguish between different
dynamical behaviors, such as oscillatory or monostable, in terms of the scaling our
KLD rate estimator. In simulations, our measure of irreversibility underestimates the
dissipation of active oscillations in the monostable region, whereas it coincides with
the average ATP consumption rate of a single adaptation motor in active oscillations.

We have also applied the same technique to experimental time series obtained
from the recording spontaneous oscillations in hair bundles extracted from bullfrog’s
sacculus. We have measured the position of the top of hair bundles in spontaneous
oscillations in both active (alive) and passive (dead) hair cells. We are able to dis-
criminate, by means of the value of the KLD, between active and passive hair cells of
different oscillation frequencies and sampled with different data acquisition frequen-
cies. This distinction can be done by measuring the scaling of our KLD rate estimator
measured using subsequences of a single experiment of no more than 100 s, and suc-
ceeds to predict irreversibility in time series that look reversible at low frequencies.
Our KLD estimator tends to zero in the case of passive oscillations whereas it tends
asymptotically to a positive value in the case of spontaneous oscillations generated
by active processes. The saturating value of the KLD rate at long times (and therefore
our prediction of the minimum irreversibility to sustain the spontaneous oscillations)
is very close to the energy consumption rate by a single myosin adaptation motor,
which is the biological active process responsible of the spontaneous oscillations.
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Part III
Experimental Tests and Applications

of Stochastic Thermodynamics



Chapter 6
Energetics of Symmetry Breaking

A symmetry breaking (SB) involves an abrupt change in the set of microstates that
a system can explore. This change has unavoidable thermodynamic implications.
According to Boltzmann’s microscopic interpretation of entropy, a shrinkage of the
set of compatible states implies a decrease of entropy, which eventually needs to
be compensated by a dissipation of heat and consequently requires work. Examples
are the compression of a gas and the erasure of information. On the other hand, in
a spontaneous SB, the available phase space volume changes without the need of
work, yielding an apparent decrease of entropy. Here we show that this decrease
of entropy is a key ingredient in the Szilard engine and the Landauer’s principle
and report a direct measurement of the entropy change along SB transitions in a
Brownian particle. The SB is induced by a bistable potential created with two optical
traps. The experiment confirms the theoretical results based on fluctuation theorems,
allows us to reproduce the Szilard engine extracting energy from a single thermal
bath, and shows that the signature of a SB in the energetics is mensurable, providing
new methods to detect the coexistence of metastable states in macromolecules.

The energetics associated to SB transitions and, in general, to the manipulation of
metastable states has special relevance in a number of interesting physical situations,
some of them realized experimentally in the last years. The original Szilard engine,
a celebrated and refined version of the original Maxwell demon, can extract work
from a single thermal bath using the information created in a SB [11, 16, 19].
Landauer’s principle accounts for the minimum dissipation associated to the erasure
of information, which is a manipulation of the two metastable states making up
a single bit memory [11] [cf. Eq. (1.16)]. The erasure can be interpreted as the
restoration of a broken symmetry and has been reproduced with a Brownian particle
in a double well potential created by optical tweezers [2]. In molecules, metastable
states correspond to different molecular conformations as well as to kinetic states of
special relevance in biophysics [1]. The energetics of processes involving metastable
states has become a tool to measure conformational free energies in those contexts.
An extended version of the nonequilibrium work theorem relates the probability
distribution of the work in a process connecting two metastable states with their
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conformational free energies [9, 12]. Maragakis et al. [12] applied this result to
numerical simulations of switches between two different conformations of alanine
dipeptide and Alemany et al. [1] have used it to obtain conformational free energies in
stretching experiments of DNA structures that posses intermediate and/or misfolded
kinetic states.

In this chapter we report on an experimental realization of a SB consisting of
a continuous transition from a single well to a double well potential affecting a
Brownian particle. We reproduce the transition moving apart two optical traps and
measure the heat dissipated by the particle to the surrounding water that acts as a
thermal reservoir. An electrostatic field allows us to tune the bias towards one or
the other trap and explore the relationship between the energetics of the SB and
the probability to adopt one of the instances. We finally build a Szilard engine as a
SB followed by the restoring of the symmetry. This process completes a cycle that
extracts energy from the thermal bath if the electrostatic field along the process is
properly chosen.

This chapter is organized as follows: In Sect. 6.1 we discuss the thermodynamic
consequences of a symmetry breaking transition and its relationship with the equa-
tions relating dissipation and irreversibility at the microscopic scale. We derive a
universal formula that expresses the total entropy production in a symmetry break-
ing (and symmetry restoration) in terms of the probability of a microscopic system
to choose a particular instance i in the symmetry breaking. In Sect. 6.3 we report
the experimental validation of our theoretical results obtained using an experimen-
tal setup formed by a Brownian particle trapped with optical tweezers, which is
described in Sect. 6.2. In Sect. 6.4 we show how we can use our setup to design a
Szilard engine and propose a new experimental design of an optimal Szilard engine.
We also report in Sect. 6.5 results from simulations where the force exerted by the
optical traps on the Brownian particle can be measured directly. The average work
dissipated in a symmetry breaking is found to be related to the probability of choice
according to our formulas. The discussion of the results is done in Sect. 6.6.

6.1 Symmetry Breaking and Symmetry Restoration

When a symmetry is broken, a system “makes a choice” among a set of instances
i = 1, . . . ,m. For a classical infinite system, a symmetry breaking (SB) consists of a
sudden change in the set of available states: the whole phase space! is partitioned into
non overlapping regions !i , corresponding to the different instances i = 1, . . . ,m.
The partition occurs when certain control parameter λ crosses a critical value λc above
which the system can no longer move spontaneously from one region to another and
gets confined within !i with a probability pi ,

!
i pi = 1. The notion of SB can be

extended to finite systems with metastable states. The confinement is not strict in this
case: the system can jump form a region !i to another ! j . However, if the average
residence time in each region is much larger that the time scale of the process under
consideration one can talk about an effective SB. In this case, the SB transition is
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not localized in a single value of the control parameter λ but it is rather a continuous
transition where metastable states develop.

Consider a system with Hamiltonian H(z; λ) where z is the microstate of the
system (z ∈ !), and λ a control parameter, and an isothermal process at temperature T
involving a SB, where the parameter changes in time as λt with t ∈ [0, τ ]. The average
work required to complete the process, when the system adopts instance i , isbreak
bounded by

⟨W ⟩(SB)
i − $Fi ≥ kT ln pi , (6.1)

where k is the Boltzmann constant and $Fi = Fτ,i − F0 is the change in free energy.
The initial free energy is defined as usual, F0 = −kT ln Z(T, λ0) where Z(T, λ) ="
! dz e−βH(z;λ) is the partition function of the system. On the other hand, the final free

energy Fτ,i = −kT ln Zi (T, λτ ) is a conformational free energy defined in terms of
the partition function restricted to the region !i , i.e., Zi (T, λτ ) =

"
!i

dz e−βH(z;λτ ).
The bound in Eq. (6.1) is met with equality if the process is quasistatic. Recalling
the relationship between the free energy, F , the internal energy U , and the entropy
S of a system, F = U − T S, and the first law of thermodynamics $U = W + Q,
where Q is the heat or energy transfer from the thermal reservoir to the system, we
derive a bound for the entropy production

⟨Sprod⟩(SB)
i = $Si − ⟨Q⟩(SB)

i

T
≥ kT ln pi . (6.2)

We notice that the origin of the term k ln pi in Eqs. (6.1) and (6.2) can be easily
understood. An ideal SB comprises a contraction of the set of available states from !

to !i without the need of any extra work. This amounts to an increase of free energy
−kT ln(Zi/Z)which is not compensated by work and heat dissipation. Assuming an
instantaneous SB, pi = Zi/Z , yielding the extra term kT ln pi in Eqs. (6.1) and (6.2).
In Fig. 6.1 we sketch a symmetry breaking transition where a microscopic system
has to choose between three different non-overlapping subsets of phase space and
we sketch an intuitive but non rigorous proof of the formula (6.1) in the quasistatic
limit relating the dissipative work on the SB with the probability of choice.

Equation (6.1) can be derived using the KPB theorem introduced in Sect. 2.2.3.
Let us consider a process where a microscopic system breaks a symmetry and ends
in a particular region of the phase space !i as in the example shown in Fig. 6.1. The
average work done along this process when the system chooses the instance i is [10]

⟨W ⟩i − $F ≥ kT ln
pi

p̃i
, (6.3)

where $F = Fτ − F0 is an equilibrium free energy difference calculated using
the partition function in the whole phase space in the end of the process, Fτ =
−kT ln Z(T, λτ ), where Z(T, λτ ) =

"
! dz e−βH(z;λτ ) is the partition function of

the system at the end of the process. In the backward process, the system starts in
equilibrium and therefore p̃i = Zi/Z , which yields,

http://dx.doi.org/10.1007/978-3-319-07079-7_2
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p1

p2

p3

⟨W ⟩a = ∆Fa

Γ1

Γ2 Γ3
Γ1

Γ2 Γ3

⟨W ⟩c,1 = ∆Fc,1
⟨W ⟩b =0

∆Fb,1 = −kT ln p1

Fig. 6.1 Sketch of a quasistatic symmetry breaking. A microscopic system adopts instance 1 among
three possibilities i = 1, 2, 3. Before and after the symmetry breaking, the reversible work is given
by the increment of free energy: ⟨W ⟩ = $F . At the symmetry breaking, a reduction of the phase
space volume from ! to !1 occurs without the need of any external work: ⟨W ⟩b = 0. This reduction
of phase space volume induces an increase of free energy $Fb,1 = −kT ln(Z1/Z) = −kT ln p1,
where Z and Z1 are partition functions calculated over ! and !1, respectively, and p1 = Z1/Z
is the probability that the system ends within region !1 when the symmetry is broken. The total
reversible work is ⟨W ⟩(SB)

1 = ⟨W ⟩a + ⟨W ⟩b + ⟨W ⟩c,1 = kT ln p1 + $F1, where $F1 = $Fa +
$Fb,1 + $Fc,1 = Ffin,1 − Finit is the total free energy change

⟨W ⟩i − (Fτ − F0) ≥ kT ln pi − (Fτ − Fτ,i ). (6.4)

By defining $Fi = Fτ,i − F0 as the difference between the nonequilibrium free
energy when the system chooses i and the equilibrium initial free energy, we obtain
Eq. (6.1),

⟨W ⟩i − $Fi ≥ kT ln pi . (6.5)

Equation (6.1) is therefore a particular case of the KPB theorem for a SB transition.
However, unlike in KPB theorem, Eq. (6.1) does not depend explicitly on the equi-
librium backward probabilities p̃i but only on the (forward) probabilities to choose
a particular instance in the SB, pi .

We notice that the relation between the average work and probability of choice can
be expressed as an equality using exact results from extended fluctuation theorems
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(EFTs), which express symmetry relations of thermodynamic functions for processes
where the system is restricted to a subset of the phase space in the beginning and/or
end of the process [9, 12]. The following equation [see Eq. E.5 in Sect E.1]

⟨W ⟩i − $Fi = kT ln pi + kT D[ρi (W )||ρ̃i (−W )], (6.6)

shows that the correction to the formula when the symmetry breaking is not
quasistatic is given by a KLD between the probability density of the work when
the system chooses i , ρi (W ), and the distribution of (minus) the work for trajectories
that start in !̃i in the backward process, ρ̃i (−W ). Since the KLD is positive, the
correction term is positive, yielding the bound in (6.1), ⟨W ⟩i − $Fi ≥ kT ln pi .
In the quasistatic limit, the forward and backward work distributions coincide and
⟨W ⟩i − $Fi = kT ln pi .

We remark that despite Eqs. (6.1) and (6.2) suggest that total entropy (or dissipa-
tion) are negative along a SB, they are not in contradiction with the Second Law of
Thermodynamics, because the final state ρi (x) is not in complete equilibrium and the
final entropy cannot be considered as a true thermodynamic entropy. The conforma-
tional entropies Si or free energies Fi , however, even though cannot be considered as
true thermodynamic potentials (they are not state functions, for instance) are useful
tools to analyze the energetics of processes involving SB transitions. An alternative
interpretation of the decrease of entropy is that it is compensated by an increase of
the meso- or macroscopic uncertainty, quantified by the Shannon entropy of the SB
outcome, H = −!

i pi ln pi . Notice that the average of Eq. (6.1) over pi yields
precisely −kT H . We notice that in a recent work [17], it has been shown that the
energy cost of a memory erasure, which can be seen as the reverse process of a
symmetry breaking, is precisely ⟨W ⟩eras − $Feras ≥ kT H .

Similar inequalities hold for a process where a symmetry is restored. To assess
the energetics of a symmetry restoration (SR) we have to consider the time reversal
of the restoration, which is a SB. Let us call p̃i the probability that the system adopts
instance i in this SB resulting from the time reversal of the original process. Under
time reversal, reversible work and free energy increment change sign. Therefore:

⟨W ⟩(SR)
i − $Fi ≥ −kT ln p̃i , (6.7)

where $Fi = Fτ − F0,i is the free energy change of the symmetry restoration.
Notice that now the initial free energy that depends on the instance i . For the entropy
production:

⟨Sprod⟩(SR)
i ≥ −k ln p̃i . (6.8)

Landauer’s principle follows immediately from Eq. (6.7) applied to a one-bit
memory consisting of a physical system with two stable states, 0 and 1, each one with
the same free energy F0 = F1. The minimal cost of erasing a bit or, more precisely,
to drive bit i = 0 or 1 to the state 0 (restore-to-zero operation) is ⟨W ⟩erasure

i ≥
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L R L R L R(a)

(b)

pR = 1/2

p̃R
R = 1

p̃R
L = 0

1 − αα

1 − α′α′

Fig. 6.2 Illustration of the meaning of p̃. a The Szilard engine. The top figure sketches the Szilard
engine when the particle is in the right half of the box when the measurement is done, which
happens with probability pR = 1/2. In the corresponding backward process for the outcome i = R
in the forward process, the protocol λ̃R

t is sketched in the bottom figure. Under the protocol λ̃R
t ,

the particle ends always in the right half in the time of the measurement in the backward process,
p̃R

R = 1. b A piston is introduced at a distance α from the left wall of a box containing a single
Brownian particle; the piston is shifted to position α′ and then removed. When the piston is inserted
the system “makes a choice” between the left, L , or right, R, side of the box with probabilities
pL = α and pR = 1 − α, respectively. The symmetry is restored when the piston is removed
at position α′. The process of restoring the symmetry (piston removal) reversed in time is also a
symmetry breaking with probabilities p̃L = α′ and p̃R = 1 − α′

−kT ln p̃i −$Fi = −kT ln p̃i for i = 0 or 1, since in both cases $Fi = Fi −F0 = 0.
If the initial bit is unknown, the best we can do is p̃i = 1/2 and ⟨W ⟩erasure

i ≥ kT ln 2.
The energetics of the Szilard engine [11, 17] can be as well easily reproduced

from Eqs. (6.1) and (6.7). In Szilard’s setup, a system undergoes a SB and chooses
between two instances i = L or R corresponding to the left and right halves of
the box, with probability pL and pR , respectively. Then we measure the instance
that has been chosen and restore the broken symmetry driving the system back to
the original state through some protocol λi

t . The time reversal of this protocol, λ̃i
t ,

is a SB transition with possibly different probabilities p̃i
j (see Fig. 6.2a). Notice

that probabilities p̃i
j are measured at the same (forward) time during the process. We
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remark that the superindex i in p̃i
j stands for the protocol followed after the symmetry

is broken whereas the subindex j for the choice of the system in the reverse process,
and therefore

!
j p̃i

j = 1.1 The probabilities p̃i
j depend on the protocol λi

t after the
choice and therefore can be varied independently as shown in a simple example in
Fig. 6.2b.

The work necessary to implement the SB is bounded by Eq. (6.1) and the work
necessary to restore the symmetry is bounded by Eq. (6.7). Therefore, the total
average work that we have to perform to run the whole cycle obeys

⟨W ⟩ =
#

i

pi

$
⟨W ⟩(SB)

i + ⟨W ⟩(SR)
i

%

≥ kT
#

i

pi ln
pi

p̃i
i

, (6.9)

and ⟨Sprod⟩ = ⟨W ⟩/T . Notice that the right hand side in (6.9) is not a KLD because
p̃i

i are not normalized in general, and
!

i p̃i
i can be greater than 1. The right hand

side can be even negative, which corresponds to a work extraction by the demon
from the thermal bath. Two particular cases of demons are of particular interest:

• Optimal demons The protocol after the SB is such that the probabilities in the
backward process are p̃i

i = 1, which are optimal in the sense that the value of the
average work done in the whole cycle is minimal [7]. By replacing p̃i

i = 1 in (6.9),
the average work is bounded by ⟨W ⟩ ≥ −kT H(pi )where H(pi ) = −!

i pi ln pi
is the Shannon entropy associated to the uncertainty of the state of the particle after
the SB. The original Szilard engine is an optimal demon with pi = 1/2 and p̃i

i = 1,
yielding ⟨W ⟩ ≥ −kT ln 2, i.e., the extraction of an energy −kT ln 2 in a cycle.

• Blind demons If the demon does not use information from the measurement and
performs always the same protocol, i.e., λi

t = λt , then p̃i
j = p̃ j normalized to

unity
!

j p̃ j = 1 yielding ⟨W ⟩ ≥ kT D(pi || p̃i ) ≥ 0 which coincides with the
KPB formula linking dissipation and irreversibility (KLD) measured using coarse
grained information [cf. Eq. (2.22)].

A variety of intermediate cases can be implemented to build demons. The key ingre-
dient to extract work from the thermal bath is to find a feedback protocol where pi
and p̃i

i are such that the average work ⟨W ⟩ in Eq. (6.9) is negative; for instance by
choosing protocols where p̃i

i > pi , a condition that is met in the original Szilard
engine. In the example in Fig. 6.2b one can obtain ⟨W ⟩L < 0 by choosing α′ > α.
A explicit experimental construction of the Szilard engine using optical tweezers can
be found in Sect. 6.4.

1 p̃i
j can be seen as a conditional probability, since it measures the probability to choose the instance

j in the backward process λ̃i
t implemented as the time reversal of λi

t . Therefore it is the probability
to choose j in the backward process conditioned to the fact that the choice in the forward process
was i , p̃i

j = p̃( j |i).

http://dx.doi.org/10.1007/978-3-319-07079-7_2
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6.2 Experimental Setup

We now discuss the experimental setup that we designed to test the universal relations
concerning the energetics of the SB and SR. The experiment was done by Ignacio
A. Martínez and Dmitry Petrov in ICFO, Institute of Photonic Sciences.2

Figure 7.1 shows a schematic of the optical apparatus. An acousto-optical deflec-
tor (AOD) (ISOMET LS55 NIR) steers a 1,060 nm optical beam from a laser coupled
into a single-mode fiber (ManLight, ML10-CW-P-OEM/TKS-OTS, maximal power
3 W). The AOD modulation voltage is obtained from an arbitrary waveform generator
(TaborElectronics WW1071) controlled by a LabView program. The beam deflected
by the AOD is expanded and inserted through an oil-immersed objective O1 (Nikon,
CFI PL FL 100X NA 1.30) into a custom made fluid chamber. An additional 532 nm
optical beam from a laser coupled to a single-mode fiber (OZOptics) is collimated
by a (×10, NA = 0.10) microscope objective and passes through the trapping objec-
tive. The forward scattered detection beam is collected by a (×10, NA = 0.10)
microscope objective O2, and its back focal-plane field distribution is analyzed by a
quadrant position detector (QPD) (New Focus 2911) at an acquisition rate of 20 kHz.
A 532 nm band pass filter in front of the QPD blocks beams with wavelengths differ-
ent from the detection beam wavelength. The AOD permits the control of the position
of the beam focus, and we used in the time-sharing regime to create the protocols
described in the text. We used it also for the calibration procedures and for mapping
the force distribution in the optical trap. A fluid chamber with microspheres was
placed on a piezoelectric-controlled calibrated stage (PiezosystemJena, Tritor 102)
allowing 3D translation (Fig. 6.3).

Polystyrene micro spheres (G. Kisker-Products for Biotechnology, http://www.
kisker-biotech.com/, polystyrene microparticles PPs-1.0 with a diameter of 1.00 ±
0.05µm) were diluted in distilled de-ionized water to a final concentration of a few
spheres per ml. The spheres were inserted into a custom made electrophoretic fluid
chamber with two electrodes connected to a computer controlled electric generator
and an amplifier. The chamber was previously described in [3, 15].

The individual traps (the fixed trap F , and the other one M that is moved along
the x-axis) are not generated simultaneously but with a single optical beam that is
rapidly switched between a number of optical focuses by changing the frequency
of acoustic waves propagating in the AOD. Multiple optical traps are possible as
long as the focused beam is returned to the same location faster than the time it
takes for the probe to diffuse away from that location, typically on the order of
tens of milliseconds. The time sharing regime of AOD has the greatest additional
flexibility because it allows independent control of both the positions of two optical
traps (changing the frequency of acoustic waves) and their stiffnesses. In fact, since
the probe observes an average intensity, the trapping force at each location may be
changed by a proper choice of the timing ratio between two frequency components at

2 Full address: ICFO—Institut de Ciencies Fotóniques, Optical Tweezers Group, Mediterranean
Technology Park, Av. Carl Friedrich Gauss, num. 3, 08860 Castelldefels (Barcelona), Spain.

http://dx.doi.org/10.1007/978-3-319-07079-7_7
http://www.kisker-biotech.com/
http://www.kisker-biotech.com/
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Fig. 6.3 Schematic of the
experimental setup used to
test the energetics of the sym-
metry breaking and symmetry
restoration
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the AOD input. Time-sharing techniques using AODs have been described previously
(i.e., in [20]).

The alternation of trap positions is controlled by timing signals generated by a
modulation generator adjusted to give a low frequency square wave with a control-
lable duty ratio. The analogue voltage is transferred to the modulation input of a RF
driver. The drivers’ RF output is then transferred to the AOD. The relative optical
intensity in each trap depends on the duty ratio of the modulation signal, and the
distance between the traps is defined by the amplitude of the square wave. In order
to provide an additional flexibility to the optical trapping system a DC modulation
signal was added to the square modulation wave. It permits to shift the positions of
both traps simultaneously. We used this signal by a calibration of the traps as it is
described below. The time-sharing protocol permitted to control the velocity of the
M trap and the position of its center following prescribed experimental protocols.

The system needs the calibration of the position detection system. At a given
position of the quadrant position detector (QPD), the displacements of the sphere
produce a unique and linear QPD response only within a restricted region of the
probe displacement, usually several hundred nanometers. As we expect an increase
of the amplitude of the displacements on application of an additional noise, the
linearity range of the detection system and the force map of the optical trap should
be characterized.

First, we calibrated the QPD measuring the ratio between the QPD output signals
(in volts) and the real displacements of the probe (in nm) by using the natural thermal
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fluctuations of the probe as described in [20]. The trap was calibrated in the absence
of the additional force. Using a relatively strong trap where the Brownian fluctuations
did not surpass several tens of nanometers, we first obtained the PSD of the position
of the particle. The experimental PSD is then fitted to a Lorentzian function [20].
From the fit, we obtain the stiffness κ and the calibration coefficient SQPD (nm/V)
relating the QPD output signal with the absolute displacement of the sphere.

The spheres were trapped above the bottom surface of the fluid chamber at the
distance about 20µm controlled by the piezoelectric stage. The volume value of
the viscous friction coefficient γ was corrected due to the proximity of the chamber
surface using the Faxen’s law as described in [5].

We then calibrated the acousto-optical deflector (AOD), measuring the ratio
between the amplitude of the AOD input modulation signal VAOD (in volts) and
the corresponding sphere displacement (in nm) using the previously measured QPD
calibration factor SQPD. We moved the trapped sphere in the range of several tens
of nanometers, changing the AOD modulation signal, and then measured the output
signal of the QPD. This provided us with the calibration factor SAOD(nm/VAOD)

for the small range of the sphere displacement. We then confirmed with an image
analysis that this factor holds for the AOD modulation amplitudes corresponding to
the sphere displacements of ±3 µm.

Figure 6.4a shows the dependence of the QPD output signal on the shift of the
sphere achieved by changing the AOD modulation voltage. The linear relationship
between the displacements of the optically trapped sphere and the output signal of
the position detection system can be seen within the range ±1,000 nm. The linear
range of the position detection can be extended further using a method suggested
recently in [13].

For completion, we measured the map of the forces that the optical trap exerted
on the sphere. These measurements define a range where the linear relationship
between the optical force and the sphere displacement is valid. The force map was
characterized by the method proposed in [8]. In that method, a strong, stationary, and
previously calibrated trap holds a sphere of a given diameter. The optical trapping
potential of this trap is strong enough that external forces can not move the sphere
out of the range of the harmonic approximation. The intensity of the second trap,
whose optical trapping potential for the given sphere has to be analyzed, is adjusted
to be low. Its optical force acts as a perturbation exerted on the probe. When the
second trap is scanning near the strong trap, it produces a variable force measured
through the displacement of the probe in the strong trap.

To experimentally realize this technique, we used the AOD in a time-sharing
regime [14]. Figure 6.4b illustrates the force map of the optical trap used in the
experiments. The linear range of the restoring optical force extends up to ±500 nm.

The calibration curves permitted us to calculate the position of the center of the
movable trap and the position of the trapped sphere in the absolute values as presented
in Fig. 6.5.

To characterize the stability of the electric charges on a sphere, we applied a 1 Hz
sinusoidal voltage to the electrodes of the electrophoretic chamber. The amplitude of
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(a) (b)

(c)

Fig. 6.4 Calibration of our experimental setup. a Output signal of the QPD as a function of the
position of the micro sphere. The output signal of the QPD depends linearly on the sphere position
when the sphere displacements is within the range±1,000 nm. The minor deviations from the linear
dependence in the linear part of the QPD response are due to the non uniformity in the detection
beam intensity as well as because of the fluctuations of the position of the sphere. b The force exerted
on the 1µm optically-trapped sphere versus the radial distance from the trapping beam focus. The
incident intensity of the trapping beam at the input pupil of the trapping objective is 5 mW. We
confirmed that the force map is not affected by further increase of the strong trap stiffness (keeping
the same intensity of the weak trap). c The amplitude of the sphere displacement in an AC electric
voltage 30 V at 1Hz during 3,000 s

the displacement of the optically trapped sphere measured with the position detection
system did not change more than 6 % over at least 3,000 s (see Fig. 6.4c).

6.3 Experimental Test

Inequalities (6.1) and (6.2) are universal, i.e., they do not depend on the details of
the SB or even on the physical nature of the system under consideration. We have
tested both inequalities experimentally using a Brownian particle immersed in water
trapped with a two optical tweezers.
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Fig. 6.5 Experimental protocol of symmetry breaking and symmetry restoration. a scheme of the
experiment a trap is held fixed with its center in x = 0 and a second trap is moved at constant velocity
vtrap along the x-axis. The position of the bead x(t) is monitored with sub-nanometer precision.
b Position of centers of the two optical tweezers as a function of time during the experimental
protocol. The center of the fixed trap F (blue dotted line) stays in x = 0 and the center of the moving
trap M moves as indicated in red dotted line. The symmetry breaking experiment can be implemented
with the cycle formed by the subprocesses 1 → 2 → 3. The average position of the bead after
implementing the protocol cyclically during t = 2,400 is indicated in blue when the bead chooses
the F trap and in red when it chooses the M trap. c Empirical potential U (x, t) = − ln ρ(x, t)
measured with ρ(x, t) obtained from the statistics of trajectories of the bead during t = 2,400 s

In our experiment, we trap a polystyrene spherical bead (1µm diameter) in water
with two optical tweezers created by a single laser beam in a time-sharing regime
(see Sect. 6.2 and Fig. 6.5a). One of the traps, labelled F , is held fixed and the other
one, labelled M , is moved along the x-axis following the four step protocol depicted
in Fig. 6.5b:

1. The two traps are initially at rest during a period of time τ1 = 0.5 s with their
centers separated by a distance L ini = 910 nm.

2. Trap M is moved along the x-axis at constant velocity vtrap during a time τ2.
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3. The two traps are again kept fixed for a time τ3 = 0.5 s with their centers separated
by Lfin = 1,110 nm.

4. Trap M is moved back from Lfin to its initial position L ini with velocity −vtrap in
a time τ2.

The total duration of the cycle is τ = 2τ2 + 1 s. By repeating this protocol
cyclically, we can study both the SB (steps 1 − 2 − 3) and the symmetry restoration
(steps 3 − 4 − 1). Moreover, a uniform electrostatic field created by electrodes in the
chamber allows us to bias the motion of the bead towards the M or F trap.

The protocol can be considered quasistatic when the velocity of the trap is around
100 nm/s or below. At this velocity, heat dissipation due to drag is of order γ v2

trap ≈
10−22 J/s ≈ 0.02 kT/s, where γ = 6π Rη is the drag coefficient, R = 0.5µm being
the radius of the bead and η = 8.9 × 10−4 Pa · s the dynamic viscosity of water
at 25 ◦C. We have implemented two quasistatic protocols with vtrap = 100 nm/s
(τ2 = 2 s) and vtrap = 36.36 nm/s (τ2 = 5.5 s). In our experiments, the whole
cycle is repeated under the same conditions (bead and electrostatic field) for at least
2,400 s, i.e., 480 times for the fast and 200 times for the slow protocol. At the end of
the SB protocol (steps 1 − 2 − 3), Kramers transitions are not observed and one can
unambiguously distinguish two different final meso-states for the bead depending
on the final state of the bead, M or F (see Fig. 6.5b, c).

We are able to track the position of the bead x(t) with sub-nanometer precision
with an acquisition frequency facq = 1 kHz. In Fig. 6.5b, we plot the average position
of the bead of both F and M realizations as a function of time, ⟨x(t)⟩F,M , which
is calculated as an ensemble average over F and M trajectories, respectively. The
trajectories of the bead showed a drift whose characteristic frequency was of the
order of Hz (≪ fc < facq, fc being the corner frequency of the bead in the optical
trap, which is of the order of 100 Hz). The drift was corrected in all the experimental
series by imposing that the average position in every cycle, calculated using the data
from t = 0 to τdrift = 0.25 s takes a constant value throughout the experiment.
A sample of seven cycles corresponding to the protocol shown in Fig. 1.1 of the
main text is shown in Fig. 6.6. In each repetition of the cycle that contains the SB
and SR, the trajectory is labeled as F(M) if the position of the bead is below (above)
a threshold, which is set to the average of the position in the first τdrift = 0.25 s. The
probability of the bead to choose the F and M trap in the SB is obtained by counting
the number of times the trajectory is labeled as F or M according to this criterion.

To measure the thermodynamic quantities associated to the stochastic trajectories
of the bead, it is necessary to measure the energy landscape generated by the two
traps in the experiment, U (x, t), which depends on both time and the position of
the bead. Since our experimental setup does not allow a direct measurement of the
force exerted on the bead, we infer the potential energy from position histograms.
In the quasistatic regime, U (x, t) can be estimated, up to an additive function of
time, from the equilibrium probability density ρ(x, t). Before the SB, U (x, t) =
−kT ln ρ(x, t) + kT ln Zt , where Zt is the partition function at time t . However,
when the barrier between the two potential wells is high and Kramers transitions
are rare or non existent, it is not possible to obtain the relative depth of each well

http://dx.doi.org/10.1007/978-3-319-07079-7_1
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Fig. 6.6 Trajectories of the
position of the bead as a func-
tion of time obtained using
the experimental protocol
corresponding to Fig. 6.5.
Cycles where the particle ends
in the F trap after the SB are
depicted in blue whereas those
where the particle ends in the
M trap are plotted in red
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from the probability density ρ(x, t), which only provides local information of the
potential. To overcome this problem, we estimate ρ(x, t) from the probability of the
trajectories of the bead in the experimental protocol to pass through x at time t .

The empirical estimation of ρ(x, t) is done using data points in two time windows
[t − S/2, t + S/2] and [τ − t − S/2, τ − t + S/2], of width S = 50 ms and
centered around t and τ − t , respectively, where the two traps are exactly in the same
position in the stages 2 and 4 of the process. For times within steps 1 and 3, since
the optical potential does not change, we have used data from the whole interval 1
and 3 respectively. The probability density ρ(x, t) is the normalized histogram of
those data with a bin size $x = 10 nm. From this estimation of ρ(x, t), we define
a "trajectory-potential" obtained from the statistics of the trajectories of the bead in
the experimental protocol and given by U (x, t)/kT = − ln ρ(x, t).

To measure the heat transferred along a stochastic trajectory, it is necessary to
know the value of U (x, t) at any value of the position x and any time t during
the process, as shown in Eq. (E.23) (see Sect E.3). To do this, we fit the empirical
estimation of the potential to a quartic polynomial U (x, t) = a0(t) + a1(t)x +
a2(t)x2 + a3(t)x3 + a4(t)x4, where ai (t) are time dependent parameters. At every
time t from 0 to τ , with time step $t = 1 ms, the empirical values of U (x, t) are
fitted to a quartic potential using a nonlinear least squares weighed fit. The data is
weighed as w(x, t) = e−U (x,t)/kT , i.e., the data that are in the bottom of the wells
are favored by the fit. All the data points that exceed in more than Vtop = 10 kT the
global minimum of the potential are not considered in the fit. In Fig. 6.7 we show
snapshots of the empirical values and fitted curves of the energy landscape generated
by the two optical traps close to the SB transition.

The entropy production associated to a single stochastic trajectory in the SB has
two contributions [cf. Eq. (6.2)]
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(a) (b) (c)

(d) (e) (f)

Fig. 6.7 Empirical potential energy (blue circles) and fit to a quartic potential (red curve) at different
times t during the symmetry breaking experiment. At different stages of the protocol shown in
Fig. 6.5: a t = 1.7 s. b t = 1.8 s. c t = 1.9 s. d t = 2 s. e t = 2.1 s. f t = 2.2 s. The data is
centered in such a way that the moving trap moves from left to right. The global minimum of the
empirical potential is set to zero

S(SB)
prod = $S − Q(SB)

T
. (6.10)

First, the system entropy change can be measured as $S = Sfin − Sini, since it is a
state function. The initial system entropy is

Sini = −k
&

!

dx ρini(x, t) ln ρini(x, t), (6.11)

where the integration is done over the whole phase space. The initial phase space
density ρini(x, t) is obtained using the data from the whole interval from 0 to τ1 =
0.5 s. The system entropy at the end of the process depends on which trap the particle
ends,

Sfin, i = −k
&

!i

dx ρfin,i (x, t) ln ρfin,i (x, t), (6.12)

where !i is the phase space accessible to the particle when it ends in the trap i after the
SB and ρfin,i (x, t) is the final phase space density measured only with the statistics
of trajectories that end in the i trap in the SB. The final density is also obtained using
the data points of the last 0.5 s of the trajectories, from τ − τ1 to τ . We calculate the
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Fig. 6.8 Fitted potential U (x, t) as a function of time (x-axis, in seconds) and position (y-axis in
nanometers) and a sample trajectory in the SB in which the particle ends in the M trap. Top Surface
3d plot with the trajectory in the SB shown in yellow and the value of the potential U (x, t) plotted
in the z-axis. Bottom 2d plot with the value of the potential indicated in the color bar. White areas
correspond to values of the potential above Vtop = 10 kT

heat transferred to the Brownian particle along an individual trajectory in the SB,
xτ/2 = {x(t)}τ/2

t=0, using the formalism described in Sect E.3 equivalent to Sekimoto’s
stochastic thermodynamics described in Sect. 1.4.2,

Q[xτ/2](SB) =
(τ/2)/$t#

i=0

δQ(i$t), (6.13)

http://dx.doi.org/10.1007/978-3-319-07079-7_1
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Fig. 6.9 Empirical proba-
bility density function of the
heat (in units of kT ) for tra-
jectories that end in the F
(blue open squares) and M
(red open circles) trap. Solid
curves are Gaussian fits, with
R2 = 0.995 for the F case and
R2 = 0.990 for the M case.
Vertical lines are the empirical
averages of the two ensembles
and dashed vertical lines cor-
respond to $Si/k − ln pi

where the heat exchanged in [t, t + $t], δQ(i$t), is measured using (E.23). In
Fig. 6.8 we show an example of a stochastic trajectory of the particle moving in the
trajectory potential. The averages of heat, system entropy and entropy production
to F and M ensembles are obtained as the mean value of these quantities restricted
to the case where the particle chooses the F or M trap. In Fig. 6.9 we show the
probability distribution of the microscopic heat for both F and M trajectories, which
are Gaussian in good approximation. The mean of the heat satisfies

⟨Sprod⟩(SB)
i = $Si − ⟨Q⟩(SB)

i

T
≥ k ln pi , (6.14)

and therefore
β⟨Q⟩(SB)

i ≤ $Si

k
− ln pi . (6.15)

Measuring the system entropy change and the heat transfer, we can obtain the
average entropy production up to time t ≤ τ for individual trajectories. We first
measure the entropy production along the SB process, i.e., from t = 0 to t = τ/2.
In Fig. 6.10 we show the average entropy production in the SB process as a function
of ln pi . We include experimental data from both F and M averages in both fast
(τ2 = 2 s) and slow (τ2 = 5.5 s) protocols. The predicted dependence of the entropy
production with respect to the probability of choice is verified in the experiment
and the negative entropy production associated to SB transitions is observed as well.
Our experimental series include cases where pi ranges from 5 to 95 %. The average
entropy production is closer to ln pi when the probability is higher and there is more
statistics available to measure entropy production accurately.

We also study the SR by using the data from trajectories starting in t = τ/2 and
ending in t = τ in our experimental protocol. We measure the entropy production
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Fig. 6.10 Entropy production in the symmetry breaking as a function of the probability pi of
adopting instance i . Open symbols are obtained using the fast protocol (τ2 = 2 s) and filled symbols
using the slow protocol (τ2 = 5.5 s). Blue squares represent the ensemble averages of Sprod for
trajectories in which the bead ends in the fixed trap, whereas red circles are the corresponding
values for realizations in which the bead ends in the moving trap. The black line corresponds to the
theoretical prediction, ln p. Error bars are only statistical and obtained using a statistical significance
of 90 %

for the SR process implemented in the same time series as those studied in the SB in
Fig. 6.10. In Fig. 6.11, we show the value of the entropy production as a function of
ln p̃i (= ln pi in this case) for i = F, M in both slow and fast experimental proto-
cols. Our experimental results agree within experimental errors with the theoretical
prediction given by Eq. (6.8).

In addition to these measurements, we also compute the value of the entropy pro-
duction from t = 0 to t ≤ τ/2 (i.e., in the SB process) as a function of time. We define
the accumulated averages of entropy production ⟨Sprod⟩(SB)

F (t) and⟨Sprod⟩(SB)
M as

⟨Sprod(t)⟩(SB)
i =

t&

0

dt ′⟨d Sprod(t)⟩i , (6.16)

where

⟨d Sprod(t)⟩(SB)
i = Si(t + $t) − Si(t) − ⟨δQ(t)⟩(SB)

i

T
, (6.17)

is the average entropy production in the interval [t, t +$t] when the system chooses
trap i . We measure system entropy along the process, Si (t), using Seifert’s definition
of nonequilibrium system entropy [18], that is, replacing the empirical distribution
ρ(x, t) at any time t during the process in Eq. (6.11) or (6.12). In Fig. 6.12 we plot the
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Fig. 6.11 Entropy production in the symmetry restoration as a function of the probability p̃i of
adopting instance i in the symmetry breaking experiment. Open symbols are obtained using the fast
protocol (τ2 = 2 s) and filled symbols using the slow protocol (τ2 = 5.5 s). Blue squares represent
the ensemble averages of Sprod for trajectories in which the bead ends in the fixed trap, whereas
red circles are the corresponding values for realizations in which the bead ends in the moving trap.
The black line corresponds to the theoretical prediction, − ln p. Error bars are only statistical and
obtained using a statistical significance of 90 %

difference ⟨Sprod⟩(SB)
F (t)−⟨Sprod⟩(SB)

M (t) as a function of time t along the SB process.
The majority of the difference between the ensemble averages of entropy production
appears in the region where the energy barrier appears in the symmetry breaking (cf.
Fig. 6.7), which is the effective region where the symmetry is broken. The value of
the difference at the end of the SB increases with pF which is expected since the
difference between ensemble averages is of the order of ln pF/pM = ln pF/(1−pF ).
As a future application, the curves in Fig. 6.12 could be used to test the recently
introduced Differential Landauer principle in [6], where the entropy production rate
in a physical memory recording and erasure is studied and analytical expressions of
Ṡprod(t) in terms of mutual information creation or destruction are obtained.

We notice that we have focused on testing experimentally Eqs. (6.2) and (6.8)
rather than their corresponding equations expressed in terms of the dissipative work,
Eqs. (6.1) and (6.7). This is due to the fact that our experimental setup lacks of a
direct force measurement device. Although the force map of a single trap is known
(see Fig. 6.4b), experimental observation showed that the potential felt by the bead
when the two traps are separated does not coincide with the sum of two equal poten-
tials obtained from the force map. This issue might be solved by using a different
experimental setup equipped with a device allowing a direct measurement of the
force, and therefore of the work.
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Fig. 6.12 Cumulated entropy production ⟨Sprod(t)⟩F − ⟨Sprod(t)⟩M (in units of k) as a function of
time t in the symmetry breaking process. The curves correspond to the experimental data of the fast
protocol shown in Fig. 6.10. The probability of the bead to choose the F trap is pF = 0.01 (black),
pF = 0.15 (yellow), pF = 0.34 (magenta), pF = 0.71 (cyan), pF = 0.71 (green), pF = 0.80
(red) and pF = 0.93 (blue)

6.4 Building a Szilard Engine

As an illustration of the implications of these results, we construct a Szilard engine
that extracts energy from the thermal bath, combining the SB and SR protocols.
The engine can be implemented with an adequate combination of SB and symmetry
restoration processes where the lower bound for the work done in the cycle (6.9),
kT

!
i pi ln(pi/ p̃i

i ), is negative. The maximum work that can be extracted, or the
minimum (most negative) value of the work is attained for pi = 1/2 and p̃i = 1, for
i = F, M as in the original Szilard cycle. The best we can do in our experiment is
pF = 0.35, pM = 0.65, probabilities obtained for an external voltage Vext = 2 V,
and p̃M

M = 0.99 for Vext = 4 V and p̃F
F = 0.93 for Vext = 0 V. Our Szilard engine

consists then on the following feedback protocol:

1. Symmetry breaking: The SB is induced with an external voltage external voltage
Vext = 2 V.

2. Symmetry restoration with feedback: If the particle end in the fixed trap (blue
curves) we restore the symmetry with no external field, Vext = 2 V. If the particle
end in the moving trap (red curves) we restore the symmetry with Vext = 4 V.

3. Reset of the potential: The cycle should be completed tuning quasistatically the
external voltage back to its initial value Vext = 2 V.
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Fig. 6.13 Experimental realization of the Szilard engine. We show the average heat (solid lines) the
Shannon entropy of the trajectory distribution (dashed lines), and the average entropy production
(dotted lines). Heat is plotted in units of kT and entropies in units of k. The upper plot (blue
curves) corresponds to averages over trajectories that end in the fixed trap, the middle plot (red
curves) to averages over trajectories that end in the moving trap, and the lower plot shows averages
over all trajectories. The feedback protocol is indicated by the arrows. The symmetry breaking is
created with an external voltage Vext = 2 V which induces probabilities pF = 0.35, pM = 0.65.
When the particle chooses the fixed trap (blue) the symmetry is restored decreasing the voltage to
Vext = 0 V, and so biasing the potential towards the fixed trap ( p̃F = 0.93). When the particle ends
in the moving trap, the symmetry is restored increasing the voltage to Vext = 4 V, and biasing the
potential towards the moving trap ( p̃M = 0.99). We show the bounds from the KPB theorem in the
bottom panel: −kT H(pi ) (black solid line) and − !

i pi ln pi
p̃i

i
(black dashed line)

This last step has not been implemented in the experiment, but it is assumed that it can
be realized with arbitrary small entropy production. Figure 6.13 shows the average
heat (solid curves), the change of Shannon entropy of the probability distribution of
the particle (dashed curves) and the average entropy production (dotted curves). The
averages are taken over trajectories that end in the fixed trap (upper plot, blue curves),
the moving trap (middle plot, red curves), and over all trajectories (lower plot, green
curves). We observe that using a feedback protocol such that p̃i

i > pi we obtain a
negative value for the average ⟨Sprod⟩F and a positive but small value for ⟨Sprod⟩M
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dragF

Fig. 6.14 Optimal Szilard engine design proposal. A Brownian particle (blue filled circle) is trapped
with two optical traps (black circles) within an external uniform force Fdrag in the x direction. The
F trap is represented by the bigger circle whereas the M trap by the smaller circle. The M trap can
be moved in both x and y axes. The M trap is separated from the F vertically, which implies that
pF = pM = 1/2. If the bead chooses the M trap, we the M trap re-enters to its original position
from the right, yielding p̃M

M ≃ 1 when the external force Fdrag is large. If the bead chooses the F
trap, the re-entering of the M trap at the end of the process is done from the left, yielding p̃F

F = 1
for strong external forcing

when measuring the entropy production in the whole cycle. In addition, the average
over all the trajectories is also negative ⟨Sprod⟩ = ⟨Sprod⟩(SB) + ⟨Sprod⟩(SR) < 0.
Notice however that the negative average entropy production is compensated by
the information entropy since ⟨Sprod⟩ + kT H(pi ) > 0 [17]. More precisely, the
total entropy production in the cycle averaged over all trajectories is ⟨Sprod⟩/k =
−0.12 which is in accordance with the bound provided by the KPB (6.9), since
⟨Sprod⟩/k > −!

i pi ln pi
p̃i

i
= −0.62 (see bottom panel in Fig. 6.13). The maximum

work that could be extracted for the SB probabilities pi is also indicated in Fig. 6.13,
H(pi ) = −0.65, which also bounds from below the average entropy production.

As a further application, we introduce a new experimental design to construct the
original Szilard engine using optical tweezers. Such engine could be implemented
with a Brownian particle trapped with two optical traps that generate exactly the
same optical potential. If the two traps are separated by moving one of the traps in
a direction that is perpendicular to the external field, the particle chooses the i = F,
M trap with probability pi = 1/2 in both cases, as illustrated in Fig. 6.14. After the
choice, the following feedback process is done: If the particle chooses the M trap,
the moving trap is moved to its original position opposing the flow. If the particle
chooses the F trap, the moving trap is moved to its original position in the direction
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of the flow. With this feedback process, the probabilities to choose the i trap in the
backward process when the particle chooses the i trap in the forward process is close
to 1 when the flow is large.

6.5 Numerical Simulations

As a complement to our experiment, we study the energetics of the symmetry break-
ing in the case where it is possible to measure directly the force exerted by the traps
on the Brownian particle. We simulate a Brownian particle trapped with a dual opti-
cal trap and study the relation between the work dissipation and the probability of
choice in a symmetry breaking process [Eq. (6.1)] analogous to our experimental
protocol shown in Fig. 6.5.

We simulate the motion of a Brownian sphere of diameter d = 1.2 µm immersed
in water at room temperature, where kT = 4 pN nm. The particle can move in 2
dimensions, x and y, and it is trapped with two optical tweezers of stiffness κ whose
potential is

V (x, y) = −κr2e−(x2+y2)/2r2
, (6.18)

where r = d/2 is the radius of the particle. This potential produces a force in the x
direction

Fx (x, y) = −∂V (x, y)
∂x

= −κx e−(x2+y2)/2r , (6.19)

and in y direction, Fy = −κy e−(x2+y2)/2r . This force map is linear close to the
center of the particle, Fx ≃ −κx for x ≪ r and also in the y direction. The nonlinear
factor in the potential, e−(x2+y2)/2r , is necessary to produce a bistable potential when
separating two traps.

To study the energetics of the SB, we simulate a physical process that is analogous
to the experimental protocol described in Fig. 6.5. The particle is trapped with two
optical traps whose force map was described above. One of the two traps, F , is held
fixed in (0, 0) along the process and the other trap M can be moved in x direction.
Initially, the center of the two traps (F and M) are in (0, 0) for τ1 = 2 s, so the bead
relaxes to equilibrium. Then, the center of the M trap is moved along x-axis from
(0, 0) to (L , 0) at constant velocity vtrap and let again relax to equilibrium during 2 s.
A constant force which resembles the electric force in our experiment, Fe, is applied
in the x direction in our model to tune the probability of the particle to end in the M
or F trap after the process. We model the dynamics of the Brownian particle with the
overdamped Langevin equation. When the M trap is separating at constant velocity
vtrap from the origin, the equations of motion of the center of the particle are

γ ẋt = Fe + FF,x (xt , yt )+ FM,x (xt − vtrapt, yt )+ ξx,t ,

γ ẏt = FF,y(xt , yt )+ FM,y(xt − vtrapt, yt )+ ξy,t , (6.20)
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Fig. 6.15 Work dissipation in simulations of a symmetry breaking for different number of realiza-
tions. ⟨W ⟩M − Fe L (in pN nm) as a function of ln pM for values of Fe ranging from −0.02 pN to
0.04 pN. Each point in the figure is obtained measuring the average work and the probability pM in
a simulation for a fixed value of Fe. In every simulation, the M trap is moved at vtrap = 300 nm/s in
time steps of $t = 10−3ms. The average of the work is done over 1,000 realizations (blue squares),
2,000 realizations (red circles) and 3,000 realizations (green diamonds). Dashed lines are linear fits
of slope (in pN nm) 4.42 (1,000 realizations, blue), 4.13 (2,000 realizations, red) and 4.17 (4,000
realizations, green)

where γ is the friction coefficient of the particle in water, which can be approximated
following Stokes’ law by γ = 6πηd, η being the viscosity of water at room tem-
perature, η = 0.89 mPa s. The terms ξx,t and ξy,t are Gaussian white noise terms
of zero mean and correlation ⟨ξtξ

′
t ⟩ = 2kT γ δ(t − t ′) that account for the thermal

fluctuations.
We simulate our model using Heun’s numerical integration method described

in Sect A.2. For different values of the external force from −0.02 to 0.04 pN we
measure the average work done when the particle ends in the M trap, ⟨W ⟩M , where
the average is done over more than 1,000 trajectories. The work done in a single
stochastic trajectory is given by Sekimoto’s formula (1.59). In this case, the control
parameter is the center of the M trap λ(t) = xtrap,t = vtrapt , and Eq. (1.59) yields

W [xτ , yτ ] =
τ&

0

∂VM (xt − xtrap,t , yt )

∂xtrap,t
◦ vtrap dt,

=
τ&

0

FM (xt − xtrap,t , yt ) ◦ vtrap dt, (6.21)

http://dx.doi.org/10.1007/978-3-319-07079-7_1
http://dx.doi.org/10.1007/978-3-319-07079-7_1
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Fig. 6.16 Work dissipation in simulations of a symmetry breaking when the temperature of the
environment. ⟨W ⟩M −Fe L (in pN nm) as a function of ln pM for values of Fe ranging from −0.02 pN
to 0.04 pN. Each point in the figure is obtained measuring the average work and the probability pM
in a simulation for a fixed value of Fe. In every simulation, the M trap is moved at vtrap = 300 nm/s
in time steps of $t = 10−3ms. The temperature of the thermal bath is kT = 4 pN nm (blue
squares), kT = 2 pN nm (red circles) and kT = 1 pN nm (green diamonds). Dashed lines are
linear fits whose color corresponds to the data that is fitted, the slopes being (in pN nm) equal to
4.42 (blue, kT = 4 pN nm), 2.09 (red, kT = 2 pN nm) and 0.69 (green, kT = 1 pN nm)

where ◦ denotes Stratonovich product and {xτ , yτ } = {x(t), y(t)}τt=0 is a stochastic
trajectory of the center of the particle starting in t = 0 (after the initial τ1 = 2s in
equilibrium) and ending in τ = L/vtrap. The average of the work over M trajectories
minus the free energy difference is related to the probability to choose the M trap
according to Eq. (6.1). If the trapping potential of the two traps is quadratic close to
the center, we can calculate analytically the free energy difference between the final
(F or M) and the initial state of the particle. In Sect E.2 we show that the average
work done over the M trajectories for weak external forces (Fe ≪ κL) satisfies

⟨W ⟩M − Fe L ≥ kT ln pM + C, (6.22)

where C stands for a constant term that does not depend on the value of the external
force (see Sect E.2). Equation (6.22) results from applying (6.1), ⟨W ⟩F − $FM ≥
kT ln pM , to our model by assuming that the trapping potential is quadratic close to
the center of the traps.

We test the validity of (6.22) using traps of the same stiffness κ = 280 pN/µm
and moving apart the traps a distance L = 3µm, which ensures that Fe is one order
of magnitude below κL . The velocity of the M trap is set to vtrap = 300 nm/s. In
Fig. 6.15 we show the dependence of ⟨W ⟩M − Fe L with ln pM when the average of
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the work is done over Nr = 2,000, 4,000 and 5,000 realizations. The slope of the
curve differs from kT in less than a 10 % in all the cases, which proves the validity
of Eq. (6.22) for this system. The equation is also tested for different temperatures
of the water ranging from kT = 1 to 4 pN nm as shown in Fig. 6.16.

Equation (6.1) relating average dissipation and probability of choice in a symmetry
breaking could be tested experimentally using optical tweezers and using a direct
measurement of the force [1, 9] of the two traps on the Brownian particle, or at
least of the force exerted by the M trap. Using (6.21), one can measure the work
done on the particle using the value of the force exerted by the M trap and the
velocity of the center of the M trap in the experimental protocol. This result could
be applied to infer the probability of a protein or a DNA molecule to adopt a given
configuration from nonequilibrium measurements of the average work dissipated
when the molecule changes its conformation. One candidate for such experiment
is the protein ribonuclease H found in E. coli which unfolds from a native state to
two different conformations (unfolded and intermediate) which can be distinguished
from inspection of the force-extension curves [4].

6.6 Conclusions

The energetics of a generic symmetry breaking (SB) or a symmetry restoration (SR)
can be reproduced by the quantitative relationship between irreversibility and dissi-
pation for nonequilibrium processes that occur in the microscopic scale, as we have
shown in Sect. 6.1. Our equation is universal since it does not depend on the nature of
the (microscopic) physical system or of the mechanism that favors any option i and it
is valid for any probability pi . Our formula correctly predicts that a shrinkage in the
accessible phase space leads to a negative entropy production. Moreover, a similar
expression is found for a SR, which, together with the equation for the SB, form
the core of the thermodynamics of choice. Our two formulas reproduce Landauer
principle, the energetics of the Szilard engine and recent expressions obtained in the
framework of the generalization of the second law to feedback-controlled processes.

An experimental test of our formulas is done in Sect. 6.3. We have designed
an experiment where a Brownian microscopic dielectric particle is trapped with a
dual optical tweezer where one of the traps is separated from the other (details of
the experimental setup are described in Sect. 6.2). Using an external DC electric
field, we were able to tune the probability of the particle to end in any of the traps,
and therefore to implement a SB for different values of pi . A SR is implemented
by retracing the path of the moving trap to its original position. By measuring the
average entropy production and the probability to end in the two traps, we reproduce
our main formulas derived in Sect. 6.1. The experimental test covers a wide range
of probabilities to choose an option, from 5 to 95 %.

Our formulas have relevant implications in the thermodynamics of choice of small
systems. For example, they can be applied to estimate the probability of a protein
to choose between different conformations using the data of the work dissipated
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along its conformational changes. Moreover, our results suggest that one can design
a Szilard engine with the concatenation of an SB with an SR using our setup. In
Sect. 6.4, we have explored this possibility by designing such an engine, where the
average entropy production after a cycle is negative (but still is positive when taking
into account the information entropy).

As a further application, we have studied in Sect. 6.5 the relationship between
average work dissipation and the choice probability in an SB using data from simula-
tions of a Brownian particle trapped with two optical tweezers that are described by
non-harmonic potentials. We have tested our main equation relating dissipated work
with the probability of choice and discussed a further application of our formula to
infer the probability of a protein to choose a specific conformation from only work
measurements.
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Chapter 7
Effective Heating with Random Forces

The use of optical tweezers to study the behavior of microscopic systems driven out of
equilibrium has been extended in the last decades, as discussed in the previous chap-
ters. Apart from driving Brownian particles under different nonequilibrium scenarios
using forces of the amplitude of the fluctuating forces exerted by the environment, it is
also possible to increase the amplitude of the fluctuations by exerting random forces
on the particle, as shown experimentally in [12]. In the opposite direction, cooling
techniques have also been developed and sub-milikelvin kinetic temperatures have
been experimentally achieved using Brownian particles recently [16]. In this chapter,
we show how it is possible to tune experimentally the effective kinetic temperature
of a polystyrene microscopic sphere immersed in water by using optical tweezers
and random electric fields. Our experimental technique allows one to control the
effective temperature of a Brownian particle from room temperature to 3000 K (i.e.
ten times the vaporization temperature of water) in timescales of the order of ∼ms.
Our setup can be applied to sample energy landscapes where Brownian particles
cannot overcome high energy barriers at room temperature.

When random forces are applied to microscopic systems, the fluctuations of the
system, which are affected by both the thermal force and the external random force,
are of greater amplitude than if the random external force were not applied. In this
situation, the system is said to be in a thermal bath of an effective temperature
that is higher than the temperature of the surrounding thermal bath. This effective
temperature can be increased, for example, using a laser whose wavelength is close
to the absorption peak of the environment [22]. Using this technique, one can only
increase the effective temperature of a particle up to the vaporization temperature of
the material that forms the environment. We adopt a different approach, consisting
on exerting random forces on a Brownian particle that increase the effective (kinetic)
temperature of the particle without increasing the temperature of the environment.

Our experiment consists of a Brownian polystyrene spheric bead immersed in
water that is trapped with an optical tweezer. The bead is charged, and external
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random electric fields are applied with two electrodes, which increase the amplitude
of the fluctuations of the position of the bead. With our setup, Brownian particles
respond to a temperature change in ∼ms and can achieve a maximum temperature
of 3000 K without heating the surrounding water. We study both the fluctuations and
the response of the bead to nonequilibrium perturbations.

This chapter is organized as follows. Section 7.1 is an introduction to the rest of the
chapter where we discuss the state of the art of the cooling and heating experimental
techniques applied to microscopic systems. In Sect. 7.2 we show the experimental
setup that we use to tune the temperature of Brownian particles. Sections 7.3 and 7.4
show our main results concerning the variation of the effective temperature of the
particles in an equilibrium and nonequilibrium situations, respectively. In Sect. 7.5
we show how our experiment can be used to accelerate the sampling of the potential
created by a dual trap as well as to build microscopic heat engines, and in Sect. 7.6
we discuss all the results of this chapter.

7.1 Controlling the Temperature of Small Systems

Controlling the temperature of small systems is an emerging topic in physics. During
the last years, there has been an increasing interest in cooling small systems in order
to observe quantum properties that only arise at low temperatures. For example, a
cooled optically-trapped system in vacuum can be used to search for non-Newtonian
gravity forces at small scales or to produce quantum superpositions of living organ-
isms [16] . Since first Ashkin’s experiments [1], where the feedback stabilization of
optically trapped particle was suggested, cooling of the center-of-mass motion of an
optically trapped microspheres has advanced rapidly, and now the cooling below to
several millikelvin of microscopic spheres has become possible using active optical
feedback [16]. This technique has also been applied to nano particles [10]. Such a
controllable attenuation of the motion is an important step towards new experiments
in different areas of physics. However, we now suggest to go in the opposite direc-
tion by controlling the motion of optically trapped microscopic spheres, namely to
increase in a controllable way the Brownian fluctuations. We are therefore interested
in heating instead of cooling the center-of-mass motion of a Brownian particle.

The Brownian motion of microspheres in liquid has offered a model system for
experimental studies of processes where thermal fluctuations are important. Out of
equilibrium processes in biophysics and colloidal systems [2, 6, 8], Kramers tran-
sitions [19], and a micrometer-sized stochastic engine [4] are just several examples
of such processes. We present an experimental technique that allows one to increase
the amplitude of the Brownian fluctuations in a controllable way with millisecond
response time, extending significantly the range of parameters used in modeling of
equilibrium and out-of-equilibrium processes. Our experiment does not require any
additional source of heat like optical beams or micro ovens.

Both the temperature of the thermal bath T and its viscous friction coefficient γ

affect the amplitude of Brownian fluctuations. We are not aware of methods allowing
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to change dynamically the viscosity, however, the temperature can be controlled by
heating the Brownian sphere or its surroundings. Spherical colloids [22] or nanorods
[23] were selectively heated by external sources of a light which is not absorbed
by the solvent. In [4, 18], the temperature in the surroundings of a dielectric sphere
was varied using an optical beam whose wavelength matches an absorption peak
of the solvent. The maximum temperature that can be reached using these methods
in aqueous experiments is restricted by the the vaporization temperature of the sur-
rounding fluid. In all the mentioned experiments, the temperature increase did not
exceed several tenths of kelvin and response times were of the order of several ten
of milliseconds.

In equilibrium, fluctuations of the position and of the velocity of a Brownian
particle depend on the temperature via the equipartition theorem. Therefore designing
experiments to enhance or reduce the fluctuations would result on an increase or
decrease of the effective kinetic temperature of a particle. Active optical feedback
permitted to cool down the kinetic temperature of optically trapped microspheres
[10, 16], and the same technique may increase the kinetic temperature if the active
control is tuned to increase the sphere displacements. Here we suggest an alternative
and simpler method, based on combining an optical trap with a source of additional
external forces acting on the trapped sphere. With our technique, the Brownian sphere
could fluctuates in water in one of the directions with the center-of-mass motion
corresponding to the temperature of several thousand kelvin, however, the viscous
coefficient of the liquid and the temperature, describing the center-of-mass motion
in two other directions, remain the same as at the temperature of thermal bath.

Consider an overdamped Brownian particle trapped with an optical tweezer of
stiffness κ in a fluid at temperature T . For simplicity, we only consider the dynamics
in one dimension, x , but the particle can in principle move in three dimensions. The
optical trapping potential in x-axis, U (x), is assumed to be quadratic and centered
at x0:

U (x) = 1
2
κ(x − x0)

2. (7.1)

If an external force ζ(t) acts on the particle and it is applied in x direction, then
the position along the direction of the external force, x(t), obeys the overdamped
Langevin equation [cf. Eq. (1.49)]

γ ẋ(t) = −κ[x(t) − x0] + ξ(t)+ ζ(t), (7.2)

where γ is the friction coefficient of the Brownian particle in the fluid and ξ(t) is a
Gaussian white noise with zero mean and correlation ⟨ξ(t)ξ(t ′)⟩ = 2kT γ δ(t − t ′),
which models thermal fluctuations. We assume that the external force ζ(t) is also
described by a stochastic process independent of the thermal noise, with zero mean
and correlation ⟨ζ(t)ζ(t ′)⟩ = σ 2'(t − t ′), where '(τ ) is a normalized function,!
R '(τ ) dτ = 1, peaked at τ = 0, and σ is the amplitude of the external noise. If the

external noise is white, i.e., '(τ ) = δ(τ ), then the particle is subject to an effective
noise ξeff(t) = ξ(t)+ ζ(t), which is a random Gaussian process with zero mean and

http://dx.doi.org/10.1007/978-3-319-07079-7_1
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correlation ⟨ξeff(t)ξeff(t ′)⟩ = 2kTkinγ δ(t − t ′), where Tkin is defined as

Tkin = T + σ 2

2kγ
. (7.3)

Hence the position of the particle in x-axis fluctuates corresponding to a kinetic
temperature Tkin which is always higher than the temperature T of the thermal bath.
Therefore, an external random force exerted on the sphere increases the kinetic
temperature of the sphere without real heating of the surrounding fluid, which remains
at temperature T . The motion of the particle in x-axis is in every respect identical
to the motion of a Brownian particle immersed in a thermal bath at temperature Tkin
(this holds for underdamped particles as well). However, this is valid only if the
external noise has white power spectral density (PSD).

7.2 Experimental Setup

We now discuss the experimental setup that we designed to tune the effective tem-
perature of Brownian microscopic spheres. The experiment was done by Ignacio A.
Martínez and Dmitry Petrov in ICFO, Institute of Photonic Sciences.1 The experi-
mental setup is analog to the one used to test our analytical results in the energetics of
symmetry breaking, described in Sect. 6.2. The setup includes the following principal
parts shown and explained in Fig. 7.1.

Polystyrene micro-spheres (G. Kisker-Products for Biotechnology, http://www.
kisker-biotech.com/, polystyrene microparticles PPs-1.0 with a diameter of 1.00 ±
0.05µm) were diluted in distilled de-ionized water to a final concentration of a few
spheres per ml.

The spheres were inserted into a custom-made electrophoretic fluid chamber with
two electrodes connected to a computer-controlled electric generator and an amplifier.
The chamber was previously described in [3, 20]. The spheres were trapped above the
bottom surface of the chamber at a distance ∼20µm controlled by the piezoelectric
stage. The value of the friction coefficient γ was corrected due to the proximity of
the chamber surface using the Faxen law as described in [25].

Electrical signals applied with the electrodes were produced by the generator fed
with a noisy sequence close to Gaussian white noise. The sequence was generated
using independent distributed random variables ζnδt , with ⟨ζnδt ⟩ = 0, ⟨ζ 2

nδt ⟩ = A, and
⟨ζnδtζmδt ⟩ = 0 for n ̸= m, A being the variance of the noise [28]. The time interval
δt is the clock time of the generator, which is δt = 0.2 ms in the experiments. Notice
that δt is a lower bound to the actual correlation time of the external force, which
also depends on the response characteristics of the amplifier.

1 Full address: ICFO—Institut de Ciencies Fotóniques, Optical Tweezers Group, Mediterranean
Technology Park, Av. Carl Friedrich Gauss, num. 3, 08860 Castelldefels (Barcelona), Spain.

http://dx.doi.org/10.1007/978-3-319-07079-7_6
http://www.kisker-biotech.com/
http://www.kisker-biotech.com/
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Fig. 7.1 Experimental setup An acousto-optical deflector (AOD) (ISOMET LS55 NIR) steers a
1060 nm optical beam from a laser coupled into a single-mode fiber (ManLight, ML10-CW-P-
OEM/TKS-OTS, maximal power 3 W). The AOD modulation voltage is obtained from an arbitrary
waveform generator (TaborElectronics WW1071) controlled by a LabView program. The beam
deflected by the AOD, is expanded and inserted through a oil-immersed objective O1 (Nikon, CFI
PL FL 100X NA 1.30) into a custom-made fluid chamber. An additional 532 nm optical beam
from a laser coupled to a single-mode fiber (OZOptics) is collimated by a (×10, N A = 0.10)
microscope objective and passes through the trapping objective. The forward scattered detection
beam is collected by a (×10, N A = 0.10) microscope objective O2, and its back focal-plane field
distribution is analyzed by a quadrant position detector (QPD) (New Focus 2911) at an acquisition
rate of 20 kHz A 532 nm band pass filter in front of the QPD blocks beams with wavelengths
different from the detection beam wavelength. The AOD permits the control of the position of the
beam focus. A fluid chamber with microspheres was placed on a piezoelectric-controlled calibrated
stage (PiezosystemJena, Tritor 102) allowing the 3D translation. Two electrodes are connected to
the two ends of the fluid chamber to exert random forces on the microspheres. The electrodes are
connected to an electric generator that can be fed by noisy signals with controllable PSD. The inset
of the figure sketches an optically trapped sphere between the electrodes

The spheres are trapped using an infrared (λtrap = 1060 nm) laser trap described
in Fig. 7.1. The orientation of the AOD can be controlled externally, which allows
one to modify the position of the trap center x0. A second green detection laser
(λ = 532 nm) is used to monitor the position of the particles. A position detection
system equipped with a 532 nm band pass filter is placed in the back-focal plane of
the objective. The position detection is done by a quadrant position detector (QPD),
which measures the intensity of the detection laser, and has a 1-nm sensitivity, which
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is above the resolution of CCD cameras (∼5–10 nm). At last, the kinetic temperature
of the optically trapped sphere is obtained from the analysis of the output signals of
the QPD.

The system needs two calibration procedures previously described in Sect. 6.2:
calibration of the position detection system and calibration of the force exerted by
the trap on the sphere. The displacements of the sphere produces a unique and linear
QPD response only within a restricted region of the sphere displacement, usually
several hundred nanometers. Since an increase of the amplitude of the displacements
by application of the additional noise is expected, the linear range of the detection
system and the force map of the optical trap need to be characterized.

First, we calibrated the QPD measuring the ratio between QPD output signals
(in Volts) and real displacements of the probe (in nm) by using natural thermal
fluctuations of the probe as described in [27]. The trap was calibrated in the absence
of the additional force. Using a relatively strong trap where the Brownian fluctuations
did not overcome several tens of nanometers we first obtained the Power Spectrum
Density (PSD) of the position of the particle. The PSD is defined as the Fourier
transform of the autocorrelation of the position PSD( f ) = F[⟨x(0)x(t)⟩], f being
the frequency. Using the PSD one can not only characterize parameters of the trap
such as the stiffness but also detect any misalignment in the trapping setup or the
detection system [27]. For a Brownian particle in a harmonic trap and described by an
overdamped Langevin equation, the PSD of the position can is a Lorentzian function
(see Sect. F.1). In our experiment, we fit the experimental PSD to a Lorentzian
function

PSD( f ) = 1
2π2γ

kT
f 2 + f 2

c
, (7.4)

where fc = κ/(2πγ ) is the corner frequency. From the fit to (7.4) we obtain the
stiffness of the trap κ and the calibration coefficient SQPD(nm/V) relating the QPD
output signal with the absolute displacement of the sphere as described in [27].
In our experiment, κ = 6 pN/µm and SQPD = 1280 nm/V. We remark that the
displacements of the sphere from the trap center did not exceed the linear range of
the optical trap in all our experiments, and therefore the harmonic approximation,
given by (7.1), is valid to describe the optical potential felt by the Brownian particle.

We then calibrated the AOD by measuring the ratio between the amplitude of
the AOD input modulation signal VAOD (in Volts) and the corresponding sphere
displacement (in nm) using the previously measured QPD calibration factor SQPD. We
moved the trapped sphere in the range of several ten nanometers changing the AOD
modulation signal and measured the output signal of the QPD. This provided us the
calibration factor SAOD(nm/VAOD) for the small range of the sphere displacement.
We then confirmed using image analysis that this factor holds for the AOD modulation
amplitudes corresponding to the sphere displacements within the range± 3µm. This
calibration procedure allows us to track the position of the trap center in time, x0(t),
with sub-nanometer precision.

http://dx.doi.org/10.1007/978-3-319-07079-7_6
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Fig. 7.2 Effect of the addition
of a random force on the PSD
Power spectrum density of
the position of the sphere
obtained from a 10 s time
series without (blue curve, 1)
and with (green curve, 2) the
additional stochastic force.
Solid black lines correspond
to the Lorentzian fits. The
power spectral density of the
input noisy signal measured at
the electrodes of the fluid cell
is also shown (black line, right
y-axis, 3)

The calibration procedures described above allow to express the experimental
data in the physical units for both force exerted by the trap on the particle (pN), the
sphere displacement (nm) and the position of the trap center (nm).

The stability of the electric charge of the bead was previously tested in Sect. 6.2,
where we applied a sinusoidal voltage at 1 Hz to the electrodes of the electrophoretic
chamber and observed that the amplitude of the position of the particle did not change
more than 6 % during at least 3000 s (see Fig. 5.1c).

7.3 Brownian Sphere in a Stationary Trap
with Additional Noise

We first investigate how the addition of an external random force alters the dynamics
of a Brownian sphere trapped with an optical tweezer whose center is held fixed.
We focus on the analysis on the fluctuations of the position of the particle, whose
amplitude increases when adding an external random force. We discuss how one can
define an effective kinetic temperature in this situation and how this temperature can
be tuned using our setup.

We analyze the time traces of the position of the trapped sphere when the trap
center is held fixed, for two cases: (i) in the absence of any external force ζ(t) = 0
and (ii) at the maximum value of the amplitude of the external noise, where the
position of the particle does not exceed the linear range of the QPD. PSDs of the
position of the sphere are shown in Figs. 7.2 and 7.3 illustrates the probability density
of the sphere position using data recordings of ∼10 s. Notice that the data acquisition

http://dx.doi.org/10.1007/978-3-319-07079-7_6
http://dx.doi.org/10.1007/978-3-319-07079-7_5
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Fig. 7.3 Effect of the addition
of a random force on the posi-
tion histograms Probability
density of the position of the
sphere without (1) and with
the additional stochastic force
(2) corresponding to the PSD
curves (1) and (2) shown in
Fig. 7.2
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time exceeds in several orders of magnitude the relaxation time of the particle in the
trap τr ∼ms, which is measured from the PSD as we show below. Therefore using
a 10 s experiment we are sampling the position of the particle after it has reached
an stationary state. As shown in Fig. 7.3, the maximal sphere Brownian excursions
without the additional noise do not exceed ±50 nm, however with the additional
stochastic force the maximal amplitude can reach ±250 nm. Even in this case the
sphere displacements do not exceed the linear ranges of both the position detection
system and the harmonic approximation of the optical trapping potential holds valid.

Our generator allowed us to obtain an electrical signal with flat spectrum for
frequencies up to 1 kHz. As it can be seen in Fig. 7.2, the PSD of the position of
the particle in the presence of the additional force is also Lorentzian and the corner
frequency fc does not change, as expected, since it is a function only of κ and γ .
We notice that fc ∼100 Hz which implies that the relaxation time of the bead is
τr ∼ 1/ fc ∼ 10 ms. On the other hand, the height of the PSD increases due to
the external force. Therefore, the PSD of the position of the bead when the field is
applied is in every respect identical to the PSD of a Brownian sphere trapped by the
same tweezer but immersed in a thermal bath at a temperature that is larger than
the temperature of the water. This temperature increase can also be inferred from the
modification of stationary probability density of the position of the sphere, ρss(x),
depicted in Fig. 7.3, where it is shown that the presence of an external random force
broadens the distribution of the position.

We now discuss the results shown in Figs. 7.2 and 7.3, which concern the mod-
ification of the PSD and the position histograms of the Brownian sphere in a fixed
trap when applying an additional random force. As we have seen, the addition of
a random external force affects both the autocorrelation and the histogram of the
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position of the bead. Consequently, we can define two kinetic temperatures, either
using the data of the PSD or ρss(x). As we show below, these two kinetic temperatures
can differ if the spectrum of the additional noise is not white.

From the Langevin equation (7.2), we can calculate analytically both the PSD
and the stationary probability distribution ρss(x) for an external noise ζ(t) with
arbitrary correlation ⟨ζ(t)ζ(t ′)⟩ = σ 2'(t − t ′), with

! ∞
−∞ '(t)dt = 1 (see details in

Sect. F.2). The PSD for such a system is given by:

PSD( f ) = 1
4π2γ 2

2γ kT + σ 2'̃( f )
f 2 + f 2

c
, (7.5)

where σ 2'̃( f ) is the Fourier transform of the correlation function of the external
noise. If '̃( f ) is constant for frequencies much higher than the corner frequency of
the trap fc, then the PSD (7.5) is approximately a Lorentzian function with the same
corner frequency. We can define the following effective kinetic temperature,

TPSD ≡ 2π2γ f 2
c PSD(0)
k

= T + σ 2

2kγ
. (7.6)

Notice that, with this definition, TPSD does not depend on the shape of the correlation
function of the noise, '(t).

On the other hand, we can define the following kinetic temperature derived from
width of the probability density of the position,

Thist ≡ κ⟨x2⟩ss

k
, (7.7)

that is, the temperature that enters into equipartition theorem, ⟨U ⟩ = 1
2κ⟨x2⟩ss =

1
2 kThist. The stationary probability density ρss(x) can be calculated analytically for
a Brownian particle described by the overdamped Langevin equation (7.2) (see
Sect. F.2). The probability density in the stationary state is found to be Gaussian
with zero mean and dispersion

⟨x2⟩ss =
kT
κ

+ σ 2

γ κ

∞"

0

dt e−κt/γ '(t), (7.8)

yielding

Thist = T + σ 2

γ k

∞"

0

dt ′ '(t ′)e−t ′/τr , (7.9)

τr = γ /κ being the relaxation time of the particle in the trap. If '(t) is peaked
around t = 0 and the correlation time of the noise, given by τc ≡

! ∞
0 dt t '(t), is
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Fig. 7.4 Equilibrium effective kinetic temperatures as functions of Te = σ 2/(2kγ ). Filled symbols
correspond to experimental values of the effective temperature measured from the fluctuations and
the response of the bead along the x-axis (direction of the additional noise): TPSD (blue filled
squares) and Thist (red filled circles). Statistical errors are plotted in the error bars. Lines represent
the analytical values obtained for non-white external noise ζ(t) with correlation function given
by Eq. (7.11) for TPSD (7.6) (blue solid line) and Thist (7.9) (red dashed line). We also show the
values of the effective temperature measured from the fluctuations along the y-axis, Thist,y (purple
“+”). Statistical errors are smaller than the size of the symbols. Black dashed line is set to room
temperature T = 300 K

small compared to τr , Thist is approximatively (see Sect. F.2)

Thist ≃ T + σ 2

2kγ

#
1 − 2τc

τr

$
. (7.10)

Notice that Thist, unlike TPSD defined as (7.6), does depend on the correlation time of
the noise. The difference between TPSD and Thist is proportional to τc/τr , therefore it
vanishes if the external noise is a Gaussian white noise. In our experiments, τr = 1.4
ms and τc = 0.26 ms, being τc obtained experimentally from the spectral analysis
of the voltage at the electrodes (see below).

We analyze quantitatively how the kinetic temperature of the microscopic sphere
changes when we tune the amplitude of the external random force. For this purpose,
we measure Tkin and TPSD experimentally for different values of the noise intensity.
Both effective temperatures increase with the intensity of the external force as shown
in Fig. 7.4. Notice however that the temperature along y-axis remains unaltered when
changing the noise intensity.

We now test if Eqs. (7.6) and (7.9) relating TPSD and Thist with the correlation
function of the external noise, respectively, reproduce the experimental results.First,
we obtain Te for the different experimental data from TPSD asumming that (7.6) is
valid. The analytical value of Thist depends not only on the amplitude but also on the
correlation function of the external random force, whose shape is now discussed.
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Fig. 7.5 Autocorrelation
function of the random force
directly measured in the elec-
trodes as a function of time (in
milliseconds): experimental
data (blue squares) and fit to

'̃(t) = e−(t/τc)
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In practical situations, Gaussian white noise cannot be implemented and only
noisy signals with flat spectrum up to a finite frequency can be designed experimen-
tally. In our experiment, the spectrum of the external random force is flat only up to
1 kHz, as shown in Fig. 7.2. We also measured the autocorrelation function of the
signal on the electrodes V (t), defined in [5], '̃(t) = ⟨V (t ′)V (t ′ + t)⟩/⟨V (t ′)V (t ′)⟩,
which can be fitted to the function '̃(t) = e−(t/τc)

2
cos(t/τo), being τc = 0.26 ms

and τo = 0.17 ms, as shown in Fig. 7.5. The correlation of the noise is related to '̃(t)
by '(t) = N '̃(t), where N is a normalization constant such that

! ∞
−∞ '(t)dt =

N
! ∞
−∞ '̂(t)dt = 1. The full expression of the correlation function of the additional

noise in our experiment is

'(t) = etc2/4t2
o

√
π

e−(t/τc)
2

τc
cos(t/to). (7.11)

Using (7.11) in (7.9) we calculate analytically the value of Thist as a function of
the noise intensity which we show in Fig. 7.4.

In the figure, we plot the effective temperatures TPSD and Thist as functions of Te =
σ 2/2kγ , and we observe that Thist and TPSD coincide within statistical errors. For
'(t) defined in Eq. (7.11), we obtain using (7.9) Thist = T +0.95 Te which is slightly
smaller than TPSD = T + Te (7.6) and fits the experimental data.

7.4 A Nonequilibrium Process

It would be interesting to apply our experimental technique to implement nonequi-
librium processes at the microscopic scale. To do so, a complete characterization
of the effective thermal bath might be done, by including measurements from the
response of the Brownian particle to a nonequilibrium driving.
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Fig. 7.6 Position of the trap
center (black line) and the
position of the sphere as
a function of time without
external electric field (blue
curve)

-100

-50

0

50

100

P
os

iti
on

 (n
m

)

70605040302010
Time (ms)

We now study how the presence of the additional random force alters the dynamics
of the microscopic sphere in a nonequilibrium experiment. Fluctuation theorems can
be used to study the response of the system to any nonequilibrium driving. Crooks
fluctuation theorem (CFT) is an excellent candidate to validate the applicability of the
technique to nonequilibrium processes, since it establishes a temperature-dependent
relationship between the probability density function (PDF) of the work W along
a process arbitrarily far from equilibrium, ρF (W ), and the PDF of the work in the
time-reversed process, ρB(W ) [see Eq. (1.70)]. For our technique to be applicable
to nonequilibrium situations, the temperature that enters in CFT should be equal to
that obtained in equilibrium conditions.

We study the dynamics of the system under a nonequilibrium driving in which
the trap center is displaced at a constant velocity. We have implemented the non-
equilibrium protocol depicted in Fig. 7.6. In this experiment, the stiffness was set to
κ = 26 pN/µm, and the acquisition frequency to facq = 3 kHz. We now describe the
experimental protocol: In the first step (forward process), the trap center is moved
from x0 = −L to x0 = +L at constant velocity v = 2L/τ , where L = 55 nm and
τ = 6.25 ms. We then let the sphere relax to the new equilibrium position, keeping
the trap center at x0 = +L for the same time τ = 6.25 ms, which is larger than
the relaxation time of the trap, τr = γ /κ ∼ 0.5 ms. Then the trap is moved back
from x0 = +L to x0 = −L with the same velocity −v (backward process) and it is
held fixed at x0 = −L for the same time τ . This protocol was repeated about 104

times. The position of the Brownian particle in the absence of noise follows the trap
center along this protocol as shown in Fig. 7.6. When increasing the noise intensity,
the fluctuations of the position increase, as in the equilibrium experiments (data not
shown).

In each repetition of the nonequilibrium process, we calculate the work in the
forward and time-reversed processes using the stochastic trajectories of the position
of the bead using Sekimoto’s expression for the work associated to a trajectory of an

http://dx.doi.org/10.1007/978-3-319-07079-7_1
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Fig. 7.7 Probability density function of the work obtained in the forward process, ρF (W ) and
probability density function of minus the work in the backward process, ρB(−W ). Squares corre-
spond to the forward process, ρF (W ), and the circles to the backward process, ρB(−W ), where blue
and green symbols are obtained without and with additional external force (using the same noise
amplitude as in the case of the curve (2) in Fig. 7.2), respectively. Solid blue and green curves are
Gaussian fits. Vertical black lines represent the analytical value of the average work in the forward
process calculated using Eq. (7.12) (solid line) and the average of −W in the backward process
(dashed line) which is calculated in an analogous way to Eq. (7.12)

overdamped Brownian particle (1.59). In this particular case, the control parameter
is the position of the trap center, λ(t) = x0(t). The work distributions in forward and
backward processes ρF (W ) and ρB(−W ) are Gaussian as shown in Fig. 7.7. More-
over, ρF (W ) and ρB(−W ) intersect at W ⋆ ≃ 0, in accordance with the prediction of
CFT [W ⋆ = -F = 0, cf. Eq. (1.73)]. When adding the external noise, both forward
and backward work distributions broaden despite their mean value is the same as in
the absence of the additional force. The intersection between the distributions ρF (W )

and ρB(−W ) is W ⋆ ≃ 0 = -F in this case.
The value of the average work coincides with the analytical prediction, derived

in Sect. F.3,
⟨W ⟩ = γ v2τ

'
1 + τr

τ
(e−τ/τr − 1)

(
. (7.12)

Notice that there is no contribution of the external noise to the average work as long
as the external noise enters into Langevin equation as an additive noise. Therefore,
the addition of the external random field does not increase the average dissipation of
the system, and the energy flow associated to this field can be considered as heat.

We now investigate the validity of Crooks Fluctuation Theorem (CFT) for
different values of the amplitude of the additional noise. Figure 7.8 shows that
ln [ρF (W )/ρB(−W )] depends linearly on W with and without additional noise,
as expected by the CFT (1.70). In the absence of external noise, CFT is satisfied in
our experiment since the slope of ln [ρF (W )/ρB(−W )] as a function of W/kT is 1
within experimental errors. With external noise, the slope of ln [ρF (W )/ρB(−W )]

http://dx.doi.org/10.1007/978-3-319-07079-7_1
http://dx.doi.org/10.1007/978-3-319-07079-7_1
http://dx.doi.org/10.1007/978-3-319-07079-7_1
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Fig. 7.8 Experimental test of
Crooks fluctuation theorem
ln [ρF (W )/ρB(−W )] as a
function of W/kT without
(blue squares) and with addi-
tional noise (green circles)
with amplitude corresponding
respectively to the PSD curves
(1) and (2) shown in Fig. 7.2.
The solid lines are linear fits
of the experimental data

-3

-2

-1

0

1

2

3

 ln
 [

 ρ
F

(W
)/

 ρ
B

(-
W

)]
-2 0 2

 W (kT)

as a function of W/kT is always smaller than 1 and it decreases when increasing the
amplitude of the external noise.

We introduce a new effective temperature, Crooks Temperature TC , to check the
consistency of our effective thermal bath for nonequilibrium processes. We define
TC as the nonequilibrium temperature that enters into CFT,

ln
ρF (W )

ρB(−W )
= 1

kTC
(W − -F). (7.13)

Clearly, in the absence of the external force, TC = T , whereas a decreasement of the
slope in Fig. 7.8 when the external noise is added can be interpreted as an increase
of the effective Crooks temperature. Therefore, nonequilibrium measurements also
agree qualitatively with the behavior observed in equilibrium, where the effective
kinetic temperature was shown to increase with noise intensity. More precisely, in
the absence of external noise, we obtain Thist = (310 ± 3)K , TPSD = (297 ± 7)K
and TC = (283 ± 1)K , where the errors are purely statistical and therefore a lower
bound to the real error.

When the external force is added, TC increases with the noise intensity as shown
in Fig. 7.9 and coincides with Thist within experimental errors for different values of
the noise intensity.

The result shown in Fig. 7.9 implies that our technique can be extended to the
realization of nonequilibrium non-isothermal processes in the microscale.
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Fig. 7.9 Effective Crooks
temperature as a function of
temperature obtained from
histograms of the position
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7.5 Applications of Our Setup

We now focus on the applications that could be implemented using our setup. Increas-
ing the amplitude of the fluctuations of a Brownian particle might serve to sample
energy landscapes where some regions are difficult to access at room temperature
because of the presence of high energy barriers. On the other hand, an accurate con-
trol of the effective temperature could be used to design microscopic heat engines.
We now discuss in detail these two applications.

7.5.1 Sampling Energy Landscapes and Kramers Transitions

Sampling energy landscapes where high energy barriers are present and ergodic-
ity is broken has attracted the interest of many disciplines in physics. In the recent
years, single molecule experiments have allowed to explore the energy landscape of
macromolecules, showing that the energetic difference between different conforma-
tions of RNA [17] or proteins [7, 21] can be of the order of ∼10 kT. For example, in
Dietz et al. [9] measured the energy landscape of a GFP (Green Fluorescence Pro-
tein) using single molecule techniques, showing that barriers of ≃20 kT are present
in the landscape. In the theoretical framework, different algorithms to sample such
kind of energy landscapes have been introduced such as Montecarlo methods [13]
or umbrella sampling [26].

Let us consider an overdamped Brownian particle in a double-well potential where
the two wells are separated by a barrier of height -E ≫ kT . In equilibrium, the
probability of the particle to jump from one well to the other is of the order of
e−-E/kT and therefore very small. If an external random force with associated
effective temperature Tkin > T is applied, the jumping probability increases to
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Fig. 7.10 Modification of Kramers transitions with our experimental setup a 10-s position traces
(green, left axis) of the sphere in the double-well potential as a function of time and voltage on
the electrodes (black, right axis) as a function of time. The additional noisy signal was switched
on at tswitch = 35.5 s. b The trapping potential obtained at room temperature from the stationary
distribution of the position before the noise was added. c Probability of the residence time of the
Kramers transitions at room temperature (blue circles) and at 3000 K (green squares). The values
of the amplitude of the additional force coincides with those used in (1) and (2) cases in Fig. 7.2

e−-E/kT kin > e−-E/kT and the Brownian particle can sample the energy landscape
faster than in the absence of the external random force. This simple technique to
sample high energy barriers can be implemented using our setup. This situation can
be experimentally reproduced by trapping a Brownian particle with a dual optical
tweezer. To observe thermally activated escape over a potential barrier, i.e. Kramers
transitions [15], the optical traps of the dual-well trapping potential have to be close
each other, and thermal energy has to be large enough to drive the sphere over the
potential barrier between the two neighboring optical traps. The probability distri-
bution of residence times, i.e. of the intervals of time between escape events from
trap to trap depends on the height of the potential barrier and on the temperature of
the system [15]. Experimental results at room temperature are well described by the
Kramers theory [24].

We studied how the addition of the external random force affects to Kramers
transitions of a microsphere trapped with a dual optical tweezer. We created a double-
well potential with controllable distance between two traps and depths of the traps
using a time-sharing protocol of the AOD. In Fig. 7.10a we show a 10 s frame of the
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time traces of the 1µm diameter sphere moving in the double-well potential before
and after the additional noise signal is switched on. When adding the external force,
the transitions between the two traps are observed more frequently. In this situation,
the potential created by the dual trap can be sampled faster. In Fig. 7.10b we show the
effective potential generated by the dual trap, obtained as U (x)/kT = − ln ρss(x)
using the stationary probability distribution of the position before adding the external
force, ρss(x). Figure 7.10c shows the residence time probability distribution without
and with additional noise signals. As predicted by Kramers [15], the residence time
probability decays exponentially with the residence time. Notice that in the presence
of the additional noise, the probability distribution decays faster, which is consistent
with an increase of the effective temperature.

7.5.2 Building Microscopic Heat Engines

Since the origin of thermodynamics, heat engines, i.e. devices where a system oper-
ates between two thermal baths at different temperature, have been widely studied.
The engine of a car, where fuel is in contact with a hot reservoir (the motor) and
a cold reservoir (the surrounding air) is a real-life example of a heat engine that
performs work. The construction of heat engines in the microscopic scale has been
an open problem until recently. Blickle and Bechinger [4] were able to design the
experimental version of Stirling engine, where a cyclic process is implemented with
two isothermal processes at different temperatures and two isochoric processes. In
their experiment, a microscopic sphere is trapped with an optical tweezer. The tem-
perature is controlled using laser heating techniques and the stiffness of the trap plays
the role of the inverse of the volume in original Stirling engine.

Such microscopic engines require an accurate control of the temperature to work
in optimal conditions. Our experimental setup is a good candidate to be applied as
a temperature control mechanism in a microscopic engine. For this purpose, our
setup might be able to control the temperature of the system at fast timescales. We
designed an experimental protocol to measure how fast one can switch the effective
kinetic temperature of a Brownian particle. We studied the temporal response of
the amplitude of the fluctuations of the position of the particle when we change
the amplitude of the additional noise abruptly. Figure 7.11 shows that the standard
deviation of the position of the sphere (and hence the kinetic temperature) changes
with the same rate as the electric field amplitude, so that only the relaxation time of
the trap (τr = γ /κ = 1.4 ms in our experimental conditions) is the limiting factor.

Moreover, the broadening and compressing of the histograms of the position are
reversible when we switch on and off the noisy electric field. This fact opens the pos-
sibility to implement thermodynamic cycles where a Brownian particle is immersed
in a thermal bath of controllable temperature, and therefore to build microscopic
heat engines in the spirit of the first microscopic heat engine designed by Blickle
and Bechinger [4]. One could for example implement adiabatic processes by design-
ing a protocol where ρ(x), and therefore entropy of the system along a stochastic
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Fig. 7.11 Standard deviation
of the position of the sphere
(left axis) and amplitude of
electric signal (right axis) as a
function of time at an abrupt
change of the electric field

trajectory (1.63), S(t) = −k
!

dx ρ(x; t) ln ρ(x; t), does not change in time. The
density ρ(x) can be kept constant in time with our setup by changing the stiffness of
the trap and the intensity of the external random force using active feedback.

7.6 Conclusions

In this chapter, we have studied how one can tune the amplitude of the Brownian
fluctuations of a microscopic sphere using an experimental setup that is similar to the
one used in Chap. 6 to study the energetics of a symmetry breaking. We have studied
the dynamics of a Brownian sphere in equilibrium and nonequilibrium situations and
discussed the possible applications of our experimental setup.

Our experimental setup was described in Sect. 7.2. We trapped a Brownian micro-
scopic charged sphere in water with an optical tweezer. An external random electric
field whose spectrum is flat up to high frequencies is applied to the charged particle
and plays the role of an external random force exerted to the microscopic particle.
When the optical trap is held fixed and the external field is switched on, both position
histograms and PSD suggest that the particle behaves like if it were immersed in a
thermal bath at a effective temperature that is higher than room temperature (see
Sect. 7.3).

We also studied in Sect. 7.4 the response of the particle to a nonequilibrium process
in the presence of the external random field. When the field is switched on, Crooks
fluctuation theorem is verified by replacing the room temperature by an effective
temperature that is above room temperature. This temperature equals to the effective
temperatures obtained from the PSD of the position histograms with the trap held
fixed.

Our experiment allows one to control the effective temperature of a Brownian
sphere within the range 300–3000 K, that is, we can reach effective temperatures that
are 10 times greater than the room temperature. The temperature can be changed in a
millisecond response time within the range 300–3000 K, which opens the possibility

http://dx.doi.org/10.1007/978-3-319-07079-7_1
http://dx.doi.org/10.1007/978-3-319-07079-7_6
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to exploit our technique to design novel artificial micro and nanoengines, as discussed
in Sect. 7.5. In addition, the setup can be used as a novel experimental technique
to sample energy landscapes where ergodicity is broken because of the presence of
high-energy barriers.
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Chapter 8
Conclusions and Outlook

In this thesis, we have studied the relationship between irreversibility and dissipation
for microscopic systems that reach a nonequilibrium steady state (NESS), in the
framework of stochastic thermodynamics. We have found a tool to estimate the dissi-
pation of a microscopic system in the NESS from the statistics of a single stationary
trajectory produced by the system. Our technique measures the Kullback-Leibler
divergence (KLD) between the probability to observe a (forward) trajectory and the
probability to observe the time reversed (or backward) trajectory, and it does not
require to know any physical detail of the system to estimate the entropy produced
by the system during the process. We have derived analytical expressions for the KLD
for some specific stochastic processes and applied our technique to simulations as
well as to experimental data acquired from a biological system. A specific nonequi-
librium process, namely, a symmetry breaking, is also studied as a relevant example
where the quantitative relationship between irreversibility and dissipation holds. We
have found universal results concerning the energetics of a symmetry breaking at the
microscopic level, and checked these results experimentally using optical tweezers.
Our experimental setup has also allowed us to design a protocol to tune the kinetic
temperature of Brownian particles. We now outline the main results obtained in this
work:

1. New estimators of the KLD rate. We have introduced new estimators of the
KLD rate between the probability to observe a trajectory and the probability
to observed the corresponding time-reversal trajectory. For discrete trajectories,
using statistics of blocks or sequences of m-data is the most feasible technique
to estimate the KLD rate as long as there is sufficient statistics, as described in
Sect. 3.1.1. When there is not sufficient statistics, i.e. when a finite-data sequence
is not sampled in both forward and backward trajectories, the best strategy is to
use our estimator based on compression algorithms defined in Sect. 3.1.2, which
outperforms previous estimators of the KLD based on compression [6]. On the
other hand, we have also introduced two different techniques to measure the
KLD rate for real-valued or continuous time series. First, we have designed
a novel estimator that transforms the time series into a directed graph whose
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in-going and out-going degree distributions capture the irreversibility of a con-
tinuous time series (see Sect. 3.3). This method is applied to several stochastic
processes that serve as benchmark cases, showing that it is possible to distinguish
between reversible and irreversible stochastic processes as well as between con-
servative and dissipative chaotic processes. We introduced in Sect. 3.2.2 a second
estimator of the KLD rate for continuous correlated time series which uses an
asymmetric functional to produce a new uncorrelated series whose KLD is easier
to calculate. Such functional is the residual of an auto regressive model. Unlike
when using the visibility technique, the KLD estimator using the residual func-
tion can be closely related to the average dissipation of a microscopic system in
the NESS, which is analyzed using biological data.

2. Estimating dissipation from single stationary trajectories of discrete
systems. We have first applied our technique to a discrete flashing ratchet model
(see Chap. 4). We have compared the average dissipation of the model with the
KLD rate between trajectories of the ratchet that contain partial or full informa-
tion of the system. We have shown that, even when having partial information of
the system, our estimators are able to distinguish between equilibrium and NESS.
When an external force stalls the ratchet, no net current of particles is observed
and linear irreversible thermodynamics fail to predict that the system is dissipat-
ing energy. However, using out technique, we correctly predict that the system is
producing entropy despite no net current is observed. In this simple example, the
KLD, and not the current, is revealed as the actual fingerprint of irreversibility in
microscopic systems.

3. Detecting active processes in biological systems. In Chap. 5, we have applied
our technique to biological (continuous) data. With our KLD rate estimator based
on the use of residuals we have been able to distinguish between active and pas-
sive spontaneous oscillations of ear hair bundles from bullfrog’s sacculus. Our
technique only requires the measurement of spontaneous oscillations of the posi-
tion of the top of the hair bundles during ∼100 s, outperforming significantly the
requirements of previous works [3]. In addition, our KLD rate estimator indi-
cates the minimum irreversibility to sustain spontaneous oscillations in bullfrog’s
ear hair bundles, which is of the order of the energy consumption rate from ATP
hydrolyzation by a single adaptation motor. Therefore our method serves not only
to detect the presence of active processes but also to bound the entropy produced
by such processes when they are present.

4. Universal features of the energetics of the symmetry breaking. The energetics
of a symmetry breaking and a symmetry restoration can be linked to the relation-
ship between dissipation and irreversibility in the microscopic scale. When a
microscopic system breaks a symmetry, the accessible phase space of the system
is reduced to a subset of the full phase space. Even when the symmetry is broken
quasi statically, the symmetry breaking is accompanied by a (negative) entropy
production. We have derived a formula that relates the average entropy production
when the system chooses an instance with the probability of the system to choose
that option. Our formula is valid in the quasi static limit and it is universal: it does
not depend on the mechanism that biases the probability to choose any option.
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In addition, we have obtained an equivalent formula for the symmetry restora-
tion process, which together with the symmetry breaking result, can be used to
derive Landauer’s principle and the energetics of the Szilard engine as discussed
in Chap. 6. For a complete validation of our formula, we have checked our results
experimentally, by trapping a Brownian particle in a dual optical tweezer and
using external electric fields to tune the probability of the bead to choose between
the two traps.

5. Building experimental microscopic thermodynamic engines. The develop-
ment of experimental techniques in this thesis has provided us a tool to design
a variety of thermodynamic processes in the microscopic scale. Using the dual
optical trap, we have been able to reconstruct a Szilard engine as a concatenation
of a symmetry breaking and a symmetry restoration, as discussed in Chap. 6. On
the other hand, we have also designed an experiment to tune the amplitude of the
Brownian fluctuations of a microscopic charged sphere. The setup is discussed in
Chap. 7 and consists of a Brownian particle trapped by an optical tweezer and an
external random electric field of tunable amplitude. With our setup, we are able
to control the kinetic temperature of a microscopic particle from room temper-
ature to 3000 K in a fast timescale (∼ms). This technique opens the possibility
of implementing heat engines in the microscopic scale such as a non-quasistatic
Carnot engine.

In summary, we have performed a complete study on the relationship between
dissipation and irreversibility for microscopic system in the NESS. Our study
includes analytical results, simulations and experimental verifications. Our results
provide new insights in stochastic thermodynamics and nonequilibrium statistical
mechanics but also in time series analysis, information theory or biophysics. Apart
from the aforementioned applications, our work opens the possibility to analyze new
problems in stochastic thermodynamics. Here we indicate some of the possible future
research lines related to our work.

1. Application of our technique to different biological data. Once our technique
to estimate the dissipation in microscopic systems has been validated using data
from bullfrog’s ear hair cells, the method could be applied to other biological data.
For example, one could analyze if the time asymmetry observed in the heartbeat
of an aging heart is related to the dissipation rate of the heart [1]. Also, EEG
recordings could be used to estimate the entropy produced in neural processes,
or use the KLD to distinguish between different (active or passive) oscillations
in red blood cells [2].

2. Extension of our method to quantum systems. All the results of this thesis
are in the realm of classical physics and therefore their validity extends to small
systems of size where quantum effects are negligible. The quantification of the
relationship between irreversibility and dissipation for quantum system has not
been considered yet. However, the extension of the KLD to quantum systems has
already been discussed in [5].

3. New experimental insights in stochastic thermodynamics. Our experimen-
tal techniques can be applied to design new microscopic engines such as a
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version of a Szilard engine simpler than the experiment done in Ref. [4]. The
implementation of adiabatic processes in the microscopic scale—and therefore
the construction of a Carnot engine—is also possible by using active feedback
when tuning the kinetic temperature of a Brownian particle with our experimen-
tal setup described in Chap. 7. In addition, the dynamics of trapped Brownian
particles under the action of random forces with arbitrary spectrum opens new
questions that could be addressed with new experimental observations.
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Appendix A
Appendix to Chapter 1

A.1 Gaussian White Noise

Let us consider the Brownian motion of a particle in one dimension x. We consider the
Wiener process, W(t), that is the continuous limit of the following discrete Brownian
motion in one dimension

x(t + !t) = x(t)+ ηt!x, (A.1)

where ηt is a random number that can take two values, ηt = ±1 each of them with
probability p = 1/2, and !x is the amplitude of the jumps of the particle. The
initial condition is assumed to be x(0) = 0. Equation (A.1) models the motion of a
Brownian particle in one dimension that starts in x(0) = 0 and jumps randomly to
the left and to the right with equal probability. The Wiener process W(t) is the limit
of this Brownian motion when !x → 0, !t → 0 with σ 2 = !x2/!t finite. The
position of the Wiener process satisfies the following properties:

1. W(t) is Gaussian distributed with zero mean and standard deviation σ
√

t, W(t) ∼
N (0, σ

√
t).

2. W(t) is Markovian, i.e. the value of W(t) is independent on the value of W(t′)
for any t′ < t.

3. The increment of W(t) is independent on its value, i.e. W(t + !t) − W(t) is
independent of W(t).

We can investigate which is the value of the correlation of the Wiener process
⟨W(t)W(t′)⟩ by taking into account the above properties. Because of the 3rd property,

⟨[W(t + !t) − W(t)]W(t)⟩ = 0, (A.2)

or equivalently
⟨W(t + !t)W(t)⟩ = ⟨W(t)W(t)⟩ = σ 2t, (A.3)
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where we have used the 1st property in the second equality. For any t and t′,

⟨W(t)W(t′)⟩ = σ 2 min(t, t′). (A.4)

Gaussian white noise is formally defined as the derivative of a Wiener process

ξ(t) = dW(t)
dt

. (A.5)

However, since W(t) is stochastic, its time derivative cannot be computed, and the
above definition is not useful for generating a stochastic series of a Gaussian white
noise process. However, since ξ(t) is obtained from a Gaussian process, ξ(t) is also
a Gaussian random variable. Its average and correlation can be computed from the
properties of the Wiener process. Since ⟨W(t)⟩ = 0,

⟨ξ(t)⟩ = d
dt

⟨W(t)⟩ = 0. (A.6)

The correlation of the white noise can be obtained taking into account (A.4)

⟨ξ(t)ξ(t′)⟩ = d
dt

d
dt′

⟨W(t)W(t′)⟩ = d
dt

σ 2θ(t′ − t) = σ 2δ(t − t′). (A.7)

Therefore, a Gaussian white noise of amplitude σ is a stochastic process defined by
the following three properties

1. It is Gaussian distributed.
2. It has zero mean ⟨ξ(t)⟩ = 0.
3. Its correlation is such that ⟨ξ(t)ξ(t′) = σ 2δ(t − t′).

A.2 Stochastic Differential Equations

Let us consider stochastic differential equations of the form

ẋ(t) = f (x(t))+ g(x(t))ξ(t), (A.8)

for any generic functions f and g, and ξ(t) being a Gaussian white noise (see Appen-
dix A.1). The solution of these equations have the form

x(t) = x(0)+
t!

0

f (x(t′))dt′ +
t!

0

g(x(t′))dW(t′). (A.9)



Appendix A: Appendix to Chapter 1 181

Because of the stochastic nature of W(t), the calculation of the last term of (A.9) is
cumbersome. We have to give a prescription to the integral

t!

0

g(x(t′))dW(t′) = lim
δt→0

"

i

g(t⋆i )[W(ti + !t) − W(ti)]. (A.10)

There are two prescriptions commonly used to calculate this integral introduced by
Ito and Stratonovich:

• Ito: t⋆i = ti.
• Stratonovich: t⋆i = ti + !t

2 .

Therefore, the integrals of the type
#
g(x(t′))dW(t′) can be evaluated according to

these two different conventions. In general, the following notation [1] is used: For
Ito calculus, (A.10) is evaluated using the following discretization scheme,

g(x(t′)) · dW(t′) → g(x(t′))
$
W(t′ + !t) − W(t′)

%
, (A.11)

whereas for Stratonovich calculus

g(x(t′)) ◦ dW(t′) → g(x(t′ + !t))+ g(x(t′))
2

$
W(t′ + !t) − W(t′)

%
. (A.12)

Depending on the prescription used, the values of integrals that involve stochastic
terms may differ. In the case in which the noise is additive, that is, when the term
that multiplies ξ(t) does not depend on x(t) (g(x(t)) = const), Ito and Stratonovich
calculus yield the same result. In any other case, the two prescriptions may lead to
different values. As an example, let us consider the following differential equations

ẋ(t) = ξ(t), (A.13)

ẏ(t) = x(t)ξ(t). (A.14)

The solution to this equation is (see Appendix A.1)

y(t) =
t!

0

W(t′)dW(t′). (A.15)

We now analyze which is the value of the ensemble average of y(t) to different
realizations. In Ito formalism,

⟨yIto(t)⟩ = lim
!t→0

"

i

⟨W(ti)[W(ti + !t) − W(ti)]⟩ = 0, (A.16)

where we have used (A.2). On the other hand, in the Stratonovich prescription,
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⟨yStrat(t)⟩ = lim
!t→0

"

i

⟨W(ti + !t/2)[W(ti + !t) − W(ti)]⟩

= lim
!t→0

"

i

σ 2[ti + !t/2 − ti] =
σ 2t
2

. (A.17)

Notice that in Stratonovich calculus usual rules of calculus do apply. In this example,

yStrat(t) =
t!

0

W(t′)dW(t′) = W(t′)2

2

&&&&
t

0
= W(t)2

2
. (A.18)

From the above (exact) solution we can calculate the average ⟨yStrat(t)⟩ =
⟨W(t)2/2⟩ = σ 2t/2, recovering (A.17). In Ito calculus, usual rules of calculus do
not apply. This can be seen intuitively in this example. The term,

⟨W(ti + !t)[W(ti + !t) − W(ti)]⟩ =
$
W(ti + !t)2 − W(ti)2%

2

− [W(ti + !t) − W(ti)]2

2
.

The first term leads to the result from standard calculus W(t)2/2 and the second
vanishes if W(t) is differentiable since [W(ti + !t) − W(ti)]2 ∼ !t2. However, for
the Wiener process, [W(ti + !t) − W(ti)]2 = σ 2!t, and the contribution of the
second term cannot be neglected. In Ito calculus, the terms that go like !W2 are
replaced by σ 2!t. As a consequence, the following property, known as Ito’s lemma,
holds in Ito’s convention: If x(t) follows (A.8), and A = A(x) is any function of
x = x(t), then

Ȧ(t) = ∂A
∂x

$
f (x(t))+ g(x(t))ξ(t)

%
+ σ 2

2
∂2A
∂x2 g(x(t))

2. (A.19)

Another paradigmatic case study in which Ito and Stratonovich calculus do not
coincide is ⟨x(t)ξ(t)⟩. In Ito’s formalism

⟨x(t)ξ(t)⟩Ito = 0, (A.20)

whereas in the Stratonovich prescription, ⟨x(t)ξ(t)⟩ does not vanish in general and
it is calculated using Novikov’s theorem [2],

⟨x(t)ξ(t)⟩Strat =
t!

0

ds⟨ξ(t)ξ(s)⟩
'
δx(t)
δξ(s)

(
, (A.21)

where δx(t)
δξ(s) stands for functional the functional derivative of x(t)with respect to ξ(s).
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A.3 Fokker-Planck Equation

Let us consider the following generalized overdamped Langevin equation

ẋ = f (x)+ g(x) · ξ, (A.22)

where the stochastic product is taken in Ito’s sense. By Ito’s lemma, any function
A = A(x) follows

Ȧ = ∂A
∂x

$
f (x)+ g(x)ξ(t)

%
+ σ 2

2
∂2A
∂x2 g(x)

2. (A.23)

We now focus on calculating the average of ⟨Ȧ⟩. We notice that in Ito’s convention
⟨g(x)ξ ⟩ = 0 for any function g (A.20). Therefore,

⟨Ȧ(t)⟩ =
'
A′(x)f (x)+ σ 2

2
g(x)2A′′(x)

(
, (A.24)

where we have simplified the notation by using x = x(t) and A′(x) = ∂A
∂x . Any

average can be expressed in terms of the probability density function ρ(x, t), ⟨A⟩ =#
dxρ(x, t)A, where the integration is done over all the space. Taking into account

this, and using the notation ∂α = ∂
∂α and ∂2

α = ∂2

∂α2 for any variable α, we can
rewrite (A.24)

!
A(x)

∂

∂t
ρ(x, t) =

!
dxρ(x, t)

)
A′(x)f (x)+ σ 2

2
g(x)A′′(x)

*
. (A.25)

Now, integrating by parts and assuming that ρ(x, t) vanishes in x = ±∞ at any
time t,

!
A(x)

∂

∂t
ρ(x, t) =

!
dxA(x)

)
−∂x(f (x)ρ(x, t))+ σ 2

2
∂2

x (g(x)ρ(x, t))
*
.

(A.26)

Since Ito’s lemma holds for any function A(x), the above equality implies

∂tρ(x, t) = −∂x

)
f (x)ρ(x, t)

*
+ σ 2

2
∂2

x

)
g(x)2ρ(x, t)

*
. (A.27)

which is known as the Fokker-Planck equation for the probability density ρ(x, t).
Fokker-Planck equation can be seen as a continuity equation for the probability
current j(x, t)

∂tρ(x, t) = −∂xj(x, t), (A.28)
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with

jIto(x, t) =
)

f (x) − σ 2

2
∂xg(x)2

*
ρ(x, t). (A.29)

In the case of Stratonovich calculus, the definition of the probability current changes
slightly,

jStrat(x, t) =
+
f (x) − σ 2g(x)∂xg(x)

,
ρ(x, t). (A.30)

For additive noise, both conventions lead to the same result. If g(x) = C with
C = const,

jIto(x, t) = jStrat(x, t) =
+
f (x) − σ 2C2

,
ρ(x, t). (A.31)
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Appendix to Chapter 2

B.1 Shannon Entropy is Time Invariant Under
Liouville Evolution

We now prove that Shannon entropy of an isolated system, in units of k,

S(t) = −
!

dqdp ρ(q, p; t) ln ρ(q, p; t), (B.1)

does not change in time, i.e. ∂tS(t) = 0, along an isolated process where the phase
space density evolves according to Liouville’s equation (1.28)

∂ρ(z, t)
∂t

= Lρ(z, t), (B.2)

where Lρ = {H, ρ} = ∂qH∂pρ − ∂pH∂qρ, H being the Hamiltonian of the system.
The explicit time derivative of the Shannon entropy yields

∂tS(t) = −
!

dqdp ∂tρ(q, p; t) ln ρ(q, p; t) −
!

dqdp ∂tρ(q, p; t)

= −
!

dqdp ∂tρ(q, p; t) ln ρ(q, p; t), (B.3)

since
#

dqdp ∂tρ(q, p; t) = ∂t
#

dqdp ρ(q, p; t) = ∂t1 = 0. We now use Liouville’s
theorem (B.2) in (B.3),

∂tS(t) = −
!

dqdp Lρ(q, p; t) ln ρ(q, p; t)

= −
!

dqdp ∂qH∂pρ ln ρ

- ./ 0
Ṡ1

+
!

dqdp ∂pH∂qρ ln ρ

- ./ 0
Ṡ2

. (B.4)
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Integrating by parts the first term in (B.5),

Ṡ1 = −
!

dq
)
∂qHρ ln ρ

&&∞
−∞ −

!
dp∂p∂qHρ ln ρ −

!
dp∂qH∂pρ

*

=
!

dqdp
$
∂p∂qH ρ ln ρ + ∂qH ∂pρ

%
, (B.5)

where we have assumed that ρ has finite support and it vanishes in p = ±∞ as does
ρ ln ρ using the convention 0 ln 0 = 0. The second term in (B.5) can be obtained by
adding a minus sign and changing q → p, and vice versa, in (B.5),

Ṡ2 = −
!

dqdp
$
∂q∂pH ρ ln ρ + ∂pH ∂qρ

%
. (B.6)

If we assume that ∂q∂pH = ∂p∂qH and we replace (B.5) and(B.6) in (B.5), we obtain

∂tS(t) =
!

dqdp
$
∂qH ∂pρ − ∂pH ∂qρ

%
(B.7)

=
!

dqdpLρ =
!

dqdp∂tρ = 0, (B.8)

which completes the proof.

B.2 Properties of the Kullback–Leibler Divergence

The Kullback–Leibler divergence or relative entropy between two probability distri-
butions of a random continuous variable X is defined by

D[p(x)||q(x)] =
!

X

dx p(x) ln
p(x)
q(x)

, (B.9)

where the integral runs over all the values that the value X can take, X . We use the
conventions 0 ln 0

0 = 0, 0 ln 0
q = 0 and p ln p

0 = ∞. The latter case implies that
if there is a value x of the variable X such that p(x) ̸= 0 and q(x) = 0, the KLD
diverges. The relative entropy D[p(x)||q(x)] is only finite if the support set of p is
contained in the support set of q.

Notice that the definition of KLD can be extended to distribution of any number
n of random variables. We define by X1,X2, . . . ,Xn a set of n different random
variables, which can be simplified using the notation Xn

1 ≡ X1, . . . ,Xn. In this case,
we denote by p(xn

1)dxn
1 = p(x1, . . . , xn)dx1 · · · dxn the probability to observe the

n random variable to take the values [x1, x1 + dx1], . . . , [xn, xn + dxn]. The KLD
between two probability distributions of the set of random variables Xn

1 is defined as
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D[p(xn
1)||q(xn

1)] =
!

X n
1

dxn
1 p(xn

1) ln
p(xn

1)

q(xn
1)
. (B.10)

In case of a single random variable of many dimensions such as x = (x, y, z), the
KLD between two distributions of such a variable can be expressed using (B.10) as
the KLD between the joint probability distributions of the components, p(x, y, z) and
q(x, y, z) in this example. We now introduce some of the most relevant properties of
the KLD that are valid for both single and multivariate probability density functions
of discrete and continuous random variables.

We now consider the discrete version of (B.9) to prove the main properties of the
KLD [1]. For a discrete random variable X which can take values in a set X = {x ∈
X }, the KLD between two distributions of the variable X, p and q is

D[p(x)||q(x)] =
"

x∈X
p(x) ln

p(x)
q(x)

. (B.11)

We now show and prove some properties of the KLD between two probability distri-
butions of discrete variables that are extensive to the KLD between distributions of
continuous random variables as well as to the KLD between probability distributions
of more than one variable.

Positivity: For any p and q,
D[p(x)||q(x)] ≥ 0, (B.12)

with equality if and only if p = q for all x.

Proof Let us consider −D[p(x)||q(x)] where we denote by X the support of X and
by A the support set of p, which is contained in X , A = {x|p(x) > 0}. The following
inequalities hold

−D[p(x)||q(x)] =
"

x∈A

p(x) ln
q(x)
p(x)

(B.13)

≤ ln
"

x∈A

p(x)
q(x)
p(x)

= ln
"

x∈A

q(x) (B.14)

≤ ln
"

x∈X
q(x) = ln 1 = 0. (B.15)

Since −D[p(x)||q(x)] ≤ 0 ⇒ D[p(x)||q(x)] ≥ 0. Notice that the inequality in (B.14)
is consequence of Jensen’s inequality for the (concave) function ln(x), which satisfies
⟨ln x⟩ ≤ ln⟨x⟩ for any value of the argument x.
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Chain rule: Kullback–Leibler divergence decreases upon coarse graining,

D[p(x, y)||q(x, y)] ≥ D[p(x)||q(x)]. (B.16)

Proof

D[p(x, y)||q(x, y)] =
"

x,y

p(x, y) ln
p(x, y)
q(x, y)

,

=
"

x,y

p(x, y) ln
p(x)p(y|x)
q(x)q(y|x) ,

=
"

x,y

p(x, y) ln
p(x)
q(x)

+
"

x,y

p(x, y) ln
p(y|x)
q(y|x) ,

= D[p(x)||q(x)] + D[p(y|x)||q(y|x)],
≥ D[p(x)||q(x)]. (B.17)

The inequality in (B.17) is because the KLD D[p(y|x)||q(y|x)] is positive.
The properties that are mentioned above apply not only to distributions of

independent random variables but also to dependent random variables. A paradig-
matic case of dependent random variables is to consider the outcomes of a stochastic
process with memory. The KLD can be extended to distributions of stochastic tra-
jectories of a random variable X. The extension is done in a similar way as in the
definition of the KLD between probability distributions of n different random vari-
ables. Let us consider a finite sequence of n symbols x1, x2, . . . , xn which we denote
by xn

1. The extension is done. Let p(xn
1) = p(x1, x2, . . . , xn) be a joint probability

density of observing in the stochastic process n of the continuous random variable
X to take the values x1, x2, . . . , xn respectively. Let us consider another stochastic
process of the same continuous random variable X drawn according to a different
probability distribution q, and let q(xn

1) = q(x1, x2, . . . , xn) be the joint probability
distribution to observe the sequence x1, x2, . . . , xn in the stochastic process drawn
according to q. The KLD between the two probability distributions is expressed in
the same way as the KLD between multivariate random variables (B.10),

D[p(xn
1)||q(xn

1)] =
!

dxn
1 p(xn

1) ln
p(xn

1)

q(xn
1)
, (B.18)

In [2] we introduced the following compact notation

DX
n [p||q] ≡ D[p(xn

1)||q(xn
1)], (B.19)

where the subscript n stands for the number of data sampled to distinguish between
p and q and the superscript X denotes the variable that is distributed according to p
and q. DX

n is known as the n-time relative entropy between the distributions p and q
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of the random variable X. In case of stochastic process it is also interesting to define
the KLD rate per data,

dX [p||q] = lim
n→∞

DX
n [p||q]

n
, (B.20)

which saturates when n is of order of the memory of the stochastic process.

B.3 Kullback–Leibler Divergence Between Hidden
Markov Chains Using Replica Trick

B.3.1 Replica Trick

Replica trick is a mathematical technique that was introduced to calculate free
energies in spin glasses [3]. Consider a Hamiltonian that describes the interaction
of N subsystems which are coupled by random strengths σi,j that are distributed
according to a specific probability distribution. One example is a spin glass with
random coupling strengths between every pair of spins, such as the Sherrington–
Kirkpatrick model [4] where coupling strengths are random and Gaussian distrib-
uted, p(σi,j) ∝ exp(−σ 2

i,j/2). For such a system, it is interesting to calculate the
free energy per subsystem. Let Z be the partition function of the N-spin system. The
average free energy per site over all the possible values of the coupling, f , is given by

f = −kBT lim
N→∞

1
N

⟨ln Z⟩. (B.21)

The average ⟨ln Z⟩ over all possible configurations for these kind of models cannot
be calculated analytically in general. However the following trick

⟨ln Z⟩ = lim
n→0

d
dn

ln⟨Zn⟩, (B.22)

simplifies the calculation of (B.21) since ⟨Zn⟩ can be calculated explicitly in general.
By replacing (B.22) into (B.21),

f = −kBT lim
N→∞

1
lim
n→0

d
dn

φN (n)
2
, (B.23)

where

φN (n) =
1
N

ln⟨Zn⟩, (B.24)
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can be considered as the free energy per site of a system formed by n replica of the
original system. Because of this, the technique to replace the average ⟨ln Z⟩ by the
right hand side of Eq. (B.22) is often called replica trick.

B.3.2 KLD of Hidden Markov Chains Using Replica Trick

The semi-analytical calculation of the KLD rate for a specific case of hidden Markov
chains was discussed in Sect. 2.5.2. We now introduce a new technique to calculate
the KLD dX in Eq. (2.46) using the replica trick [2, 5]. To this end, we first consider
the expression of dX in terms of Shannon and cross entropy rates, dX = hX

r −hX . We
define the matrix resulting from the multiplication of m transition matrices [defined
in Eq. (2.50)] chosen according to xm

1 as

T(xm
1 ) =

m−13

i=1

T(xi, xi+1), (B.25)

Shannon entropy rate hX can be rewritten by substituting (B.25) into (2.51),

hX = − lim
m→∞

1
m

4
ln TrT(xm

1 )
5
. (B.26)

The analytical calculation of the average
4
ln TrT(xm

1 )
5
is cumbersome and it can only

be done semi-analytically, as we explained in Sect. 2.5.2. However, we can express
this average in terms of

4
TrT(xm

1 )
5
, which can be calculated analytically by using the

replica trick [cf. Eq. (B.22)]

⟨ln TrT(xm
1 )⟩ = lim

α→0

d
dα

ln⟨[TrT(xm
1 )]α⟩. (B.27)

Reference [6] shows how to apply this technique when T(xm
1 ) is equal to a product

of random matrices which are chosen following a Markovian process. In our case, an
underlying Markovian process defined by the two random variables X and Y , defines
the order of the matrices that are multiplied in T(xm

1 ). We now apply the technique
described in [6] to calculate hX . If we define the generalized Lyapunov exponent of
degree α [7] as

LX
α = lim

m→∞
1
m

ln
4
[TrT(xm

1 )]α
5
, (B.28)

which is analogous to the free energy per site described in (B.24). With this definition
and taking into account the replica trick for this problem (B.27), Shannon entropy
rate (B.26) is given by

hX = − lim
α→0

d
dα

LX
α . (B.29)

http://dx.doi.org/10.1007/978-3-319-07079-7_2
http://dx.doi.org/10.1007/978-3-319-07079-7_2
http://dx.doi.org/10.1007/978-3-319-07079-7_2
http://dx.doi.org/10.1007/978-3-319-07079-7_2
http://dx.doi.org/10.1007/978-3-319-07079-7_2
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Now we consider the following property: Given a matrix A and a positive integer
α, (TrA)α = Tr(A⊗α), where A⊗α = A ⊗ A ⊗ · · · ⊗ A- ./ 0

α times

. Using this property, the

average in (B.28) reads

4
[TrT(xm

1 )]α
5
=

4
Tr[T(xm

1 )
⊗α]

5
= Tr

4
T(xm

1 )
⊗α

5
. (B.30)

Since the tensor power of a product of matrices factorizes,
(ABC)⊗α = A⊗αB⊗αC⊗α , Eq. (B.30) can be rewritten,

4
[TrT(xm

1 )]α
5
= Tr

"

xm
1 ,ym

1

m−13

i=1

T(xi, xi+1)yi,yi+1T(xi, xi+1)
⊗α. (B.31)

We now define a block matrix T (α), where each block is a transition matrix
T(x1, x2)

⊗α+1. The matrix elements of T (α) are therefore:

T (α)x1,y1,x2,y2 = [T(x1, x2)
⊗α+1]y1,y2 . (B.32)

Using (B.31) and (B.32) in (B.28), we see that LX
α is dominated by the largest eigen-

value of T (α) which we call τ (α),

LX
α = lim

m→∞
1
m

ln Tr[T (α)m−1] = ln τ (α), (B.33)

yielding,

hX = − lim
α→0

d
dα

ln τ (α). (B.34)

The above limit cannot be calculated analytically because the tensor powers in T (α)

are only defined for integer values of α. Therefore we approximate the limit α → 0
by an estimation of the slope of LX

α as a function of α close to α = 0 [7],

ĥX = 2LX
1 − LX

2

2
= 2 ln τ (1) − ln τ (2)

2
. (B.35)

We obtain an equivalent result for hX
r by replacing T(xm

1 ) in (B.26) by the product
of transition matrices but ordered according to the time-reversed series x1

m, T(x1
m).

Defining the following matrix

Tr(α)x1,y1,x2,y2 = [T(x2, x1)
T ⊗ T(x1, x2)

⊗α]y1,y2 , (B.36)

and τr(α) being the largest eigenvalue of Tr(α), we get

hX
r = − lim

α→0

d
dα

ln τr(α). (B.37)
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In practice, we also need to approximate the limit α → 0 in the above expression
using Eq. (B.35) but replacing τ by τr ,

ĥX
r = 2 ln τr(1) − ln τr(2)

2
. (B.38)

Finally, the estimation of dX for this kind of series using replica trick, is obtained
with the difference between Eqs. (B.38) and (B.35),

d̂X = ĥX
r − ĥX = 2 ln

τr(1)
τ (1)

+ 1
2

ln
τ (2)
τr(2)

. (B.39)
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Appendix to Chapter 3

C.1 Outgoing Degree Distribution in the Visibility Graph
of Uncorrelated Random Series

We now proof Eq. (3.34) for real valued random uncorrelated series. We study the
value of the out degree distribution, since the analysis for the in distribution is com-
pletely equivalent. Let x be an arbitrary data of the aforementioned series. The prob-
ability that the horizontal visibility of x is interrupted by a data xr on its right is
independent of the distribution that generates the series, ρ(x),

-1 =
∞!

−∞

∞!

x

ρ(x)ρ(xr)dxrdx =
∞!

−∞
ρ(x)[1 − F(x)]dx = 1

2
, (C.1)

where F(x) =
x#

−∞
ρ(x′)dx′.

The probability pout(k) of the data x being capable of exactly seeing k data can
be expressed as

pout(k) = qout(k)-1 = 1
2

qout(k), (C.2)

where qout(k) is the probability of x seeing at least k data. qout(k) can be recurrently
calculated via

qout(k) = qout(k − 1)(1 − -1) =
1
2

qout(k − 1). (C.3)

Since the first data at least sees the second data, qout(1) = 1, the following expression
is obtained

qout(k) =
1

1
2

2k−1

, (C.4)

which together with Eq. (C.2) concludes the proof of Eq. (3.34),
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pout(k) =
1

1
2

2k

. (C.5)

We notice that an analogous derivation holds for the in case.

C.2 KLD Visibility Estimator for a Logistic Map

In this section, we prove analytically that the time series generated by the logistic map
(3.35) with µ = 4 are irreversible at the level of the in and out degree distributions
of their associated DHVg, that is, dvis > 0. We notice thatt the KLD between two
distributions is zero if and only if the distributions are the same in the entire support.
Therefore, if we want to prove that dvis is strictly positive, it is sufficient to find that
Pin(k) ̸= Pout(k) for some value of the degree k. Here we take advantage of this fact
to provide a rather general recipe to prove that a chaotic system is irreversible.

Consider a time series xn
1 with a joint probability distribution ρ(x1, x2, . . . , xn)

and support (a, b), and denote xi−1, xi, xi+1 three (ordered) generic data of the series.
By construction,

Pout(k = 1) = P(xi ≤ xi+1) =
b!

a

dxi

b!

xi

dxi+1ρ(xi, xi+1),

Pin(k = 1) = P(xi−1 > xi) =
b!

xi

dxi−1

b!

a

dxiρ(xi−1, xi).

(C.6)

The probability that kout = 1 (kin = 1) is actually the probability that the series
increases (decreases) in one step. This probability is independent of time, because
we consider stationary series. If the chaotic map is of the form xi+1 = F(xi), it is
Markovian, and the preceding equations simplify due to Markov property (2.36):

Pout(k = 1) =
b!

a

dxi

b!

xt

dxi+1ρ(xi)ρ(xi+1|xi),

Pin(k = 1) =
b!

a

dxi

! b

xi

dxi−1ρ(xi−1)ρ(xi|xi−1).

(C.7)

For chaotic dynamical systems whose trajectories are in the attractor, there exists an
invariant probability measure that characterizes the long-term fraction of time spent
by the system in the various regions of the attractor. In the case of the Logistic map,

http://dx.doi.org/10.1007/978-3-319-07079-7_3
http://dx.doi.org/10.1007/978-3-319-07079-7_2
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F(xi) = µxi(1 − xi), (C.8)

with parameter µ = 4, the attractor is the whole interval [0, 1] and the probability
measure ρ(x) corresponds to [1]

ρ(x) = 1
π

√
x(1 − x)

. (C.9)

Now, for a deterministic system, the transition probability is simply

ρ(xi+1|xi) = δ(xi+1 − F(xi)), (C.10)

where δ(x) is the Dirac delta distribution. Equation (C.8) for the Logistic map with
µ = 4 and x ∈ [0, 1] read

Pout(k = 1) =
1!

0

dxi

1!

xi

dxi+1ρ(xi)δ(xi+1 − F(xi)),

Pin(k = 1) =
1!

0

dxi

1!

xi

dxi−1ρ(xi−1)δ(xi − F(xi−1)). (C.11)

Notice that, using the properties of the Dirac delta distribution, the integral
# 1

xi
δ(xi+1−

F(xi))dxi+1 is equal to one if and only if F(xi) ∈ [xi, 1], what happens iff
0 < xi < 3/4, and it is zero otherwise. Therefore the only effect of this integral
is to restrict the integration range of xi to be [0, 3/4]. The first equation in (C.12)
reduces to

Pout(k = 1) =
3/4!

0

dxiρ(xi) =
2
3
. (C.12)

On the other hand,

1!

xi

dxi−1ρ(xi−1)δ(xi − F(xi−1)) =
"

x∗
k |F(x∗

k )=xi

ρ(x∗
k )/|F ′(x∗

k )|, (C.13)

that is, the sum over the roots x∗ of the equation F(x) = x, iff F(xi−1) > x0.
Since xi−1 ∈ [xi, 1] in the latter integral, the condition F(xi−1) > x0 is verified if
0 < xi < 3/4. In fact, if 0 < xi < 3/4 there is always a single value of xi−1 ∈ [xi, 1]
such that F(xi−1) = xi, so the sum restricts to the adequate root. The particular value
is x∗

i = (1+√
1 − xi)/2. Making use of these piecewise solutions and Eq. C.10, we

finally have
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Pin(k = 1) =
3/4!

0

dxi
ρ(x∗

i )

4
√

1 − xi
= 1

2

3/4!

0

dxiρ(xi) =
1
3
. (C.14)

We conclude that Pout(k) ̸= Pin(k) for the Logistic map and hence the KLD measure
based on degree distributions is positive.

Recall that Pout(k = 1) = 2/3 is the probability that the series exhibits a positive
jump (xi > xi−1) once in the attractor. These positive jumps must be smaller in
size than the negative jumps because, once in the attractor, ⟨xi⟩ is constant. The
irreversibility captured by the difference between Pout(k = 1) and Pin(k = 1) is then
the asymmetry of the probability distribution of the slope xi − xi−1 of the original
time series. The KLD of the degree distributions given by (3.31) clearly goes beyond
this simple signature of irreversibility and can capture more complex and long-range
traits.
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D.1 Numerical Integration of Stochastic Differential Equations

We are interested in integrating numerically equations of the type

ẋ(t) = f (x(t); t)+ g(x(t); t)ξ(t), (D.1)

for any generic functions f and g that depend on x and could also depend explicitly
on t. We focus on the one-dimensional case for simplicity. In the above equation,
ξ(t) is a Gaussian white noise of intensity σ (see Sect. A.1). We want to obtain a
numerical scheme that approximates the solution of this kind of equations has the
form

x(t) = x(0)+
t!

0

f (x(t′); t′)dt′ +
t!

0

g(x(t′); t′)dW(t′). (D.2)

We now show two simple numerical schemes that perform this task when (D.1) is
taken in Ito or Stratonovich sense [1]. Interestingly, the two methods apply also to
both Ito and Stratonovich case in case of additive noise.

D.1.1 Euler’s Method

Euler’s method uses the simplest integration scheme, where the value of x at time
t + !t—with !t is smaller that any characteristic time of the system—is given by

xt+!t = xt + f (xt; t)!t + g(xt; t)!W . (D.3)

In the above equation, !W is the increment of the Wiener process in !t, which
is given by !W = σ

√
!tN (0, 1), where N (0, 1) is a random number generated
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by a Gaussian distribution of zero mean and unit variance. This numerical scheme
converges to the Ito solution of (D.1) [1].

D.1.2 Heun’s Method

Heun’s scheme is a refinement of Euler’s method

xt+!t = xt +
1
2

$
f (xt; t)+ f (x̃t+!t; t + !t)

%
!t

+ 1
2

$
g(xt; t)+ g(x̃t+!t; t + !t)

%
!W , (D.4)

where x̃t+!t is the predicted value of x at time t + !t using Euler’s scheme,

x̃t+!t = xt + f (xt; t)!t + g(xt; t)!W . (D.5)

The numerical integration method given by Eqs. (D.4) and (D.5) converges to the
Stratonovich solution of (D.1) as indicated in [1].

Reference
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E.1 Energetics of Symmetry Breaking and Extended
Fluctuation Theorems

The extended fluctuation relation [1, 2] expresses a symmetry of the work distribution
when ergodicity is broken. Let F be a nonequilibrium forward process where a system
initially in equilibrium, is driven out of equilibrium during a time τ by switching
a control parameter λ from λA to λB. The system is described by a Hamiltonian
that depends on the value of the control parameter, Hλ. In the backward process B
the system is initially in equilibrium with Hamiltonian HB and the control parameter
evolves in the reverse way, from λB to λA. The system is assumed to be in contact with
a thermal bath at temperature T throughout the process. The microstate of the system
at any time t is denoted by z(t). We define by a(z) any function of the microstate
of the system in the beginning of the forward process and by b(z) of the microstate
in the beginning on the reverse process. Let pF(W , a → b) be the joint probability
distribution to measure a work W in the forward process provided that a(z) = a in the
beginning of the forward process and and b(z) = b in the end of the forward process.
The joint probability distribution pF(−W , b⋆ → a⋆) is the probability to perform
a work −W in the backward process given that, in the beginning of the backward
process, b(z) = b⋆ and in the end of the backward process a(z) = a⋆, where ⋆ stands
for a change of sign in all momenta. The following relation holds [1],

pF(W , a → b)e−βW = pB(−W , b⋆ → a⋆)e−β!F , (E.1)

where !F = Fb − Fa is the free energy difference between the states described by
a and b, and therefore e−β!F = Zb/Za. The above equation can be factorized,

pF(W |a → b)pF(a → b) = pB(−W |b⋆ → a⋆)pB(b⋆ → a⋆)e−β(W−!F), (E.2)

where pF(a → b) and pB(b⋆ → a⋆) are the probabilities to observe the transitions
a → b (b⋆ → a⋆) in the forward (backward) process. The distributions pF(W |a → b)
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and pB(−W |b⋆ → a⋆) measure the work distribution conditioned to the path a → b
and b⋆ → a⋆ respectively.

In the symmetry breaking, the system is initially in equilibrium in a reference
state 0 and ends in one of the two traps F or M. The probability to choose the trap
α = F,M in the forward process is denoted by pF(0 → α) = pα . The restoring-
symmetry probability is pB(α → 0) = 1, since the system always ends in the
reference state in the reverse process. Therefore, for the symmetry breaking, the
Maragakis’s fluctuation theorem yields,

pF(W |α)pα = pB(−W |α)e−β(W−!Fα), (E.3)

where pF(W |α) is the probability to observe a work W in the forward process condi-
tioned to choose the trap α, and !Fα = Ffin,α −Fini. Taking logarithms in the above
equation,

W − !Fα = kT ln pα + kT ln
pF(W |α)

pB(−W |α) , (E.4)

which shows that pF(W |α) and pB(−W |α) satisfy a fluctuation theorem similar to
Crooks fluctuation theorem. These probability distributions should cross in W⋆

α =
!F + ln pα . Averaging over all the realizations that end in the α trap,

⟨W⟩α − !Fα = kT ln pα + kTD[pF(W |α)||pB(−W |α)] ≥ kT ln pα. (E.5)

Equation (E.5) implies the inequality (6.1) relating the average dissipation and the
choice probability in a symmetry breaking. The KLD D[pF(W |α)||pB(−W |α)] is
the correction term that appears when the process is not done quasistatically. When
the process is done reversibly, this KLD vanishes, and

⟨W⟩α − !Fα = kT ln pα, (E.6)

which coincides with the equality in (6.1).

E.2 Symmetry Breaking with Harmonic Traps

We now study the energetics of the symmetry breaking of a process where a Brown-
ian particle is immersed in a thermal bath at temperature T in a bistable potential
that is modulated following a protocol analogous to the one described in Sect. 6.3.
A movable optical trap M, is initially overlapped with a fixed trap F with their centers
located in x = 0 for a longer time than the relaxation time of the traps so the particle
relaxes to equilibrium. The M trap is moved in one dimension from x = 0 to x = L
at constant velocity v and let again to relax in x = L. The separation distance L is
assumed to be large enough to avoid that the particle feels the force extorted by the

http://dx.doi.org/10.1007/978-3-319-07079-7_6
http://dx.doi.org/10.1007/978-3-319-07079-7_6
http://dx.doi.org/10.1007/978-3-319-07079-7_6
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F trap if it ends in the M trap, and vice versa. During the process an electrostatic
fields induces a force Felec = −Felecex, Felec being the modulus of the force.

In the quasistatic limit, the average work done along the trajectories in which the
particle ends in the α = F,M trap is equal to [3]

⟨W⟩α − !Fα = kT ln
pα

p̃α
, (E.7)

where !Fα is the free energy difference between the final and the initial equilibrium
states of the particle and pα (p̃α) the probability of the particle to choose the trap α

in the forward (backward) process.
To obtain the relation between dissipation and irreversibility in such symmetry

breaking process, we derive analytic expressions for the initial and free energy dif-
ferences as well as for p̃α . The initial free energy of this process is

Finit = −kT ln ZF+M, (E.8)

where ZF+M is the partition function of the particle in the combined trap. The final
free energy is

Ffin = −kT ln(ZF + ZM), (E.9)

where Zα is the partition function of the particle in a single trap α = F,M in its
final location. Notice that they can depend on the electrostatic force Felec and the
distance L.

Let pα be the probability that the particle ends in trap α = F,M after the separa-
tion. In the backward process the probability to find the particle in the α trap is just the
probability to find it there in the initial condition (recall that in the backward process
starts with the two traps separated). Since the initial condition is the canonical state,
this probability is

p̃α = Zα

ZF + ZM
, (E.10)

Inserting !F = Ffin − Finit using (E.8) and (E.9), and replacing p̃α by (E.10) in
(E.7), one obtains

⟨W⟩α + kT ln(ZF + ZM) − kT ln ZF+M = kT ln
pα(ZF + ZM)

Zα
, (E.11)

yielding
⟨W⟩α + kT ln Zα − kT ln ZF+M = kT ln pα. (E.12)

To calculate the partition functions we will assume that the traps generate harmonic
potentials of stiffness κ centered in xα , Uα(x) = κ

2 (x −xα)
2, where xα is the position

of the center of the trap, xF = 0 and xM(t) = vt. In the presence of the electrostatic
force, the potential changes by a factor −Felecx,
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Uα(x) =
κ

2
(x − xα)

2 − Felecx. (E.13)

Neglecting inertia, the partition functions read

−kT ln ZF = −kT ln

6
2π

βκ
− F2

elec

2κ
, (E.14)

−kT ln ZM = −kT ln

6
2π

βκ
− F2

elec

2κ
+ FelecL, (E.15)

−kT ln ZF+M = −kT ln
7

π

βκ
− F2

elec

4κ
. (E.16)

If we replace Eqs. (E.14), (E.15) and (E.16) in (E.12) we obtain

⟨W⟩M − FelecL + F2
elec

4κ
+ kT ln

√
2 = kBT ln pM, (E.17)

⟨W⟩F + F2
elec

4κ
+ kT ln

√
2 = kBT ln pF. (E.18)

For small forces, i.e., F2
elec/4κ ≪ FelecL, or equivalently Felec ≪ κL,

⟨W⟩M − FelecL = kT ln pM + const. (E.19)

E.3 Measuring Entropy Production in the Symmetry
Breaking Experiment

We now show how to measure the stochastic work, the heat and the entropy produc-
tion from time series obtained experimentally in the symmetry breaking experiment
described in Chap. 6, where the sampling time is finite and equal to !t.

Consider a Brownian particle in a potential U(x, t), changing in time, and tem-
perature T . The position of the particle at time t is denoted by xt . The change of
potential energy in an interval of time [t, t + !t] is

!U(t) = U(xt+!t, t + !t) − U(xt, t), (E.20)

which can be written as
!U(t) = δW(t)+ δQ(t), (E.21)

where the work and the heat transferred in !t are given by

http://dx.doi.org/10.1007/978-3-319-07079-7_6
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Fig. E.1 Change in the poten-
tial energy in discrete steps

t t+ ∆tt − ∆t

U(x, t+ ∆t)

U(x, t)

δW(t) = U(xt, t + !t) − U(xt, t), (E.22)

δQ(t) = U(xt+!t, t + !t) − U(xt, t + !t). (E.23)

These expressions are exact if the potential changes in discrete steps. Suppose that
the potential is constant and equal to U(x, t) between t − !t and t (see Fig. E.1).
We assume that the potential changes abruptly to U(x, t + !t) at time t and (6.2)
is constant up to t + !t and so on. The change introduces an energy δW(t) =
U(xt, t + !t) − U(xt, t). Then the particle moves from xt to xt+!t in the constant
potential U(x, t+!t). The change in energy δQ(t) = U(xt+!t, t+!t)−U(xt, t+!t)
is therefore due to the thermal bath.

If the potential changes smoothly, the above expressions are still a good approx-
imation for the work and heat. In fact, they reduce to Sekimoto’s expressions for
!t → 0,

δW(t) = ∂U(xt, t)
∂t

!t, (E.24)

δQ(t) = ∂U(x, t)
∂x

&&&&
x=xt

◦ !xt . (E.25)
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F.1 Power Spectrum Density of a Brownian Particle
Trapped with a Harmonic Trap

Let us consider an overdamped Brownian particle that moves in one dimension and
that is trapped by a harmonic trap defined by the optical potential V(x) = 1

2κx2. The
position of the Brownian particle obeys the overdamped Langevin equation

γ ẋ(t) = −κx(t)+ ξ(t), (F.1)

where ξ(t) models the thermal noise, i.e. it is a Gaussian white noise with zero mean
⟨ξ(t)⟩ = 0 and correlation

⟨ξ(t)ξ(t′)⟩ = 2γ kBTδ(t − t′). (F.2)

The Fourier transform of (F.1) is

iωx̃(ω) = −κ x̃(ω)+ ξ̃(ω), (F.3)

where x̃(ω) =
# ∞
−∞ dte−iωtx(t), ω being the angular frequency and i = √−1 is the

imaginary unit. The PSD of the position of the Brownian particle is defined as

PSDx(ω) = |x̃(ω)|2, (F.4)

From (F.3) and (F.2) we obtain

PSDx(ω) =
2kBTγ

ω2γ 2 + κ2 . (F.5)

If we define the corner frequency as ωc = κ/γ one immediately gets
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PSDx(ω) =
2kBT

γ

1
ω2 + ω2

c
. (F.6)

Equivalently using f = 2πω and fc = 2πωc

PSDx(f ) =
kBT

2π2γ

1
f 2 + f 2

c
, (F.7)

which proves Eq. (7.4).

F.2 Effective Kinetic Temperature from the Position Histograms

We now prove the analytical expression (7.9) that relates Thist with the properties of
the additional random force applied in the experimental setup used in Chap. 7.

We consider a Brownian particle whose motion is described by the Langevin
equation (7.2),

γ ẋ(t) = −κx(t)+ ξ(t)+ ζ(t), (F.8)

where ξ(t) and ζ(t) are Gaussian noises with zero average ⟨ξ(t)⟩ = ⟨ζ(t)⟩ = 0 and
their correlation functions are

⟨ξ(t)ξ(t′)⟩ = 2kBTγ δ(t − t′), (F.9)

⟨ζ(t)ζ(t′)⟩ = σ 25(t − t′). (F.10)

The solution of Eq. (F.8) is:

x(t) = x(0)e−t/τr + e−t/τr

γ

t!

0

ds es/τr [ξ(s)+ ζ(s)], (F.11)

where τr = γ /κ is the relaxation time in the trap. If we multiply x(t) by Eq. (F.8),
and we do the average over different trajectories, we get

γ

2
d⟨x2⟩

dt
= −κ⟨x2⟩ + ⟨ξx⟩ + ⟨ζx⟩, (F.12)

where ⟨ξx⟩ and ⟨ζx⟩ can be calculated using Novikov’s theorem:

⟨ζ(t)x(t)⟩ =
t!

0

ds⟨ζ(t)ζ(s)⟩
'
δx(t)
δζ(s)

(
, (F.13)
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where δx(t)
δζ(s) stands for functional the functional derivative of x(t)with respect to ζ(s).

Using Eq. (F.11),
8

δx(t)
δζ(s)

9
= 1

γ e−(t−s)/τr , therefore

⟨ζ(t)x(t)⟩ = σ 2

γ

t!

0

ds 5(t − s)e−(t−s)/τr , (F.14)

whereas for the thermal noise

⟨ξ(t)x(t)⟩ =
t!

0

ds⟨ξ(t)ξ(s)⟩
'

δx
δξ(s)

(
= kBT . (F.15)

Using Eqs. (F.14) and (F.15), Equation (F.12) can be rewritten as follows,

γ

2
d⟨x2⟩

dt
= −κ⟨x2⟩ + kBT + σ 2

γ

t!

0

dt′ 5(t′)e−t′/τr . (F.16)

In the steady state t → ∞ and d⟨x2⟩/dt = 0. In this limit, the above equation
yields (7.8)

κ⟨x2⟩ss = kBT + σ 2

γ

∞!

0

dt′ 5(t′)e−t′/τr . (F.17)

By using equipartition theorem, we get Thist as a function of the mean square dis-
placement in the steady state,

Thist =
κ⟨x2⟩ss

kB
= T + σ 2

γ kB

∞!

0

dt′ 5(t′)e−t′/τr , (F.18)

which proves Eq. (7.9).
We notice that 5(t)has a characteristic timescale given by τc, so it can be expressed

as a function of t/τc, say 5(t) = 5(t/τc). The correlation of the noise decays in this
timescale, which makes that the integral in the above equation can be expressed, by
using the change of variable s = t/τr ,

∞!

0

dt′ 5(t′/τc)e−t′/τr = τr

∞!

0

ds 5

1
τr

τc
s
2

e−s. (F.19)

If τc ≪ τr , the exponential decays much slower with s than the correlation of the
noise in the units above, therefore it can be approximated by e−s ≃ 1 − s,
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∞!

0

dt′ 5(t′/τc)e−t′/τr ≃ τr

∞!

0

ds 5

1
τr

τc
s
2
(1 − s) = 1

2
− τc

τr
. (F.20)

For the last equality, we have used that 5(t) is normalized,
# ∞
−∞ dt5(t/τc) = 1, that

it is symmetric around t = 0 and the definition of the correlation time of the noise
τc =

# ∞
0 dt t 5(t/τc). By using Eqs. (F.20) into (F.18), we prove Eq. (7.10)

Thist ≃ σ 2

2γ kB

1
1 − 2τc

τr

2
. (F.21)

F.3 Average Work Exerted to a Dragged Brownian Particle

We now calculate the average of the work done on an overdamped Brownian particle
trapped with a harmonic potential when the trap centre is moved at a constant velocity
v for a period of time t. In this situation, the work done to move a trap that creates a
moving quadratic potential V(x(t), x0(t)) = κ

2 (x − x0(t))2 is equal to

W =
t!

0

−κ(x − vt′)vdt′ = −κv

t!

0

y(t′)dt′, (F.22)

where we have used the definition of the work in Eq. (1.59) and x0(t) = v t as control
parameter, and we have introduced the variable y(t) = x(t) − vt. y(t) satisfies the
following Langevin equation

γ ẏ(t) = −κy(t) − γ v + ξ(t)+ ζ(t), (F.23)

whose solution is

y(t) = y(0)e−t/τr + e−t/τr

γ

t!

0

ds es/τr [−γ v + ξ(s)+ ζ(s)]. (F.24)

The average over trajectories is given by

⟨y(t)⟩ = ⟨y(0)⟩e−t/τr − vτr
$
1 − e−t/τr

%
= −vτr

$
1 − e−t/τr

%
, (F.25)

where ⟨y(0)⟩ = ⟨x(0)⟩ = 0, since the bead is initially in equilibrium oscillating
around the trap center located in x = 0. The average work reads
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⟨W⟩ = −κv

t!

0

⟨y(t′)⟩dt′ = γ v2t + γ 2v2

κ

$
e−t/τr − 1

%
, (F.26)

which is the expression that we introduced in Eq. (7.12).
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